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SOME REMARKS ON ADDITIVE ARITHMETICAL FUNCTIONS
I Kéitai

1. We call that a function f (#) defined on the set of natural numbers is restric-
tedly additive (or simply additive), if f(nm)=f (n)+f (m) holds for all coprime m, n
Furthermore, we say, that £ (n) is completely additive, if f (nm)=f (n) +f (m) holds
for all pairs m, n of integers. '

The letters p, py, P2y ---3 4 435 ---5 g stand for prime numbers. ¢;, ¢y, €, ...}
3, K denote suitable positive constants, not necessarily the same at every occurence.

2. In the paper [1]I proved the following analogon of the Erd6s-Wintner theorem:
if £ (n) is an additive function satisfying the conditions

a) Z 1(») converges,

1£(P) 1<l
t
b £ o,
1f(pri<l
1
<) > 5 <,
1f(p) 121

then f'(p+1) has a limit distribution, i. e. there exists a distribution function F (x),
such that
lim (lix)='N {p<x, f(p+1)<a}=F(a) 2.1)
X—>0

holds for all continuity points of its.

The question, whether the conditions a), b), c) are necessary for (2. 1) was sug-
gested to me by Prof. Kubilius and Prof. Erdés.

I think that the answer is affirmative. However presently I can prove only the
following weaker assertion.

Theorem 1. Let f (1) be an additive arithmetical function, for which f (p) is boun-
ded. Assuming that for a suitable distribution function F (o) the relation (2.1) holds
Jor all continuity points of it, the conditions a), b), ¢) are satisfied.

Proof. Let

1

=S @ (S L@z,
4 (x)_gx 2, B(x)—(qu . ) (2.2)
First we prove, that B (x) is bounded for x—oo. Hence the conditions b), ¢)
will immediately follow. Suppose the contrary, B (x)—> co. Then using the large sieve
repeating the arguments of Barban, A. 1. Vinogradov and Levin in [2] we deduce:

N { p<x,p+ 1 square free, (f(p+1)~ 4(x)) (B(x))">¢}(Cli )10 (0) (2.3)
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for all real « as x—co, where

e _&
¢(“)=]/;2—1: -{e % du, C=_l:l (I_Wl—li)'

Hence it follows, that f(p+1)> 4 (x)+B(x) for at least 3li x of primes p <x
and f(p+1) < A(x)—B(x) for at least lix of primes p <x, with a suitable constant
8 (>0). This contradicts to (2.1).

. Now we prove, :that 4 (x) is bounded. Using the large sieve in the form
due to Barban, say, we easily deduce the following Turin-type inequality:

% (re+n-4 (x))’<1ix. (2.4)

psx
p+1-~square free
Assuming, that limsupIA(x)lé o, from (2.4) follows the existence of two

sequences x,, K, tending to infinity, such that [f(p+1)|> K, for at least Slix,
of primes p<x, with a positive constant 3. This contradicts to (2.1).

Let : ‘ .
(— o <)a=lim 4 (x)<lim 4 (x)=4(< +<). 2.5)

Now we prove, that 4=a, which completes the proof of Theorem 1: I proved in
[3] that for an additive function f(n) for which f(p) and B (x) are bounded there
exists a distribution function G («), such that

im (lix)"' N {p<x, f(p+)—A(x)<ax}=G(x) 2.6)

in all continuity points of it.

Observing (2.1) and (2.6) we obtain that G(a+ A —¢€)<G(x+a+¢) for all & and
all £>0. Hence a= A and thus Theorem 1 holds.

3. Let f(n) be a completely additive function, satisfying the inequality

If(p+1)|<Clog(p+1) @1

for all primes p.
I believe, that from (3.1)

if(n)|<AClogn n=1,2, ...)
follows with an absolute constant 4. But I am unable to prove this, presently.

Now we prove a weaker result on the assumption of the extended Riemann-
hypothesis stating that all the Dirichlet L-functions have no zeros in the halfplane

Re s> % .
Theorem 2. Suppose that the extended Riemann-hypothesis is true. If f(n) is a com-

Pletely additive function satisfying (3.1) then
If(n)| <K (logn) (log log 10 n) n=12,...), 3.2)

where K is a suitable constant dependig only on C and on the values f(p) for p<c,.
Previously I showed,  that there exists a suitable constant K, such that, if f(¢)=0
for all g< K and f(p+1)=0 for all primes p, then f(n)=0, identically (See [4]).
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Proof. From the extended Riemann-hypothesis
1
w(x q — 1)=g+o (x? logx)

follows (see [5], p. 251). Hence

w(p a0 —1)>09 1% 5 —g2(logg)y

for all g=¢,.

By the Brun sieve we can deduce the following assertion. There exist positive
constants § (<0,01) and ¢; such that for all g>¢; can be found a prime p<x,—1
satisfying the conditions: p+1=0(mod q), p+1=gm, all prime factors of m are
smaller than g'-3. Such an m can be written as m=m,m,, where m, <q*=8, my<q*-%,

Thus by such a p from (3.1)

(@ ISIf@+D) 1+ f(m) |<Clogx,+|f(my) |+ f(my) | (34
follows.
Let
E(x)=(logx) H(x), H(x)=Kloglog10x, 3.5
K be a sufficiently large constant.
Let c; be such a large constant that for all g > c,.

5 I"lgf,;;’sq < 0,001 log llTs' loglog 10 g*—% <loglog 10q—% log ﬁ,
Xe<q®

Let K be such a large constant, that
1 f(g) I<E(q) 3.7

for all primes g’ <max (¢, €y, €3)=Cs.
Now we deduce by induction, that (3.7) holds for all integers.
Assuming, that (3.7) holds for all primes ¢’ <X we deduce
|f(®) |I<SE(@) (3.8)
for all integers n<X. This is an easy consequence of the inequality E (x4) < AE (x)
holding for x<1, A<1.

Let ¢>c, and suppose that (3.7) holds for all ¢'<q. Consequently (3.8) holds
for all n<gq. Using (3.4) and taking into account (3.6) we have by using easy calcu-
lation, that

1f(@)1<3 Clog g+ (logm,) H (m,) + (log mg) H (m;) <3 Clogg +
+(logm) H(q'-8) <3 Clog g+ (log g+ 5loglog q) Kloglog 1043 < E(g).
Thus (3.7) holds for ¢'=q. Hence Theorem 2 by induction follows.

Budapest Received November 27, 1968
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PASTABOS APIE ADITYVINES ARITMETINES FUNKCLJAS
I. Katajus
(Reziumé)
Straipsnyje [1] buvo jrodytas 3itoks Erdiofo — Vintnerio teoremos analogas.
Sakykime, f (n) — adityviné funkcija, kuriai

f(p) . f2(p) 1
a) Z —— konverguoja, b) Z > <®, 09 Z 7 <®
1f(p i<l 1f (i<l £ @)1=

(p — pirminis skaitius). Tada f (p+1) turi ribinj pasiskirstyma.

Siame straipsnyie nagrinéjamas salygy biitinumas.

1. teorema. Tarkime, kad f(n)—apréita adityviné funkcija. Tam, kad f(p+1) turéty ribinj pasi-
skirstymq, sqlygos a, b ir c batinos.

2 teorema. Tuarkime, kad f(n) — pilnai adityviné funkcija, kuriai galioja nelygybé | f (p+1) 1<
<Clog(p+)), ir Rimano — Pilco hipotezé yra teisinga.

ada
|f ()| < Ky(log ) (log log 10 1) (n=1,2, ..);
Cia Ky — konstanta, priklausanti nuo f.

HEKOTOPBIE 3AMEYAHHA K AAAWTHBHBIM
APAGMETHUYECKHM ¢ YHKUHAM

H. Karaun
(Pearome)

B pa6ote [1] nokasbiBasics cenyiotnit aHaaor Teopemb Jpnewa —Bunthepa. ITycts f(n)—
aAfMTHBHAA QYHKUMSA, IS KOTOpOit

f(p) fr(p) 1
a) Z —p  cxouues, 6) Z > <0, B) Z B <.
() '<l 1f(p) <l f(p)=1
31ecb u nozxe p npoberaet npocthte unena.) Toraa f(p+1) HMeeT npenensHoe pacnpefened ne.

B 3Toit 3aMeTKe H3yuaeTcs Heo6XOIMMOCTh 3THX YCJIOBHIL.

Teopema 1. [Tycme f(n) — ozpanuuennan addumuenas ¢pyuxyus. Oas moeo amobe f(p+1)
umera npedeavnoe pacnpedesenue, ycaosus a), 6) u B) HeoHxodumbt.

Teopema 2. [Tycms f(n) — momaavno-addumuenas pynkyua, 348 komopoi useem mecmo
wepasencmeo | f (p+1) ' < Clog (p+1). [1pednoaveas cnpagedausocme 2unomesst Pumana—ITuns-
ya, doxassigemcs, umo | f (n)| < Kr(log n) (log log 10 n) das seex n=1,2, ,,,, rae Ky-nekoropast
(3aBHcAMas OT f) MOCTOAHHAA.



