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Abstract. The Sturm-Liouville problem with one classical and another two-point nonlocal
boundary condition is considered in this paper. These problems with nonlocal boundary
condition are not self-adjoint, so the spectrum has complex points. We investigate how the
spectrum in the complex plane of these problems (and for the Finite-Difference Schemes)
depends on parameters v and £ of the nonlocal boundary conditions.
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1 Introduction

Problems with Nonlocal Boundary Conditions (NBCs) are an area of the fast de-
veloping differential equations theory. Problems of this type arise in various fields of
physics, biology, biotechnology. A. Samarskii and A. Bitsadze formulated and investi-
gated a nonlocal boundary problem for an elliptic equation [1]. A nonlocal boundary
problem for the second order ordinary differential equation was investigated in [2].
An eigenvalue problem with the nonlocal condition is closely linked with a boundary
problem for a differential equation with NBC [3]. Complex eigenvalues were investi-
gated in [4].

2 The Sturm—Liouville problem with NBC

Let us investigate the Sturm-Liouville Problem (SLP)

—u" =X, te(0,1), (1)
with one classical (the first or the second type) BC:
w(0)=0 or u'(0)=0, (21,2)
and another two-point BC (0 < ¢ < 1):
u(l) =yu'(§) or u(l) =yu(§), (31,2)

with the parameter v € R.
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Flg 1. Domain N with various £ for the complex-real fubction 1 (7€).

2.1 Differential problem with the Neumann BC and NBC

Let us investigate SLP (1) with one BC (22) and another two-point BC (3). As
~v = 0 in problem (1),(22)-(3), we get a problem with classical BCs. Then eigenvalues
and eigenfunctions don’t depend on the parameter & X\ = m2(k — 1/2)2, up, =
cos(m(k — 1/2)t), k € N. For v # 0, the eigenvalues A\ = ¢%, ¢ € C, := {q € C:
Reqg>0or Req=0, Imq > 0 or ¢ =0} and eigenfunctions are u = cos(qt).

Constant eigenvalues (which don’t depend on the parameter v, see [4]) do not exist
for irrational £, while for rational £ = r = m/n € [0,1] they exist in the following
cases: m € N., n € N, (Case 1); m € N,, n € N,, m < n (Case 2). Constant
eigenvalues are equal to A\, = (cx)?, cx = m(k — 1/2)n, k € N, where ¢, is a constant
eigenvalue point, and N, :={0,2,4,6,..} and N, :={1,3,5,...}.

We also have nonconstant eigenvalues which depend on the parameter v and are
~-values of complex-real (C-R) characteristic functions

71(q) = —cosq/(gsin(éq)),  72(q) = cosq/ cos(&q). (41,2)

The points z; = 7(k —1/2), k € N, are zeroes (the first order) of the meromorphic
function v(g). The points p, = kr/&, k € N (Case 1) and pr, = 7w(k —1/2)/¢,
k € N are poles (the first order). The restriction function (q) defines a subset (net)
N =7 YR) := {g € C;: Im~.(q) = 0} C C,. In the general case, the subset N
is a union of curves. Two different curves can intersect at critical points. We add
arrows that show how the eigenvalue points are moving, i.e., the direction in which
the parameter v is growing (see [4]). In Case 1, domain N is presented in Figs. 1 and
2(a)-2(f). In Case 2, the spectrum is more simple than in Case 1 (see Figs. 2(g)-2(i)).
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Fig. 2. Domain N with various £ for the complex-real function i (7€) (a)—(f) and vy2 (7€) (g)—(i).

2.2 The discrete Sturm—Liouville problem with NBC

Let us investigate SLP (1) with one classical BC (27) and another two-point BC (3)
with the parameter v € R and £ € [0, 1]. In the interval [0, 1], we introduce a uniform
grid @" = {t; = jh, j = 0,n; nh = 1}. We make an assumption that ¢ is coincident
with the grid point, i.e., £ = mh = m/n, where m = 1,n — 1. We approximate SLP
(1),(21)—(3) by the following Finite-Difference Scheme (FDS):

Ujfl — 2U] + Uj+1
h2
Un = 7Um7 Un = ;_h(Uerl - Um71)~ (51,2)

+AU; =0, j=T,n—1, Uy=0, (5)

Let us denote the greatest common divisor K := ged(n,m) and N := n/K, M :=
m/K. Then £ = M /N, too. Rewrite Eq. (5) in another form:

4

. wqh
Ujt1 — 2cos(mqh)U; + U;—1 = 0, A= 72 sin? (i

5 ), U; = sin(mqt;), (6)
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Fig. 3. Domain N for a discrete problem in Case 1.

where g =z +iy € Cl = {¢: 0 <z <n}U{g 2=0,y >0} U{g: . =n,y > 0}.

Constant eigenvalue points are equal to ¢ := Nk, k = 1, K — 1 (Case 1), and
ck = N(k—1/2) (Case 2), k = 1, K. Nonconstant eigenvalues, as y-values of the C-R
characteristic function, are defined on the set (CZ:

_ sin(mq) _ sin(mq) qh
 sin(mq€)’ = qcos(mq€) sin(mqh)’

Domain N is shown in Fig. 3 (Case 1) and in Fig. 4 (Case 2). We can see, how the
spectrum depends on the number of the grid points n, where the £ value is the same.

(71,2)

2.3 The discrete Sturm—Liouville problem with a Neumann BC and NBC

We approximate differential problem (1)(22)—(3) by the following FDS:
U,_1—2U; +U; 4 R
J h; LA NU; =0, j=T,n—1, U =DU, (8)
U, = 'YU'mm U, = %(Um+1 - Um—l)- (81,2)

Let us denote the greatest common divisor K := ged(2n — 1,2m — 1), N := n/K,
= |K/2]. Then ¢ = M/N, too. Rewrite Eq. (8) in another form (6) as for FDS (5):

Ujt1 — 2cos(mqh)U; +U;—1 =0, A= i (th),

S

Nlb‘
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Fig. 4. Domain N for a discrete problem in Case 2.

If v = 0, we have classical BCs and all n — 1 eigenvalues for classical FDS are
positive and algebraically simple and do not depend on the parameter &:

4 . h
0 20 k0 _ 0
A = 7 Sin (maph/2), U;™ = cos (ﬂ'qk (tj - 5)),

k=T,n—1. (10)

We have the eigenvalue A = 0 for problem (8)—(8; 3) if and only if v = 1 in Case 1,
while in Case 2 the eigenvalue A = 0 does not exist.

In Case 1, constant eigenvalue points are equal to ¢, := Nk, k = 1,L, and in
Case 2, constant eigenvalues do not exist. We can find nonconstant eigenvalues with
the help of the C-R characteristic function:

by = cos(mq((2 — h)/2)) = cos(mg((2—h)/2))  qh
cos(mq((2§ — h)/2))’ gsin(mq((2§ — h)/2)) sin(mqh)

The Domain N for discrete problem in Cases 1 and 2 is shown in Fig. 5.

3 Conclusion

The spectrum of differential problem (1),(22)—(3) and FDS (11)—(11; 3) is different:
in Case 1 of FDS, there exist only real eigenvalues if m = n — 1; in Case 2 of FDS,
constant eigenvalues do not exist, there exists a similar ring of complex eigenvalues
near to the axis of the  function value as in the differential problem, but if m =n—1,
the such ring does not exist. The spectrum of FDS problem (7)—(71,2) is very similar to
that of problem (11)—(111,2): in Case 1, there exist only real eigenvalues if m = n —1,
and in Case 2, constant eigenvalues do not exist, but there are rings if m <n — 1.
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Fig. 5. Domain N for a discrete problem: Case 1 (a)—(c) and Case 2 (d)—(f).
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REZIUME

Stacionariojo uzdavinio su viena dvitaske nelokaligja salyga kompleksiniy tikriniy
reikSmiy tyrimas

K. Skucaité-Bingelé, A. Stikonas

Siame straipsnyje yra nagrinéjamas Sturmo ir Liuvilio uzdavinys su viena klasikine ir antra nelokalia
dvitaske krastine salyga. Sie uzdaviniai su nelokaliomis krastinémis salygomis néra sau jungtiniai,
todél tikrinés reikSmés gali buti kompleksinés. Istirta diferencialinio uzdavinio ir baigtiniy skirtumy
schemos kompleksinés spektro dalies priklausomybé nuo nelokaliyjy krastiniy salygy parametry v ir
¢. Dauguma tyrimo rezultaty pateikiama C-R charakteristinés funkcijos grafikais.

Raktinias Zodziai: kompleksinés tikrinés reiksmeés, dvitaskés nelokaliosios krastinés salygos, baigtiniy
skirtumy schema.


http://dx.doi.org/10.1007/s10986-007-0023-9
http://dx.doi.org/10.3846/1392-6292.2009.14.229-246

	Introduction
	The Sturm–Liouville problem with NBC
	Differential problem with the Neumann BC and NBC
	The discrete Sturm–Liouville problem with NBC
	The discrete Sturm–Liouville problem with a Neumann BC and NBC

	Conclusion
	References

