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Abstract. In this paper the Sturm–Liouville problem withone classical and other nonlocal two-point or
integral boundary condition is investigated.There are critical points of the characteristic function analysed.
We investigate how distribution of the critical points depends on nonlocal boundary condition parameters.

Keywords:Sturm–Liouville problem, nonlocal boundary condition.

1. Introduction

In recent scientific literature, a great attention is paid to differential problems with
nonlocal boundary conditions. They are investigated both in foreign and in Lithua-
nian scientists papers. Differential problems with nonlocal two-point boundary condi-
tions are investigated by A.V. Gulin, V.A. Morozova [1], V.A. Ilyin, E.I. Moiseev [2],
N.I. Ionkin, E.A. Valikova [3], M. Sapagovas, A. Štikonas [7,8], S. Peˇciulytė [4–6].

In this paper the Sturm–Liouville problem with one classical and other nonlocal
two-point or integral boundary conditions is analysed. Problems with such boundary
conditions were investigated in papers [4–6]. Dependence of such problems spectrums
on nonlocal boundary conditions parameterγ (parameterξ was fixed) was investigated
in previous research. Furthermore, conditions, when constant, negative and only real
eigenvalues exist were drawn in the articles.

In this paper we investigate critical points of real characteristic function. New re-
sults on constant and critical points distribution dependence on parameterξ are pre-
sented.

2. Problems with nonlocal boundary conditions

Let us analyze the Sturm–Liouville problem with one classical boundary condition

−u′′ = λu, t ∈ (0,1), (1)

u(0) = 0, (2)

and another nonlocal two-point boundary condition of Samarskii–Bitsadze or integral
type:

u′(1) = γ u(ξ ), (Case 1) (31)
u′(1) = γ u′(ξ ), (Case 2) (32)
u(1) = γ u′(ξ ), (Case 3) (33)
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u(1) = γ u(ξ ), (Case 4) (34)

u(1) = γ

∫ ξ

0
u(t)dt , (Case 5) (35)

u(1) = γ

∫ 1

ξ

u(t)dt , (Case 6) (36)

with the parametersγ ∈ R andξ ∈ [0,1]. Also we analyze the Sturm–Liouville prob-
lem (1) with boundary condition

u′(0) = 0 (4)

on the left side and with nonlocal boundary conditions (3) on the right side of the
interval. We enumerate these cases from Case 1′ till Case 6′ accordingly. Note that
the index in references denotes the case. If there are no index then the rule (or results)
holds on in all cases of nonlocal boundary conditions.

Let us define aconstant eigenvalueas the eigenvalueλ = q2 which does not de-
pend on the parameterγ ∈ C. For such a constant eigenvalue we define theconstant
eigenvalue pointq ∈ Cq := {z ∈ C: −π/2 < argz � π/2 orz = 0} and theconstant
eigenvalueγ -value point(q,γ ) ∈ Cq × C, respectively. Other eigenvalues will be
named asnonconstant.

All nonconstant eigenvalues (which depend on the parameterγ ) areγ -points of the
meromorphic functionsγc: Cq → C. We call this functionγc as acomplex characte-
ristic function.

We call the pointqc ∈ Cq , qc �= 0 such thatγ ′
c(qc) = 0 a critical point for the

complex characteristic function, and we call an image of the critical pointγc(qc) a
critical valueof the complex characteristic function.

3. Real characteristic function

If we takeq only in the raysq = x � 0, q = −ix, x � 0 instead ofq ∈ Cq , we get
positive eigenvalues in case the rayq = x > 0, and we get negative eigenvalues in
the rayq = −x, x < 0. The pointq = x = 0 corresponds toλ = 0. We have two
restrictions of the functionγc: Cq → R on those rays:γ+(x) := γc(x + i0) for x �
0 andγ−(x) := γc(0 − ix) for x � 0. The functionγ+ corresponds to the case of
positive eigenvalues, while the functionγ− to that of negative eigenvalues. All the real
eigenvalues

λk =
{

x2
k
, for xk � 0,

−x2
k , for xk � 0,

k ∈ N, (5)

can be investigated using areal characteristic functionγ : R → R:

γ (x) =
{

γ+(x) = γc(x), for x � 0,

γ−(x) = γc(−ix), for x � 0.

We enumerate the eigenvalues using the classical caseγ = 0. Eigenvaluesλk (and
eigenvalue pointsxk) depend on the parameterγ continuously. Let us enumerate all the
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polespk, k ∈ N in an increasing order. Then the real characteristic functionγ is defined
for x ∈P i := (pi−1,pi), i ∈ N andP 0:= (−∞,0). If pi is a constant eigenvalue point
cj or c0, then we add this point to the interval, i.e.P i := (pi−1, cj ] or P i := [cj−1,pi)

or P i := [cj−1, cj ]. The pointxcr ∈P i is acritical point of real characteristic function,
if γ ′(xcr ; ξ ) = 0. Note, thatpk = pk(ξ ), cj = cj (ξ ), xcr = xcr(ξ ). For such a critical
point xcr we define thecritical point (xcr(ξ ), ξ ) ∈ R × [0,1] ⊂ Rx × Rξ . If the criti-
cal point is an extremum, i.e. the maximum or minimum point, then we use notation
“extremum” instead “critical”. Note, that the property “to be critical point” or “to be
extremum” is only inx-direction.

We write expressions of the characteristic function in Cases 4, 1′ and 6′:

γ4(x; ξ ) :=




γ4−(x; ξ ) = sinhx

sinh(ξx)
, x � 0,

γ4+(x; ξ ) = sinx

sin(ξx)
, x � 0;

(64)

γ1′(x; ξ ) :=




γ1′−(x; ξ ) = x sinhx

cosh(ξx)
, x � 0,

γ1′+(x; ξ ) = − x sinx

cos(ξx)
, x � 0;

(61′)

γ6′(x; ξ ) :=




γ6′−(x; ξ ) = x coshx

2 cosh
(
(1+ ξ )x

2

)
sinh

(
(1− ξ )x

2

) , x � 0,

γ6′+(x; ξ ) = x cosx

2 cos
(
(1+ ξ )x

2

)
sin

(
(1− ξ )x

2

) , x � 0.
(66′)

In other cases of nonlocal boundary conditions characteristic functions and their
graphs are presented in [4,7]. Characteristic functions coincide in Cases 1 and 5′, in
Cases 2 and 4′, in Cases 4 and 2′ accordingly.

The spectrum of Sturm–Liouville problems (1)–(3) were investigated in papers
[5–8]. There are presented lemmas on existence of characteristic functions zeroes,
poles, minimums and maximums and conditions when constant eigenvalues exist. We
noticed (see, [6]) that two negative real eigenvalues can exist in negative part of the real
spectrum in problems (1)–(2), (33) and (1),(4), (31) for someγ andξ values. Negative
multiple and complex eigenvalues can also exist. In other cases of nonlocal boundary
conditions one negative real eigenvalue exists for particular values of the parameterγ .

4. Critical points

Critical points of the characteristic function are important for investigation of multiple
eigenvalues. Generalized eigenfunctions can exist for these points. In papers [5–7] cri-
tical points of the characteristic function were investigated in environment of a point,
when values of parameterξ were fixed. In this paper, we present the interesting distri-
bution of curves, that shows the change of the critical points (minimum and maximum
points) of the characteristic function whenξ ∈ [0,1].
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There are presented critical points distribution in some cases in Figs. 1–3 as an
example. Note, thatx-axe is scaledπ times andx = 1 is reallyx = π in all figures.
There are shown curves of critical points, zeroes (vertical line), poles (hyperbolas)
points.

We analyze Sturm–Liouville problem (1)–(2), (33) (see, Fig. 1) as an example in
detail. The graph of characteristic function minimums is also shown whenx < 0, as
in this problem two negative eigenvalues can exist in some cases. Whenξ = 3

4, we
have one negative minimum of characteristic function (see Fig. 1, point 1), then pole
(point 2), zero (point 3) and positive maximum (point 4) of characteristic function.
In the crossing points of vertical lines and hyperbolas, we have constant eigenvalue
point (point 6) which is turning type bifurcation point for critical points. Critical points
curves intersect constant eigenvalue points. We noticed that minimum point appear

Fig. 1. Critical points of the characteristic function in Case 3.

Fig. 2. Critical points of the characteristic function in Case 1, 5′ (the left figure, E and F) and Case 2, 4′
(the right figure, G and H).
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Fig. 3. Critical points of the characteristic function in Case 5 (the left figure) and Case 6′ (the right figure).

on the left side of the pole when value of parameterξ grows. This point joins with
maximum point (see, Fig. 1, point 5) by particular value of parameterξ and we have
another turning type bifurcation point. This point is bifurcation point of the critical
points. Qualitative view of critical points curves is shown in figures A, B, C, D (see,
Fig. 1).

Now we present few interesting results for critical points and constant eigenvalue
points of the problems (1)–(3) and (1), (4), (3).

PROPOSITION 1. Critical points curves, the lines of zeroes and the hyperbolas of
the poles points intersect in the constant eigenvalue points.

Remark 4.1. In Case 5 hyperbolas are curves of second order poles. In case of
constant eigenvalue points they degenerate into the first order poles.

Remark 4.2. There are no critical points in Case 6 and Case 6′. In this case we
have two families of the first order poles.

PROPOSITION2. The curves of the first order poles in Case 6 and Case 6′ intersect
only with zeroes lines and these cross points coincide with constant eigenvalue points.

PROPOSITION 3. In the case of nonlocal two-point boundary conditions (Cases 2
and 4) the type (maximum or minimum) of critical points does not change when we
go through constant eigenvalue point (see, Fig. 2, G and H), while in case of boundary
conditions 1, 3, 1′ and 3′ the type of critical points changes (see, Fig. 1, A and D;
Fig. 2, E and F). In case of the nonlocal integral boundary condition the type of points
changes (Case 5, see, Fig. 3) or there are no such points (Case 6 and Case 6′, see,
Fig. 3).

PROPOSITION4. In case of nonlocal two-point Case 1 and Case 3 boundary con-
ditions bifurcation point of critical values is next to constant eigenvalue point (in Case
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1 on the right, in Case 3 on the left), in case of two-point Case 2 and Case 4 boundary
conditions and in Case 5 of integral nonlocal boundary condition there are no bifurca-
tion points.

Remark 4.3. There is only one bifurcation point (which is constant eigenvalue
point too) for(x, ξ ) = (π,0.5) in Case 3 (see, Fig. 1, C).

Remark 4.4. In case of two-point nonlocal boundary conditions the curves of crit-
ical points converge to lineξ = 1 asymptotically, while in Case 5 of nonlocal integral
boundary condition they reach this line in constant eigenvalues points. Curves of criti-
cal points reach lineξ = 0 in all the cases except one curve in Case 3.
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REZIUMĖ

S. Pečiulytė, A. Štikonas. Kritini↪u ir kit ↪u tašk ↪u pasiskirstymas kraštiniuose uždaviniuose su
nelokaliosiomis kraštinėmis s↪alygomis

Šiame straipsnyje nagrin˙ejamas Šturmo ir Liuvilio uždavinys su viena nelokali↪aja dvitaške arba integraline

kraštine s↪alyga. Analizuojami charakteristin˙es funkcijos kritiniai taškai, j↪u priklausomyb˙e nuo nelokalio-

sios s↪alygos parametr↪u.


