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Linear ODE with nonlocal boundary conditions and
Green’s functions for such problems
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Abstract. In this article we investigate a formula for the Green’s function for the n-order
linear differential equation with n additional conditions. We use this formula for calculating
the Green’s function for problems with nonlocal boundary conditions.
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1 Intoduction

Let us investigate n-order differential equation with n additional conditions

Lu:=u™ +a, 0"+ g Fau=f, x€(0,1), (1)
(Liyuy=0, 1=1,...,n, (2)
where Ly,..., L, are linearly independent functionals in C™[0,1]. We use notation

L= (Ly,...,Ly).
The solution of this problem can be expressed via Green’s function:

!
ulz) = / G, y)f(y) dy.

where G(z,y) is Green’s function.

Green’s function for problem (1)—(2) has been obtained in [8, 11] if n = 2 and in [9]
if n = 3. Ma and Thompson [7] study positive solutions of second-order three-point
boundary value problem and their existence condition. Such problem is investigated
by Infante [4]. He uses the fixed point theory to establish the existence of positive
solutions. Second-order m-point nonlocal problems also have been investigated by Lv
and Pei in [6] and Rynne in [10]. Gou et al. [2], Liu and O’Regan [5], Henderson and
Ntouyas [3] studied third-order and higher-order differential equations with various
types of boundary conditions (BCs) and existence of solutions.

2 Formulae for Green’s functions

Let w = [uq,...,u,] be fundamental system of homogeneous equation (1), and we
denote

W [u](

HG(IE,S):G(xs)WS(;‘f)C)’ 9(1);{17 x>0,

Y x?‘SE[O?l]’
0, x<0,
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if Wu](s) # 0, where

ui(s) ... un(s) ui(s) ... wun(s)
Wlu(s) := u(ln_2)(s) u%n_Q)(S) ’ Wiul(s, @) = u(ln_2)(s) usln_m(s)
W) L al () w() ... un(®)

(see [1]). We use functional (d,,u) = u(x) and determinants:

<L1,U,1> (Ln,u1>
D)l =| ... ... ..,
(Lyyun) oo (Lpyun)

(Ly,u1) .. (Lp,uy) up(x)

D(L,6,)[u, G(-,5)] := (L1, ) (Lo ) ()

The following theorems about Green’s functions are valid.

Theorem 1. Green’s function for problem (1), (2) ewxists if D(L)[u] # 0 and in this

case it is equal to:

G(z,s) = D(L,6,)[u, Hy (-, 5)]

3)

D(L)[u]
Theorem 2. The relations between Green’s functions G, (x, s) and G (x, s) for prob-
lems
Eu = f7 ‘CU = f7 (4)
(lijyuy=0, i=1,...,n, (Lj,v) =0, i=1,...,n,
are:

D(La 5I)[u7 Gu(a 5)]

N VA1)

(5)

Proofs of these theorems are done in the case n = 2 [11], in the case n = 3 [9]. In
general case the proof is similar.

3 Green’s functions for problems with NBCs

In this section we investigate some examples with Nonlocal Boundary Conditions (NBCs),
and construct Green’s functions.

FEzxample 1. Let us consider third order problem

1
o — u’ —u +
r+1 r+1

u(0) =0,  w'(0)=0,  wu(l)=yu(f), £€(0,1). (7)

We can take the fundamental system ui(x) = x + 1, uz(z) = €%, usg(x) = e~ of
homogeneous equation (6).

u:fa ZG(Oal)v (6)
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First we find Green’s function for differential equation (6) with initial condi-
tions (IC) u(0) = «'(0) = «”(0) = 0:

s+1 1 0
Wlu](s) =| e° e’ e’ | =2(s+1), (8)
e—S _e—S e—s
R s+1 1 z+1
Wlu|(s,x) =| e° e’ e’ | =54 (s+2)e"° =2(x+1), (9)
e—* —e—S e~ T
Hy(z,s) = 0(x — s)(se® " + (s +2)e”™° — 20— 2)/(2s + 2). (10)

Then Green’s function exists for problem with BCs «(0) = «/(0) = u(1) = 0 (D(L)[u] =
2(e —2)) and from Theorem 1 we have
Gz, s) = few;fQ_ng(l, s)+ Hy(x,s)

Ty 1) (se " (s42)el T —4 se* T 4 (542)e® " —2(z+1
= = )é?Z%)(s(Jrl) s L0 —5)* (62(5)i1) e,

Now we express Green’s function for problem with NBCs via Green’s function G (x, 5).
For problem with NBCs (7) Green’s function exists if D(L)[u] = 2e — 4 — 2y(e® —
£—1)#0. So, for v # (e —2)/(e* — 1 — &) Green’s function

G(z,8) = Gz, s) + %wd(g, s) = 7%

(ef—£—1)(se* 1 (s42)e! 72 —4) se® S (s42)e 75 —2(¢+1)
X ( - 2(c—2)(s+1) +0(§ —s) 2(s+1) )

(e”—x—1)(se® 14 (s4+2)e* " —4) se’ T4 (s+2)e” " —2(z+1)
- 2(e—2)(s+1) +0(x—s) 2(s+1) :

Ezample 2. We consider second-order problem with two NBCs
2z

14 22

w(0) =du(§), £€(0,1),  u(l)=9yul), ve(O1). (12)

ull +

Ul:fa T € (Ovl)a (11)

Fundamental system of homogeneous equation (11) is ui(x) = 4/7, us(x) = arctanz.
Green’s function for problem with IC «(0) = «/(0) = 0 is equal to

Tr— S
1+ as

Hy(x,s) = 0(x — s)(arctan x — arctan s)(1 + s%) = 0(x — s) arctan (1+s2).

Green’s function for differential equation (11) with Dirichlet BCs u(0) = u(1) = 0 has
the following form

4
Gp(x,s) = Ho(z,s) — = arctanz - Hy(1, s). (13)

Green’s function for problem with NBCs (12) exists if § = D(L)[u] = (1 —0) — (1 —
6)% arctanv + 6(1 — 'y)% arctan¢ # 0 and
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(1-0)% (1-7)% 4
G(z,s) = — |-darctan{ 7§ —yarctanv arctanw
—0Gp(§,s)  —Gp(v,s)  Gp(w,s)

4 4
= Gp(z,s) — 6Gp(¢&, s) ((1 —)—arctanz — 1 + —v arctany) /Y
™ i
4 4
+vGp(v, s) ((1 —§)— arctanz + —§ arctang) /9. (14)
™ ™
We can use Theorem 1 directly and get
4 4
G(z,s) = Ho(x,s) — dHy(&, s) ((1 —y)—arctanz — 1 + —v arctany) &
™ ™
4 4
— (Ho(1,s) —vHy(v,s)) ((1 —§)—arctanz + —§ arctang) /9. (15)
i i

If we substitute Hy into (15) then get explicit expresion for Green’s functon.
For example, NBCs u(0) = 0, u(1) = 2u(+/3/3) are special case of BC (12) (§ = 0,
v =2, v =1/3/3). In this case

4
G(z,8) = 3(1 + s?) arctan:c<1 - = arctans)
71'

arctanx — arctans, x > s,

0, T < s,

+(1+52){

4 — Larctans, s</3/3,

—6(1 + s?) arctanz
( ) {O, sz \/5/3

FEzxample 3. Let us consider third-order problem

" Sx
un 1+ 22
v), ve(0,1), u"(1)=puln), ne0,1). (17)

The fundamental system for this problem is {1, z, /1 + z2}.
Green’s function for differential equation (16) with ICs «(0) = v/(0) = v”(0) =0
is equal to

W'=f xe(0,1) (16)

u(0) =0, u’(0) = yu(

Hy(x,s) = 0(x — s)(/(1 +22)(1 4 52) — 1 — xs)(1 + s°).
Then Green’s function for BC u(0) = /(0) = u”(1) = 0 (D(L)[u] = v/2/4) is
GY(x,s) = Hy(x,s) — 2V2(\/1 4+ 22 — 1)H}/ (1, 5)

=0(x —8)(V/(1 +22)(1 +52) — 1 —as)(1 + s%)

—(V1+22-1)(1+sH)V1+ 52
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Green’s function for problem (16) with NBCs (17) exists for ¥ = D(L)[u] = (1 —

W) (5 + 8 = BV1+12) +78n(1 = VI+22) #0 and

G(z,5) = G (x,5) — BG (0, 5)((1 = vy)(1 = V1 +2?) +ay(l - V1+22)) /0
— G (v, 5) (Bl — V1 +22) — 2(B(1 — /1 +12) +v2/4)) /9.
FEzxample 4. Let us consider fourth-order problem

4 8 8
@ — 4 - = 0,1 18
vt T wrp s el (18)
u(0)=0,  w(0)=0, w"(0)=0,  wu(l)=puly), ne(0,1). (19)
For Eq. (18) we take the fundamental system ui(z) = z + 1, uz(z) = (z + 1)?,
uz(x) = (x + 1)*, ug(z) = (x +1)~1. Then

s+1 1 0 u (z)
~ GH17 2t 2w
Wlu|(s,z) = (s+1)*  4(s+1)2 12(s+1)% wusz(2)

(17 (s 2 1) wale)

= —30(s + 1)%uy(x) + 30(s + Vua(z) — 6(s + 1) tuz(x)
+6(s + 1) uy(z),
Wiu)(s) = —30(s +1)*-0+30(s+1)-0—6(s + 1)~ - 24(s + 1)
+6(s+ 1)1 (—=6)(s+1)"* = 180,
Hy(z,s) = —0(x — s)Wu](s,z)/180.
Green’s function for problem with NBCs (18), (19) exists if 19( )=D(L)[u ] = —33 -
BW (L)[u](0,7) = =33+ B(30(n + 1) — 30(n + 1)* + 6(n + 1) —6(n+1)7") #

Green’s function for problem with BCs u(0) = «/(0) = v”(0) = u(1) =0 (the case
B =0) is equal to

G(x,5) = —0(z — s)W[u](s,)/180 + Wu](0, z) - W[u](s, 1)/9(0)/180.
Green’s function for problem with NBCs is
Gla,s) = G, 5) + G, 5) - W[u](0,2)/9(6).

These examples show how we can construct Green’s function for problem with
NBCs if we know fundamental basis of homogeneous differential equation and Green’s
function for problem with simpler conditions.
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REZIUME

Krastiniai uzdaviniai su nelokaliosiomis krastinémis salygomis ir Siy uzdaviniy
Gryno funkcijos

S. Roman, A. Stikonas

Siame darbe nagrinéjama n-tos eilés tiesiné diferencialiné lygtis su n papildomy salygy. Pateikta Gry-
no funkcijos formulé bei jos egzistavimo salygos. Nagrinéjamo uzdavinio Gryno funkcija isreiskiama
per kito analogisko uzdavinio Gryno funkcijg. Tai leidzia lengvai rasti Gryno funkcijg uzdaviniams
su nelokaliosiomis krastinémis salygomis.

Raktiniai Zodziai: Gryno funkcija, nelokaliosios krastines salygos.
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