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Abstract. In this article, we investigate an m-order discrete problem with additional condi-
tions which are described by m of linearly independent linear functionals. We have presented
a formula and the existence condition of Green’s function, if the general solution of a homo-
geneous equation is known. We have obtained the relation between two Green’s functions
of two inhomogeneous problems. It allows us to find Green’s function for the same equation
but with different additional conditions. The obtained results are applied to problems with
nonlocal boundary conditions.
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1 Introduction

In [1], we studied the second-order discrete problem with two additional conditions.
We have obtained the solution and expression of Green’s function. The results of that
article are analogous to the results of a linear differential equation (see [4]).
LtK=RorK=Candl1<m<neN,X={0,1,....,n}, X ={0,1,...,n—m},
F(X):={u|wv:X — K} be a linear space of real (complex) functions. We use
notation u; = u(i), i = 0,n. A basis of this linear space is {67: 67 = §7(i)}.
We consider the inhomogeneous difference equation

L= a Uiy + -+ aFUire + ajuipy +adu; = fi, i€ X, 1)

with m additional conditions (Li,u) = 0,...,{(Ly,,u) = 0, where Lq,...,L,, are
linearly independent functionals. We denote L = (L1, ..., Ly,).

In this paper Green’s function and its existence condition for a discrete m-order
problem with m additional conditions are presented.

2 Notation

If we have the vector-function uw = [ul,...,u*] € FF(X) and i = (i1,...,ix) €

XF then we consider the matrix-function [u] : X* — My(K) and its functional
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determinant D[u]; : X*¥ — K:

wlooul
[“]i:[ul’“"“khl...ik e T
Wbl
ub ol
Dlu); = det[u]; = det [u',... ,uk]ilmik = o
ug, us,

The Wronskian determinant Wu|; and a similar determinant W[u] ij in the theory
of difference equations are denoted as follows

1 k
Wigr1 0 Wiy
W[’U,L = 1 k :D[U]i,kJrl"wi,Z‘:k*l,...,n,
Uiy o Uy
1 k
u; ug
1 k
Wi k41 Ui k41
Wlulij :=| k , i=k—-1,...,n+1, jeX
Ui—q Uiy
1 k
uj U

We consider the space F*(X) of linear functionals in the space F'(X). The func-
tionals &, 7 = 0,n form a dual basis for the basis {6°}"_ . Thus, (d;,u) = u;. For the
functionals f = (fi,..., fx) and functions u = [u', ..., u*], the determinant is

<f17u1> <fk7u1>
<f17uk> <fk7uk>
For example, D(8;)[u] = D[ul;,
(fout) - (fou') ug
] .. =
DAL= by (o) b
(fr,uf) o (frou®) wd

Now we will use these definitions for investigation of difference equation (1). Let
(i W) # 0)

Viulij = 71/‘/[1[;]']:%], i1=—-1,n—m, jeX.

We introduce a function G¢ € F(X x X):

. m 1, +>0,
G'L'j = Hz-,jVjZ-/aj y Hz = { 0
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3 Green’s function

Suppose that K = R and X, := X ={0,1,...,n}. Let A: F(X,) = F(Xp—m) =
ImA and B : F(X,,) & F(Xpm—ntm) be linear operators, 0 < m < n. Consider the
operator equation Au = f, where v € F(X,,) is unknown and f € F(X,,_,,) is given,
with the additional operator equation Bu = 0.

If the solution of the problem Au = f, Bu = 0 allows the following representation:

wi =Y Giyfj i€Xy, 2

j=0

then G € F(X,, x X,,_,) is called Green’s function of operator A with the additional
condition Bu = 0. Green’s function exists, if Ker A N Ker B = {0} (see [2, 3]).

For finite-difference schemes (FDS), discrete functions are defined at the points
x; € [0, L] and f; = f(x;). In this paper, we introduce meshes:

wh:{0:$0<x1<---<xn:L}, whzwh\{xo,xn}, 3)
with the step sizes h; = 2, —x;—1, 1 <1 < n, hg = hyp+1 = 0, and a semi-integer mesh
W?/z = {xi—i-% | Tipl = (i +@it1)/2, 0<i<n—1}
with the step sizes hi+é = (hi + hi+1)/2, 0 < i < n. We define the inner product
(U, V)gn =31, UiVihiy 1, where U,V € F(@"), and the following mesh operators

Z,L' — Z,L' Z'L'
(62); =222 Ze P@Y),  (62)i= -2

hiJrl 2 s Z S F(W{L/2)

N

If A: F(@") —» F(w) and f € F(w), where w = @" or w = w", then we define the
Green’s function G € F(@" x w):

wi= Y Gifs, i€Xp )
JiTjEw

Let {u!,...,u™} € F(X) be a linearly independent fundamental system of homo-
geneous equation (1).

Lemma 1. Green’s function for problem (1) with the homogeneous additional con-
ditions (Ly,u) =0, ..., (Ly,u) = 0, where the functionals Lu,..., Ly, are linearly
independent, is equal to

For the theoretical investigation of problems with NBCs, the next result about the
relations between Green’s functions G; and G7; of two nonhomogeneous problems

L:U:f, ‘CU:fa (6)
(lg,uy =0, k=1,m, (Lg,v) =0, k=1,m,

with the same f, is useful.

Liet. mat. rink. LMD darbai, 52:291-296, 2011.



204 S. Roman, A. Stikonas

Theorem 1. If Green’s function G* exists and the functionals L1, ..., Ly, are linearly
independent, then

. G, ‘ L
Gy =—Tr""""0  jecX, jeX. (7

4 Applications to problems with NBC
Let us investigate Green’s function for the problem with nonlocal boundary conditions

LU= a Uiy + -+ atugy + adu; = f5, i€ X, (8)
<Lkau> = <’ik;u>77k<%kau>:0a k=1m. 9)

We can write many problems with nonlocal boundary conditions (NBC) in this form,
where (kj,u) 1= (k},u;), k = 1,m, is a classical part, and (g, u) := (3, u;), k =
1,m, is a nonlocal part of boundary conditions (BC).

If v1,...,%m = 0, then problem (8)—(9) becomes classical. Suppose that there
exists Green’s function ijl for the classical case. Then Green’s function exists for

problem (8)—(9), if ¥ := D(L)[u] # 0. For Ly = ki — Yk, k = 1, m, we derive that

¥ = Z 7{1V%HD(((]-fjl)nlfjl%l)va((lfjm)nmfjm%m))[u]

JiseesJm =0

Since (K}, G%) =0, ! =1, m, we can rewrite formula (7) as follows:

D(6;, Lo, ..., L) D(Ly,...,Lin-1,6;)

Gij:GzC'jl'+71<%lf,Gilj> +”'+7m<%fmGilj>

Y Y
<L17u1> <Lmau1> uzl
1 e . e . 0
- 5 <L1’um> <Lm7um> ulm . ( )
(G (L GG
Ezxample 1. Let us consider the differential equation with three NBCs
o = f(x), z€(0,1), (11)

U’(O) = '70“(50), u’(o) = 71”(51)) U(l) = 771“(&”)7 0 < §07§Ia€n < 1. (12)

We introduce a mesh &" (see (3)). Denote u; = u(z;), fi = f(x;) for z; € &".
Then problem (11), (12) can be approximated by the FDS

(53U)Z—+1/2 = fit1/2, T € W{L/z \{z1/2, p—1/2}, (13)
Uy = YoUs,, U = Y1Us,, Up = YnUs, - (14)

We suppose that the points &o, &1, &, are coincident with the grid points, i.e., { = x4,

§1 =, En = Ts,, -
We rewrite Eq. (13) in the following form

3 2 1 0 ,
ajuir3 + a;uip2 +a;uipr +aju; = fi, 1€ X, (15)
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where
ad = S S a2 = — 2hit3/2 + hiys ol = hit1+2hiys5/0
© higohivs/ahis’ ’ hivs/2hiiohivs’ Y higahi ghiysge
1 _ .
0 .
a) = ——r——, = fii1je, i€ X.
' hiyahit1hiys) fi = finye

We can take the following fundamental system: u! =1, u? = z;, u3 = 22. Then

7
N 111
Wiuljrsi = |Tj11 Tjr2 | = hjpo(® — zjp0) (25 — j41),
2 2

Tipr Tipo Xj

Tj3 — Tjt1),
(i — xjp2) (@i — j41)

(Zjrs — jr2)(Tj43 — Tj41)’
Vie2i=Vho1i=V0i =0, i€X, 7=-1,0,1,...,n—3.

Wits = hjrahjr

Vii =

As a result, we obtain

H;_;Vy Ty — Tjq2)( — x5
S H; ;! ”2)2( )y
J

[S—
S =

For a problem with the BCs ug = u1 = u,, = 0 we have D(L)[u] = z1(1 — x1),
D(L,6i)[u, G ;] = 21(1 — 21)G§; — w12 (2; — 21)GY,;, and we express Green’s function
G*! of the Dirichlet problem via Green’s function G¢ of the initial problem

C,
ngs

xi(x; — 1)

Gl = Ge. —
v 11—

C
G5

We derive expression for “classical” Green’s function:

- (%'*1)(11‘(1j+2+1j+§aﬂili;$j+11j+2(11*11'*1))7 0<j+1<i<n,
i — Tj+2 (i—x s .
v ! _xl(xl ll)gl(lf]xti)(l lj+1)7 0 g 7 < .7 +1 g n — 27

Now we consider the conditions (14), where sg # 0, $1 # 1, s, # n.
For a “nonlocal” problem with the boundary conditions (14), we have

9 :=D(L)[u]

<L171> <L2)1> <L371> 1_,)/0 1 -7 1_,771
=|(L1,z) (L2,x) (Ls,x)|=|-& z1—m& 1-—mmé
<L17 l‘2> <L2a :E2> <L37 l‘2> *7058 IE% - 715% 1- ’}/ng?z

=z1(1 —21) =701 = &) (z1 — &) (1 — 21) = M& (1 = &) + nénri(z1 — &n)
+ 7071 (1 = &) (1 = &1) (&1 — o) — Y0Vn(z1 — o) (@1 — &n)(En — o)
F 119160 (§n — &1) — Yo (&1 — €0) (§n — &0) (&n — &1)-

Liet. mat. rink. LMD darbai, 52:291-296, 2011.



296 S. Roman, A. Stikonas

It follows from Eq. (10) that

Gy =G+ L (— (@ — ) (1 — ) (1 —21) + (1 — ) (@ — &)1 — &)

)
+ (@i — 1) (s — &) (@1 — &) + M (@i — €1) (@5 — &) (6n — &1)) G
+ % (2:(1 = 2i) = yo(1 — x:) (2 — &) (1 = &o) + Mmwibn (@i — &n)
— Y0Yn (i — &0) (@i — &n)(&n — fo))Ggllj
Yn

+ ?(Iﬁ(l —x1) — Y0z — z1)(zi — &) (21 — &) — nwi&a(zi — &)
+ 071 (i — o) (@i — &) (& — &)) G2
if ¥ # 0. Green’s function does not exist for 9 = 0.

Green’s function for problems with additional conditions is related with Green’s
function of a similar problem and this relation is expressed by formulae (7). Green’s
function exists, if D(L)[u] # 0. If we know Green’s function for the problem with
additional conditions and the fundamental basis of a homogeneous difference equation,
then we can obtain Green’s function for a problem with the same equation, but with
different additional conditions.
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REZIUME

Diskretaus uzdavinio su nelokaliosiomis krastinémis salygomis Gryno funkcija
S. Roman and A. Stikonas

Straipsnyje tiriamas m-tosios eilés diskretusis uzdavinys su papildomomis salygomis, kurios yra
aprasSytos tiesiSkai nepriklausomais tiesiniais funkcionalais. Pateikiama Gryno funkcijos israiska ir
jos egzistavimo salyga, jei zinoma homogeninés lygties fundamentalioji sistema. Gautas dviejy Gryno
funkcijy sarysis uzdaviniams su ta pacia lygtimi, bet su skirtingomis papildomomis salygomis. Rezul-
tatai taikomi konstruojant Gryno funkcijas uzdaviniams su nelokaliosiomis krastinémis salygomis.

Raktiniai ZodzZiai: m-tos eilés diskretusis uzdavinys, Gryno funkcija, nelokaliosios krastinés salygos.
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