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Abstract. We obtain an asymptotic formula with estimated error term for the fourth
power moment of the periodic zeta-function with rational parameter.
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Let s = o0 + it and A € R. The periodic zeta-function () (s), with parameter A is
defined, for o > 1, by the Dirichlet series

2miAm

Q(s) = Z ems J

m=1

and, in the case 0 < A < 1, is analytically continued to entire function. In [3], we
considered the case of irrational parameter A and obtained the following asymptotic
formula for the fourth power moment of ¢y (s). Let % <o <1land T — oo. Then for
every € > 0,

T 4
/ |0 +it)|dt
1

o (H(20) sin? mA\(my +ny — mg — na) 8 ote
= T< (o) 2 ) o > +0(T ).
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Here ((s) denotes the Riemann zeta-function. The aim of this note is to obtain a
similar formula for the rational parameter \. We notice that the case of rational A
is more complicated, and the formula obtained is valid in a more narrow region than
that in the case of irrational .

Theorem 1. Suppose that the number \ is rational, 0 < X\ < 1, % <o <1 and

T — oo. Then, for every e >0,

T 4
/ (o +it)|"dt
1

B <4(20') _ sin27r)\(m1 +Tl1*m27n2) %7U+€
= T( C(4U) 2 Z (m1n1)20 ) + O(T )
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For the proof of Theorem 1, we apply, as in the case of irrational \, an approximate
functional equation for () (s). Let [u] denote the integer part of u. Define the functions

=[\z-1]  aw=[Jg] sn=2/p-s0-a0-r-1

FOM) == g Tog 5o — T4 21— X) (1) — q(1)
+ 2/ 2 (al0) — () + A = 1) = 3 (a0) + p(6) — A1 +4(0) — p(t))
and
W(t) = cosw(% —t— %)

cos Tt

Lemma 1. Suppose that 0 < A< 1,0< o<1 andt >ty >0. Then

e2miim t 3—o—it g 1
= _— 4 a4 -
o= ¥ S (m) e Y o

1<m<p(t) 0<m<q(t)

o

N (%) 2e7rif(/\,t)+27ri/\w(g()\7t)) +O(t%71).

The lemma is a special case of the approximate functional equation obtained in [1]
for the Lerch zeta-function.

Denote
p2miAm F\zo 1
Skl = Y S Sl = <%) ety A
1<m<p(t) 0<m<q(t)
Then Lemma 1 implies, for 0 < o < 1, the estimate
G () = Si(s) + Sa(s) + O(t ™). (1)

Therefore, for the proof of Theorem 1, it suffices to find the fourth power moments
for the sums Si(s) and Sa(s). We observe that the fourth moment of Si(s) does
not depend of the arithmetical nature of the parameter A. Therefore, we have the
following statement.

Lemma 2. Suppose that X\ is irrational, 0 < X\ < 1, % <o<1landT — oco. Then,
for every e > 0,

T 4
/ |S1(0 +it)| dt
1

B <4(20') _ sin27r)\(m1 +Tl1*m27n2) %7U+€
= T( C(4U) 2 Z (m1n1)20 ) JrO(T )
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Proof of the lemma is given in [3].

Lemma 3. Suppose that the number A, 0 < XA < 1, is rational, % <o < 1and
T — oo.Then, for every e >0,

T
/ |Sz(a + it)}4 dt = O(T§*2U+5).
1

Proof. Consider the fourth moment

T Z 1 4
s - | —|
b Togmsq(t) (m+2)
Clearly, we have that
J(T) = J1i(T) + OA(T), (2)
where
T 1 4
b Ti<mea(n) (m +2) '
It is not difficult to see that
T Z 1
Jl(T) :/ l1—0o
U ma<a(®) ((m1+ A)(n1 + A)(m2 + A)(n2 + A))
it
% ((m1 + )\)(Tll + )\)) dt.
(2 + M)+ )
Let 71 = 2rmax(m?,n?,m3,n3). Then
1
Ji(T) =
i) 2 o T 00 T N N T

1<my,n1,ma,n2<q(t)

y /T ((m1 + M) (ng +A))“ " )

7 \(m2+XA)(n2 +A)

We investigate two cases: (m1+A)(n1+A) = (ma+A)(ne+A) and (my+X)(n1+A) #
(m2+A)(n2+ ). In the first case, the integral in (3) is equal to T'—T7, in the second
case, we find after integration that, for that integral, the estimate

(m1+ N1 +A) |7
Of |lo
(ma + A)(n2 + )
holds. The above remarks together with (3) show that

*

T-T
J1 (T) < Z 220
(a2 (N ma ) (et (71 F A1+ A)

*

m n _1
| log ({e33tsy) |

+ Z 1—0’
() (1AM ema 4 ) (et (11T A1+ A)(m2 + X)(n2 + X))

(4)
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Wy ”

where the star “x” means that each my,ni, ma,ny runs over [1,¢(T)]. Denoting by
d(m) the number of divisors of m, we have that

*

1

T >
2—20
(M 4+A) (14X =(ma+A) (na+X) ((ma +A)(n1 + X))

d(m)d(n)
<T Z Z m2—2o
m<¢*(T) m—/T<n<m+VT

e dm) _ d oo
ST Y, e TP (5)

m<q?(T)

Moreover,

*

Ty
2 ((m1 + A)(n1 + A))2~27

(m1+A)(n1+A)=(m2+A)(n2+A)

< Z Z m2d(mini)d(m)

(m1n1)2—20
my,n1<q(T) mlnlfﬁgngmlnl +VT

1
<<T§+E( Soom¥ Y W) <« T3t2te, (6)

m1<q(T) ni<q(T) 1

The inequality

(m1 + )\)(’I’Ll + )\) . 1 1
(ma + ) (ns +A>‘ > o) min ((m TN+ N (mz + N (2 +A>)’

‘ log

with a certain ¢(\) > 0 and application of the Montgomery—Vaughan theorem [2]
yield

* | 1 (m1+A)(ni+A) ‘*1 m
A A
(ma+ )(n2+1j <\ TE § : — < T20’+€.
(minimang)t=c m2—20
1<m<q?(T)

(m1+A)(n1+A)#(m2+A) (n2+A)

This and (4)—(6) give the estimate

JU(T) <y T2 427+,
and, in view of (1),

J(T) < T3+20+e

Hence,

T T
/ |S2(0 + z‘t)\“ < / 7 dI(t) < T2t O
1 1
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Proof of Theorem 1. In view of (1), we have that

[ ()] =(Su(s) + Sa(s) + Ot %)) (Si(s) + Sa(s) + O(¢ )
=[S1(s)|" + S3(5)S3(s) + 257(5)51 ()52 (s) + ST(s)S3(s) + |Sa(s)]"

5) +251(5)53 () S(s)

+O(|S1(s) \|S2 ‘t’Z)

2+ 0(|Si(s)) )
+O(|Su(s)| 12 *t74) + O(|Sa(s)) "t )
+0(\52(5)\2tf% +O(|S1(5)]|S2(s) ¢ %)+0\51 )|t 1)
+O(|S(s)[t" ) +0o(t™Y). O (7)

By Lemmas 2 and 3, and the Cauchy—Schwarz inequality, we find that

T
/ (S3(0 +it)S3(0 + it) + S2(0 + it)S2 (0 + it) + 4] S? (0 + it)|*[S3(o + it)[*) dt
1

T T %
< (/ \51(0+it)|4dt/ \52(0+it)|4dt) <\ Ti ot
1 1

T —_—
/ (252(0 + it)S1(0 T iD)Sa(o T D) + 251 (0 + it)S2(o 1 i)Sa(o + it)
1

+ 281 (0 +it) S5 (0 + it) Sz (0 + it) + 251 (0 + it) S5 (0 + it)Sa (o + it)) dt

T 3
< (/ |Sl(a+z‘t)\2\52(a+z‘t)|2dt>
1

x ((/1T|Sl(a+it)‘4dt)é + (/1T|52(a+it)\4dt)é)
< </1T‘Sl(o+z‘t)|4dt/1T‘Sg(o+z‘t)|4dt>%

x (T% +TH70F) <« (T3 5F5(T% 4 T377F9)) <, TR 7572,

Moreover,

T
/‘Sl(a+it)|3t_%dt<<AT%+€,
1
T 3 1 15 3
/ |Sa(o +it)|[t73 dt <\ T5 27T,
1

T
/ |1 (0 + it)||Sa (o + it) |t dt <\ T3F,
1
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T
/ |91 (0 + it)|*| Sa(o + it) |t Tdt <\ T 5+,
1

T
/ ‘51(0 +it)Sa (o + it)‘f% dt < TE—%+e,
1

These estimates together with Lemmas 2 and 3 prove the theorem.
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REZIUME
Periodinés dzeta funkcijos su racionaliuoju parametru
S. Cernigova

Straipsnyje gautas liekamojo nario jvertis periodinés dzeta funkcijos su racionaliuoju parametru
ketvirtojo momento asimptotinéje formuléje.
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