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Abstract. A labeled sequent calculus LSC for propositional linear discrete time logic
PLTL is introduced. Its sub-calculus LSC, is proved to be complete for some class of
PLTL sequents.
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1 Introduction

Temporal logic is a special type of modal logic. It provides a formal system for
qualitatively describing and reasoning about how the truth values of assertions change
over time. Propositional linear discrete time logic PLTL with temporal operators
“next” and “always” is considered in the present paper.

Various syntactical proof-search systems are used for PLTL. Some of them are:

e Sequent calculi with the invariant rule

I'—-ALI—-ol;I— A (
I' - A DA

*)DI),

[10, 11]. There are some interesting works in which invariant-free (and cut-free)
calculi for PLTL are constructed [3, 6].

e Sequent calculi with the infinitary rule

n
I' > A AT — AoA;,...;I'— AC...0A;...
I' — A 0A

(= Dw),

[12]. There are some interesting works concerning finitization of w-type rule
(— Ou) (see, e.g., [4]).

e Proof procedures containing loop-type axioms for logics sub-logic of which is
propositional temporal branching time logic [9].

o Labeled sequent calculi [1, 2].

¢ Resolution-type proof procedures based on formulas in some normal form, see,
e.g., [5].
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In the present paper a labeled sequent calculus LSC is presented. Its sub-calculus
LSCx.is proved to be complete for some easily defined but large class of PLTL
sequents. Unlike the other deductive systems mentioned above, calculi LSC and
LSC are loop-axiom and invariant and infinitary rule free, which allows to construct
effective proof-search procedures based on the calculi.

2 Syntax

Formulas are defined in the traditional way.

Formulas of the shape z* : A, where k € {0} UN (in particular, 2° = z) and A
is a formula, are called labeled formulas, I-formulas for short; x is called a label or
a variable and k its power. Labels/variables are denoted by u, z, y, z, w and the
corresponding powered labels by u*, 2*, y*, z* and wF. The intended meaning of
‘v : A’ is “A holds at some moment of time z” and that one of ‘z¥ : A’ is “A holds at
the k-th from z moment of time”.

Expressions m™ : A, where m,n € {0} U N, are called fixed-label formulas and
m™ fixed labels.

One more type of formulas is 2™ < y
order atoms.

Sequents are objects of the type I' — A, where I' and A are some finite multisets
of formulas.

Labeled sequents, l-sequents for short, are objects of the type I — A, where I is
some finite multiset of labeled formulas and order atoms; the same for A except that
order atoms do not occur in it.

™ where m > 0. Such formulas are called

3 Semantics

Kripke semantics of PLTL is defined as follows.
({0} UN x P) % {T, L}, where P is the set of propositional variables.

({0} UN x F) A {T, L}, where F is the set of formulas and ¢ is defined in the
following way.

1. ¢(i, E) = 7(i, F), where E is an atomic formula;

2. ¢(i, A) is defined in the common way if A is of the shape =B or BOC', where 6
is a logical connective;

3. ¢(i,0A) =T iff (i + 1, A) = T; otherwise, ¢(i,0A4) = L
4. ¢(i,04) = T iff ¢(j,A) =T for all j such that j > i; otherwise, ¢(i,04) =
Some more notation:
(1) (" : A) = 6(i + b, A);
(2) ):zk Aiff (i% : A) = T for any ¢;
(3) EaF:Aiff =i : Aforalli>0;
(4) E Aiff ¢(i, A) =T for all ¢ > 0 and every ¢
here A is a label free formula, k > 0, and ‘=’ denotes validity.
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L+ ({0} U N), where L is the set of labels.
The stable sequent S, is obtained from S by substituting every label z; by v(x;).

S, = {T, L}, where S, is the class of stable sequents and ¢ is defined as follows:
if

_ 01 ik . Ikl iktm
S=a' Ay, ... 1) .Ak%:ck_|r1 t Brt1s @ B,

then ¢(S,) = T, iff there are ¢, v, and ¢, where 1 < t < (k + m), such that (v(z;)% :
Ay) = L oor (v(zy)® : By) = T. Otherwise, ¢(S,) = L.

A stable sequent S, is valid, denoted by | S,, iff ¢(S,) = T for any 7.

A stable sequent S, is an axiom if it is of the shape I',1F : E — m™ : E, A, where
l+k=m+n.

A labeled sequent S is valid, = S in notation, iff every stable sequent obtained
from S is valid.

4 Labeled sequent calculi LSC and LSCr,

The labeled sequent calculus LSC for PLTL is defined as follows:

1. Axioms:
Ia* B -8 E A,

where F is an atomic formula.
2. Logical rules:

A 2* B, I - A I'—azF:A A I'—s28:B A

zk  ANB, T — A (A=), I' wa2k: ANB, A (=),
b AT - A 28 BT — A I s aF: Ak B A
V=), (= V),
xk AV B, I — A I' 5 2F: AV B,A
I'—zF:A A (= =) Iazk:A— A (= =)
xk AT — A ’ I' =2k :=A A ’
I —saF:A A 28:B T - A Iak:A—azF:B A

2k ADB, I - A (5=), I' 52F: ADB,A (=2).

Here A and B arbitrary formulas.
3. Temporal rules:

I —sazktl A A Pt AT - A
I =2k :0A, A (=), ki 0A T — A (©=),
r<y, I -y*: A A
I' -2k :0A A
yEtm s A gkt Lybtm ook oA T — A
ghtm Lyktm gk A T — A

(= D),

(O —).
Here k,m > 0; y in (— O) does not occur in the conclusion.
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4. Rules for order atoms:

r<ax, ' — A
I'— A

L yR gk <k T A
h <yk I — A
zye<y,y<z, I — A

r<y,y<Lz,l = A
y<z,x <y,x <z, — A, zéy,xéy,mgz,FﬁALin
r<y,r<2 = A '

Ref, Fwd ™,

N

X

Trans,

Here x, y, z are unequal in pairs in Trans and Lin; z < x does not occur in I”
in Ref; 2kt g y’“"rl does not occur in I" in Fwd; x < z does not occur in I" in
Trans; In Lin, neither y < 2z nor z < y occur in I" neither can be obtained by
some backward applications of Trans.

The calculus LSC, is obtained from LSC by dropping Trans and Lin.
A formula F is called derivable in the labeled sequent calculus LSC (LSCry,) iff
LSC(LSCH;)F—x - F.
A sequent S is called derivable in LSC (LSCry,) iff LSC(LSC,) Fx: S.
The Hilbert-style calculus HSC for PLTL is defined by axioms:
Ap: propositional tautologies; Ay: o—p = —op;
Ay: o(pDq) D (opDogq); As: O(pDq) D (0OpD0Og);
Ay: OpDp; As: OpDodp;  Ag: pAD(p D op) D Op;
and derivation rules:
p p p,pOq
—O, —0, —_— s
op tp q
where p and ¢ are arbitrary PLTL formulas. It is well known that this calculus is
sound and complete for PLTL, see, e.g. [7].

5 Some Properties of LSC and LSC,

Lemma 1. If LSC(LSC7,) VY S, then LSC(LSC7,) FY' S(w/u) and h(V') <
h(V), where S(w/u) is obtained from S by substituting the label w for the label u.

A rule is height-preserving admissible if, whenever its premiss(es) is (are) derivable,
also its conclusion is derivable with the same bound on the derivation height.

Lemma 2. The rule of weakening

I'— A
rroaa W

is height-preserving admissible in LSC and LSCry,.

A rule is height-preserving invertible if, whenever its conclusion is derivable, also
its premiss(es) is (are) derivable with the same bound on the derivation height.

Lemma 3. All LSC rules are height-preserving invertible in LSC, and all LSCry,
rules are height-preserving invertible in LSCry,.
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Lemma 4. The rules of contraction

C,.C,I' - A

( = ACC
cCr—A ¢

=) and e

—0)

are height-preserving admissible in LSC and LSCry,.

A sequent S is called proper if the fact that z* < y* occurs in S, where k > 0,
implies that 2° < yO occurs in S.

Theorem 1. The rule of cut

II—CACT - A

oI —aia

is admissible in LSC and LSCry,, where the premisses are proper.

Lemma 5. All LSC rules are correct: if the premise(s) is (are) valid, then so is the
conclusion. In addition, if the conclusion is valid, then so is (are) the premise(s).

Lemma 6. Any labeled sequent of the shape Iz : A — x: A, A is derivable in LSC
and LSCry,.

Theorem 2. HSC F? F implies LSC, F— x : F, where the induction axiom Ag is
not used in d.

If I'=Ay,...,A,, then 0" = (A10...0A,,), where § € {A,V}. If S =T — A,
then F(S) = —(AL') Vv (VA).

By Theorem 2 and invertibility of the rules (— V), (= —), and (A —), LSCxqy, is
complete for sequents S = I' — A such that F(.9) is derivable in HSC without using
the axiom Ag.

An example of non-derivable in LSCp formula is

0OA D OoA.

Theorem 2 implies that this formula is not derivable in HSC without the axiom Ag.
This formula is derivable in LSC.
Some examples of non-derivable in LSC formulas are

(ANoDA) DDA and (AAD(ADoA)) DOA

We get by Theorem 2 that these formulas are not derivable in HSC without Ag.
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REZIUME

Zymétas sekvencinis skaiiavimas propozicinei tiesinio laiko logikai

R. Alonderis

Darbe yra pateiktas zymétas sekvencinis skaiciavimas propozicinei tiesinio laiko logikai. Jrodyta,
kad sis skaiciavimas yra pilnas tam tikros nagrinéjamos logikos sekvencijy klasés atzvilgiu.

Raktiniai ZodZiai: zymétas sekvencinis skaiciavimas, laiko logika.
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