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Abstract. We prove a transformation formula for the function for the exponential sum
involving the divisor function. This formula can be applied to obtain meromorphic continu-
ation for the Mellin transform of the square of Dirichlet L-function with principal character.
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Introduction

Let s = 0 + it be a complex variable, xo be the principal character modulo ¢, ¢ > 1,
and let

o Xo(m)
L(87X()) = Z X(;né , 0> 1
m=1

denote the corresponding Dirichlet L-function. It is well known that the function
L(s, x0) has meromorphic continuation to the whole complex plane with unique simple

pole at s = 1 with residue
H (1 _ 1) = M
p q

plg

where p denotes a prime number, and ¢(q) is the Euler totient function.
For the investigation of the mean square

T 1
/0 L <§ +it, Xo)
the modified Mellin transform

Z1(s,x0) = / ‘L<§ + ZIC,X())
1

is needed. Meromorphic continuation of Zi(s, xo) requires a certain transformation
formula. Similar transformation formulae are also used in the case of the Riemann
zeta-function [6, 5]. Let

dm)=> 1

dlm

2
dt,

2
x %dx, o>1,
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denote the divisor function, v be the Euler constant and

8(z) = 3 d(m)e—ms - L1082

z
m=1

Then in [6] and [5], the formulae for #(z~') where obtained. Let 1 < 0 < 1,

o Zd“,

dlm
and
N o29-1(m) _ -
2,(2) = Y 2ol o1 2p)(2 - 20)272 — (29)2",
m=1

where I'(z) denotes the Euler gamma-function, and ((s) is the Riemann zeta-function.
Then in [4], a formula for @,(27!) has been obtained.
Let k and [ be coprime positive integers, z # 0 and

k = omikm _po ¥ —2logl —logz
@(2,7) zmzjld(m)e Ue - o .

The aim of this note is to obtain a formula for &(z~1, %

).
Let ¢ and c{ be the constant terms in [2] for E(s, %,0) and E(s, —%,0) respec-
tively. Moreover, denote

5 1 if Imz >0,
Sl -1 if Imz<0,

and, for 1 < b < 2, define
1 btico fon\ 1T -1 k
I(z) = — — r i E -
(2) 57 /biioo ( 7 ) (w)((sm(ﬂ'w)) (w, Z’O)
. E 1-w
+ (cot(mw) + 6i) E | w, —7 0] )z 7% dw.

Theorem 1. Supose that Rez > 0 and Imz # 0. Then

k 2midz ‘km  _ Ar’mz l 1
1 27
45<z ,7> =T LE 1d(m)e e 12 +F(C/O*Cg)+1+1(z).

1 Estermann zeta-function

Let I > 1 and (k,l) = 1. The Estermann zeta-function FE(s, %,Oz), for o > max(1 +
Rea, 1), is defined by the series

E\ X oa(m) k
E(s,?a)z e exp{2mml}.

m=1
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0o e2mimA

For A€ Rand 0 < 8 < 1, denote by L(\,8,s) =), (CETIEE It is well known, see,
for example [3], L(\, B, s), for A ¢ Z, is analytically continuable to an entire function,
while for A € Z, the function L(A, 3, s) becomes the Hurwitz zeta-function which is
meromorphically continuable to the whole complex plane where it has a simple pole
at s = 1 with residue 1.

It is not difficult to see that, for ¢ > max(Rea + 1,1)

1
k s vk v v
E(s,j,a) =1 UE_IGXP{QMT}L(LTS_Q)L(?l s) (1)

This equality show that the function E(s, %, «) is analytic in the whole complex plane,
except for two simple poles at s =1 and s =1+ « if a # 0, and a double pole s =1
if a=0.

Now let k is connected to k by the congruence kk = 1 (mod 1). Then equality (1)
together with the functional equation for the Lerch zeta-function, see, for example [3],
leads to the functional equation for E(s, %, «@)

25s—1—a
E(s,%a)l<277r> rl—s)Irl+a-—s)
™

X COSEE 1+a—s,&,a
2 l
T k
_cos(ws—T)E(l—i—a—s,—?a)). (2)

The function E(s, %, a), for @ = 0, was introduced by T. Estermann in [1] for needs
of the representation of numbers as a sum of two products. In [2], the extension for
a € [—1,0] was given.

The series of definition of @(z, %) contains the product d(m)exp{2mi%} which are

E0). Therefore, the function E(s, %,0)

coefficients of the Dirichlet series for E(s, 7,

involved in the formula for @(z~1, £).

2 Proof of the transformation formula

We start with the well-known Mellin formula

1 c+ioo
— I'(z)y *dz=e", > 0.
5] (z2)y *dz=¢e c

The later formula together with definition gives the equality
= k 1oree k
Z d(m) exp {27rim— }emz =— I'w)E <w, T 0>z°’ dw. (3)

=5
= l T Jo_ oo
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Now we move the line of integration in (3) to the left. Let 0 < a < 1. Since, as it is

noted in Section 1, the function E(w, %, 0) has a double pole at s = 1, we obtain that

Z d(m) exp {Zwimg }e‘mz

m=1

- F(w)E<w, —,0>z“’ dw +£{=elsf(w)E<w, %,o)w& (4)

Clearly,

IM"(1)(w—1)32

INw)y=1—-~w-1)+ > +ee (5)
—1)%log”
W — Z—le—(w—l)logz _ Z—1<1 o (w B 1)10gz + (W )2 og z L >
Therefore, in view of (2),
k —20—1
Rfsf(w)E<w, 7,0)2_“ = %ng.
This, (4) and the definition of &(z, £) show that
k 1 a+i00 k
@<z, —> = —/ I'w)E <w, -, 0) 2% dw. (6)
l 270 Sy ioo l
Hence,
k 1 a+i00 k
D271 2 ) =— IN'w)E|w,—,0)z%dw
l 270 Sy ioo l
1 l—a—+1i00 k L
= _— rl-wkB(1-w- ~ duw.
omi ) (1—-w) ( W, 7 ,0>z w (7)

Applying the functional equation for the Estermann zeta-function, we find that

E(l —w, %,0) = %(27”)2_%1&(&;) (E(w ?0) +Cos(7rw)E(w, —?,0)).

Moreover,

I'(w)sinmw’
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Thus, substituting in (7) gives
k 1 l—atico /o 1—2w %

o271 =2 ) = —/ il I'(w)(sin7w) 'Elw,~,0) 2% dw
l 211 l—a—ico l l

1 l1—a+ioco 2 1—-2w E
+ = (—W) I'(w) cot(mw)E | w, - 0> 217 dw

2mi l—a—ioc0 l

§i2mz (1 [ioatiee k
= — S T'(w)E _Z
l <2m'/1am ) <“” 1’0)

2mi l1—a—ico

“O
N—

+ (cot(mw) + (5i)E(w, —? 0))21“" dw

omidy _[4An%z k& 1 flratico sop 172w
I <z2’ l>+2m’/1 <z> ()

—a—100

X ((sin(ﬂw))_lE(w, ? 0) + (cot(mw) + 6i)E(w, —?, 0)),21“ dw

in view of (5), since 0 <1 —a < 1.
It remains to transform the integral I in (8). For this, we move the line of inte-
gration to the right. Let 1 < b < 2. Then we have that

oL (27”)1_2wr(w)((sin(m))‘1E(w, ?0)

a 2mi b—ioco
k
Obviously,
sin(nmw) =sin7(l —w) = —sinm(w — 1),
cot(rmw) = —cot (1 — w) = cot w(w — 1),
and
1 ~2i B 1
sin(rw)  emilw-1) —e-milw=1) " 71(w —1)(1 +0(1))’
eﬂ'i(w—l) T e—wi(w—l) 1 7r(w _ 1)

cot(mw) =1 +o(1)

emi@—1) —e—mio—1)  m(w—1)(I+o0(1)) 2(1+o(1))
as w — 1. Therefore, using (2), (5) and

27 =1—(w—1)logz+o(w—1),
we find that

Res (?)1_2wF(w)((sin(7TW))_1E(w, ?0) + (cot(mw) + 51')}3(% _?0))21—w
l

ot 1
_ / "
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Thus, by (9),

I <2Tﬂ)12wf(w)<(sin(7rw))1E<w,§,0>

- 2mi b—ioco
. E 1-w / ! /" !
+ (cot(rw) + 6i) E w,fT,O 2 Y dw+c o=
T

5i
+ i(’yf210gl—logz)+

This together with (8) proves the theorem.
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REZIUME

Transformacijos formulé, susijusi su Dirichlé L-funkcija, su pagrindiniu charak-
teriu
A. Balciunas

Straipsnyje gauta formulé eksponentinei eilutei su daliklikliy funkcija. Si formulé gali biiti pritaikyta
L-funkcijos su pagrindiniu charakteriu kvadrato Melino transformacijos meromorfiniam tesiniui gauti.

Raktiniai Zodziai: Dirichlé L-funkcija, Estermano dzeta-funkcija, Lercho dzeta-funkcija.
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