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Abstract. We analyze solution of a two-dimensional parabolic equation with a nonlocal
integral condition by a locally one-dimensional method. The main aim of the paper is
to deduce stability conditions of a system of one-dimensional equations with one integral
condition. To this end, we analyze the structure of the spectrum of the differential operator
with an integral condition.

Keywords: parabolic equation, nonlocal integral condition, eigenvalue problem, stability conditions.

Introduction

Let us analyze an eigenvalue problem of the system

d2ui
dz?

+Au; =0, i=1,2,...,N—1, (1)

with boundary conditions

ui(0) = 0, (2)
N-1 1
u;(1) = ~v;ih ]; /0 ug () dzx, (3)

where hN = 1.

There are many papers devoted to the eigenvalue problem for ordinary differential
operator with an integral or multi-point boundary condition ([1, 2, 3, 4, 5], see also
bibliography in these articles). In this paper, we analyze an eigenvalue problem for
system (1)—(3). This problem is realated with a two-dimensional parabolic equation

* This research was funded by the grant (No. MIP-051/2011) from the Research Council of Lithua-
nia.


http://www.mii.lt/LMR/
mailto:gibaite@gmail.com

An eigenvalue problem for the differential operator with an integral condition 49

with an integral boundary condition:

ou 9*u  O*u
ot~ o2 2 <T, 1
ot ax2+ag+f(xy7 ); r,y €2, 0<t )
u(z,y,0) = o(x,y), z,y €, 5
u (y,t), yeN, 0<t<T, 6

(anat)zul
U(l,y,t) = N2(y
u(e1,0) = 2@) [[ w0 dody +paot), we2 0<t<T,
Q2
u(z,0,t) = ps(x,t), €2, 0<t<T,

where 2 = {0 < z,y < 1} is rectangular and ¢ € [0, 7.

Problem (4)-(9) solved by the finite difference method, i.e., it was reduced to
a difference problem and then solved using one of the simplest methods, a locally
one-domensional method. So

(
(5)
1), <T (6)
), yeN, 0<t<T, (7)
(8)
(

u""‘% un
i.j o + 1
Y = A T fn+ (10)
T
n+ n+
U ‘= = Hyj %, (11)
n+i n+x
“N;Q = o, (12)
and
utt — un+%
ij ij 1 1
= A n—i— + 5 fn+ ’ (13)
T
n+1 _  n+l
Uz = H3; (14)
n+1 2 n+1 n+1
= 7ih Z pr + g (15)
-,L+% —,L+§ n+§ n41 n+1 n+1
n41 Uy 52wy tug S w; 1 —2u +u;
where /hu 2 15 h]2 +1j , A2u;lj+1 _ J—1 h2 gL

The stabllity of the second step (13)—(15) depends on the spectrum of the opera-
tor /12

Ui j—1 — 2Uij + Ui j4+1

2 + My =0, i,5=1,...,N—1, (16)
N-1N-1

UiN = ’)’ihQ Z Z Uij, (17)
i=1 j=1

uio = 0. (18)

In this paper, we analyze problem (1)—(3). Problem (16)—(18) is a difference analogue
of this differential problem.

1 The analysis of eigenvalues

As X = 0, the solution of equation (16) is
wi(z) = ¢z + co. (19)
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The solution with condition (2) is
ui(x) = ¢ (20)

If we take the nonlocal boundary condition u(1), we get

1 N-1 1
C :%N kzlA c;xdx. (21)

Theorem 1. The eigenvalue X = 0 appears in problem (1)—(3) if and only if

N-1
> i =2N. (22)
i=1
Proof. Since
1 N—-1 1
Ci = Vi— Z / cix dz, (23)
N k=10

by simplifying (23) we obtain

N-1

1
C; = ’yiﬁ Z C;. (24)
k=1
Thus, we obtain N — 1 linear equations
2! 20! 20!

1— ey = e 2

< 2N>01 2N02 2NCN 1 0, ( 5)
Y2 V2 V2 -
5 C1 + <1 2N>02 SN CN-1 = 0, (26)
(27)
YN-1 YN-1 YN-1

_ _ 1— . =0. )

5N 1T an co + +( 5N )CN 1=0 (28)

There exists the nontrivial solution (21), if and only if the determinant of this system
is equal to zero. Thus, we get that

N—1 i
1— L —=0. 29

i=1

As A < 0, the general solution of equations (1), (2) is
u;(x) = ¢;2 sinh f, (30)
where 8 = V=X, A = 2.

Since the general solution should satify nonlocal condition (3), after inserting it
into (30) and doing arithmetical operations we, derive

cosh(f) — 1

| Nl
¢; sinh 8 = %N Z ¢
k=1
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So we obtain N — 1 linear equations

(mhﬂ B 71(6021}\[5 - 1)>c1 B 71(0021}5 it DS vl(cos;}\f mit) PO 0
f%cﬁ <Smh5%)q...%m o,
77N71(C;j\1;6 - 1)01 B 7N71(c;;};ﬂ - 1)c2 .

+ (sinhﬁ — ,YN_I(C;?\};B — 1))01\;_1 =0.

Equating to zero the determinant of this system, we get the folowing equality
i h -1
sinhV ! 8 —sinh™ 2 3 Z i(cos ﬁ Ji(cosh S — 1) =0. (32)

Now we obtain two equations

sinh™V 72 8 = 0, (33)

sinh 3 — Z il COShﬂ* dileoshB=1) _ (34)

From the first one we find the solution 5 = 0, but, under the assumption, we have
that 5 # 0. That yields the second equation

N
% = tanh é (35)
sl Vi 2
Theorem 2. Problem (1)—(3) has a negative eigenvalue, and it is only if
Nl
N Z Yi > 2.
i=1
Proof. Let us take two functions
BN
fi(B) = == (36)
Zivzll Vi
F2(8) = tanh 2 (37)
They are equal with 5 = 0. Let us find the derivatives
N 1 I6]
1(8) = e and f3(8) = 5 (1~ rann ), (38)
21:1 Yi
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By inserting f1(0) and f4(0) we attain
N 1

f{(o):mv fﬁ(o):§~ (39)

Thus, if % Zf\:l ~v; < 2, then the curves do not intersect, and if % sz_v:—11% > 2,
then the equation in the interval (0, c0) has one root.
Next, assume A > 0 and denote that

a=vVA>0. (40)
We get that the general solution of (1) with condition (2) is
u;(x) = ¢; sin . (41)

We insert it into condition (3) and, after some arithmetical operations, we obtain that

1 _
c; sin o :%-% E Cl. (42)
o
k=1

Consequently, we derive N — 1 linear equations once again:

) 7 (1 — cosa) 7 (1 — cosa) ~71(1 — cos @)
YT T NG AT Na 27T Na v =0
1-— 1-— 1-—
Yo ( N;OS@)62+(Sina_72( N;OSO&))CQ_W_W( N;(’SO‘)CN_l—O,
ynv—1(l —cosa)  yn—i1(l —cosa)
Na “ Na et
( . 7N1(1cosa)>
+ | sina — ———— = |ey-1 = 0.
Na

Now we are interested when the determinant of this system of linear equations is
equal to zero. Hence we derive that

. N-—1 s N—2 Jil 7i(1 — cosa) 0 (43)
Sin o — SIn (6% — = U.
P Na

Thus we get two equations

sin "2 o = 0, (44)

Jf 7Nasino< (45)
 1l—cosa’

Theorem 3. With all the values of ~; equation (1)—(3) has N — 2 multiple roots
(o > 0) and they are independent of v; and infinitely many positive eigenvalues depend
on ;.
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Proof. The roots of equation (43)
ap =wk, k=1,2,... (46)

are independent of ;. We need to find the roots of equation (44). Let us choose

N-1
file) = 2=t 0 (47)
sin alN v «
fQ(O[) = m = tan 5 (48)

It is obvious that with each value 7; of equation (46), we get very many eigenvalues
(which depends on the length of the interval we explored).
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REZIUME

Tikriniy reik§miy uzdavinys diferencialiniam operatoriui su integraline sglyga
K. Jakubéliené

Mes analizuojame sprendima dvimatés parabolinés lygties su nelokaligja integraline salyga lokaliai-
vienmaciu metodu. Darbo pagrindinis tikslas yra isvesti stabilumo salygas sistemai vienamaciy
lygciy su integalinémis salygomis. Siekiant Sio tikslo, mes analizuojame spektro strukturg skirtu-
minio operatoriaus su nelokaligja integraline salyga.

Raktiniai Zodziai: paraboliné lygtis, nelokalioji integraliné salyga, Tikriniy reiksmiy uzdavinys, sta-
bilumo salygos.
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