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Abstract. We prove a transformation formula for the exponential sum involving the di-
visor function, and primitive character modulo ¢g. This formula can be applied to obtain
meromorphic continuation for the Mellin transform of the square of Dirichlet L-function
with primitive character.
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1 Introduction

Let s = 0 + it be a complex variable, x be a Dirichlet character modulo ¢, ¢ > 1, and
let

L=,y
m=1

denote the corresponding Dirichlet L-function. For the investigation of the mean
square of L-functions, the modified Mellin transform

e 1
Z1(s, x) =/ ’L(— +iw,x)
1 2
can be applied.

For a meromorphic continuation of the transform Zi (s, x), a certain transforma-
tion formula is needed. Similar transformation formulae are also used in the case
of the Riemann zeta-function see [3, 4]. A transformation formula for 2 (s, x) with
principal character has been obtained in [1]. The aim of this note is to obtain a
transformation formula with primitive character.

Let G(x) denote the Gauss sum, i.e.,

2
x %dx, o>1,

As usual, denote by d(m) the divisor function

d(m) =1,
dlm
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and let v be the Euler constant. For Rez > 0, Im z # 0, define

Z ‘X, q Zd 27rim/qe—mz
m=1
q
(@) 2t q
- Wor ) _olog—T  _1og2).
G z::X qz og( ,a+1) 08~

In this paper, we prove a formula for (271 y, q).
Let ag, and ag, be the constant terms in the Laurent series expansion at s = 1 for
. +1
the Estermann zeta-functions E(s; ((q a+1))/ (q,a+1) ,0) and E(s; — ((qaa—_H))/ﬁ, 0),
respectively, where (ﬁ) / ( by the congruence

@D
a1 (arn) = 1(mod

at1
is connected to m/ @ a+1)
=1

,...,q. Moreover, denote

(q, a+1))

5 1 if Imz >0,
-1 if Imz <o0.

and, for 1 < b < 2, define

q b+ioco 27 1—2w ) m
in_ . 2 (g,a
1(z?) 2mG ; /b_. (7) F(w){ sin (mu)E<w, #,0)

100 (g,a+1)
()
% (g,a+ 1) 1 cot(mw) (w; {aetn) o) (gra+ 112
(g,a+1)
a+1
+6iE(w;—@,0)}zl_w dw.
(¢,a+1)

Theorem 1. Suppose that Rez > 0 and Im z # 0. Then

Wbz ) _an?mz
45(2_1;)(,‘]) =% Z d(M)X(m)e_Qmm/qe o
m=1
~  Xla
o I(z,b).
27T2G q7a+1 aOa aOa)+ (Z, )

a:l

2 Proof of the transformation formula

Firstly, similarly as in [4], we express Y ~_, d(m)x(m) exp{27im/q}m~* by the Gaus-
sian sum and Estermann zeta-function:

0 1 q a;—l
Z d(m)x(m)exp{2mim/q}m™" = —— ZY(@)E(S; (q’q—ﬂ), 0).
m=1 (x) a=1 (g,a+1)
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Then, using the Mellin transformation formula, we find

Z d(m)x(m) eXp{Qﬁim/q}e*mZ

m=1
o) 1 24100
= Z d(m)x(m) eXp{Qﬂ'im/q}% / I'(w)(mz)™" dw
m=1 2—100
1 2+i00 5o
=5 / I'(w)z Zld(m)x(m) exp{2mim/q}m™" dw
2—i00 m=
1 q 24100 ( a+11)
== X(a) F(w)E(w; &,O)zw dw. (1)
2miG(X) ; L (q,aq+1)

From the Laurent series expansion for Estermann zeta-function at the point w = 1
(see in [2]), we have

_atl q
- 1 1 2y —2log —
E(w, (@,atD) q+1) 0) (¢, a+ )( - (4, H))—I—aoa-i----- 2)
ey q (w—1) w—1

From this, using the expansions

we find

a+1 ( a+1)
ResF(w)E(w;@,O)z‘“’ = L(v—ﬂog%l) —logz).

=1 —_—
v (ga+1)

Now, moving the line of integration in (1) to the left and having in mind that 0 <
¢ < 1, from the definition of @(z; x, ¢) we obtain that

1 1 efioo ey
@ . = —_— Eva F E . \g,a —w .
G0 = g ox@ [ rwE(6 25 o)

—100 (g,a+1)

a=1
We substitute 271 instead of z in (5). This gives

a+1

c+zoo a7
_ (q,a+1) w
@(z 1 q) g X(a / (w; 7O)z dw
QMG a:l ¢—ioo (q,f+1)
—c+ico a+1
! — + _ . (q,a+1) 1—w
g X(a —w)E(1—w;—F—,0 ]z dw.
27mG ~ oo s

(6)
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Now we apply the functional equation for the Estermann zeta-function (see [2])

at1 1—2w VErES SN
a 1(2 1 (=)
E(lw;w,o) —— (M) FQ(’LU)<E<’LU; (q, q+1) ,0)
(¢g.a+1) T q exXEsy
( a+1 )
+ cos(mw)E (w; — (qaaq+1) ,0))
(g,a+1)
and
T
r'l—w)=—- .
(1-w) I'(w) sin mw
Thus, from (6), we get
(25 x,9) )
1 q 1—c+ioco 277((] a—+ 1))1—211)
= o= X(a i S 2R i T'(w)? sin~ (7w
3G 2V T (1)) sin”" (rw)
( a+11) ( a-|—11 )
X E(w, %7 0) + COt(’]'l"w)E‘('w7 _w, 0) }Zl—w dw
(@.a+1) @otD)
2midz (422 ) 1 a 1—ctioo (27_‘_)1211)
== iXo—q )+ =—== > X(a / il
q ( 7 21iG(X) ; (a) oo g

a+1 )
X F(w){ sin™! (mw)E <w; ((q’++1), 0) (q,a + 1)'72* + cot(mw)
(g,a+1)

( a;—l ) a;—l
><E(w;—M,O)(q,a+1)1—2W+5¢E(w;—%,0) 217 dw,  (8)

—q 9
(g.a+1) (q,a+1)

since 0 < 1 —c¢ < 1. Now we transform the last integral. From formulae (2)—(4), using
the expansions

or(ga+ )\ g g 2r(gua+1)
( q ) “2n(ga+ 1) w(ga+1) log q (w—1)
q e w p— 2
W(q,aﬂ)( J(w—=1)"+--,
and
cot(rw) = mfg(wfl)ju.. ,
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we find that
9\ 1-2w (72t
Res (_) [’(w){sinl(ﬂ"w)E(w; %,0) (g,a + 1)172111
w=l \ ¢ (g.a+1)
7(%) aJrl1
+ cot(mw)E <w; *% 0> (@,a+1)' 7 +6iE (w T + ) 0)} -
@atD) @D

1 6 4dm?z q
-4 2 Dy -1 - o ar).
4 + o (q7a+ )(7 og (q,a+ 1)2) 27T2(q,(1+ 1) (aOa aOa)

Therefore,
1 q 1—c+ico or 1—2w ) (( a;r-i_ll))
—_— X(a)/ (—) I'(w)q sin™ (7Tu1)E<w; 11,770>
27T’LG(X) ; 1—c—ioco q (q,anrl)
(E)
x (g,a+ 1) + cot(rw)E (w; —le), 0) (q,a+ 1) 2w
(q,a+1)
a+1
+ §iE (w; 7%, O) }zl_“’ dw
(g,a+1)
1 q /b+ioo (27r)12w
= ——— X(a — I'(w
2miG(X) ; (@ b—ico q (w)

(L) =
X { Sinl(ﬁw)E<w§ %, 0) (¢;a+1)'"" + cot(rw)E <w; —lea ,0>
(g,a+1) @atl)

a+1
x (g,a+ 1) 4 6iE (w; — (q’aqﬂ) ,0) }zl_w dw
(q7a+1)

q_ 42z
4G(y)zx< 27TG ZX q’“+1)(7_1°g(q,a+1)2)

where 1 < b < 2. From this and (7), the theorem follows.
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REZIUME
Transformacijos formulé su primityviuoju charakteriu
A. Balciunas

Straipsnyje gauta formulé eksponentinei eilutei su primityviuoju charakteriu. Si formulé gali buti
pritaikyta L-funkcijos su primityviuoju charakteriu kvadrato Melino transformacijos meromorfiniam
tesiniui gauti.

Raktiniai Zodziai: Estermano dzeta-funkcija, Gauso suma, Melino transformacija.
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