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Let (T ∗M,π,M) be the contangent bundle, where M is a differentiable, real
n-dimensional manifold. If (U,ϕ) is a local chart on M , then the coordinates of
a point u = (x, y) ∈ π−1(U) ∈ T ∗M will be denotes (xi, yi), i, j, . . . = 1, 2, . . . , n. The

natural basis of the module X(T ∗M) is given by ( ∂
∂xi ,

∂
∂yi

) = (∂i, ∂
i).

Given H(x, y) – the metrical function T ∗M → R, the 2-homogeneus with respect
to yi, g

ij = 1

2
∂i∂jH – the metrical tensor, then pair (T ∗M, g) is Cartan space. The

linear connection are given by

Lij = γk
ijyk −

1

2
γk
pqyk∂hg

pq∂hgij (1)

respectively, such that δi = ∂i − Lik∂
k, and (δi, ∂

i) is a local basis of X(T ∗

0M) =
X(T ∗M)\{0} which is called the adapted basis to Lij . The vector fields δi and ∂i

are 1 and 0 – homogeneous with respect to yi. The tensor of curvature of linear
connection L are given by Rijk = δjLik − δkLij . Let

Γ k
ij = ∂kLij , (2)

then differential geometric object (Lij , Γ
k
ij , 0) will be called the Miron connection of

Cartan spaces [1].
Let L : (T ∗M, g) → R a differentiable function which is 1-homogeneous with

respect to yi, r > 0 is a constant. We define linear mapping P : X(T ∗

0M) → X(T ∗

0M)
given by

P
(

δi
)

=
L

r
gik∂

k, P
(

∂i
)

=
r

L
gikδk. (3)

Proposition 1.

(a) P is an almost product structure, P 2 = I,

(b) P preserves the property of homogeneity of vector fields from X(T ∗

0M).

The proof is evident.
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Proposition 2. Obtain such the identity [δi, δj ] = Rkij∂
k, [δi, ∂

j] = −Γ
j
ik∂

k,

[∂i, ∂j ] = 0.

Proof. Proof is follow from the definition of δi and equality [δi, δj ]f = δi(δjf)−δj(δif)
for all functions f : T ∗M → R.

The almost product structure are integrable, if and only if is Nijenhuis tensor
equal zero.

Theorem 1. The homogeneous almost product structure (3) is integrable, if and only

if for the object linear connection L obtain the relations

Rkij =
L

r2
(gihgjk − gjhgik)∂

hL, (4)

∇jgik −∇igjk =
1

L
(gjkδiL− gikδjL), (5)

there ∇ – the operator of covariant derivative respect the Miron connection.

Proof. Let N be the Nijenhuis tensor of the homogeneous almost product structure P

N(X,Y ) = [PX,PY ]− P [PX, Y ]− P [X,PY ] + P 2[X,Y ]. (6)

In the adapted basis we have

N(δi, δj) = Nk
ijδk +Nn+k

ij ∂k, (7)

where

Nk
ij = gkp(∇jgip −∇igjp) + L−1

(

δjLδ
k
i − δiLδ

k
j

)

,

Nn+k
ij =

L

r2

(

gihgjk∂
kL− gikgjh∂

hL
)

−Rkij . (8)

Analogous

N
(

δi, ∂
j
)

= −N
(

∂j, δi
)

= Nk
i n+jδk +Nn+k

i n+j∂
k = −Nk

n+j iδk −Nn+k
n+j i∂

k, (9)

where

Nk
i n+j = −Nk

n+j i =
∂kL

L
gihg

jk −
∂kL

L
δ
j
i −

r2

L2
gjpgkhRhip,

Nn+k
j n+i = −Nn+k

n+i j = gih∇hgjk + gpk∇jg
ip + L−1gihgjkδhL− L−1δikδjL. (10)

Also
N
(

∂i, ∂j
)

= Nk
n+i n+jδk +Nn+k

n+i n+j∂
k, (11)

where

Nk
n+i n+j = r2L−3

(

gikgjhδhL−GihgjkδhL
)

+ r2L−2
(

gih∇hg
jk − gjh∇hg

ik
)

,

Nn+k
n+i n+j = L−1

(

∂jLδik − ∂iLδik
)

+ r2L−2gipgjhRkph. (12)

Let N = 0, from (8) follow (4) and (5). The calculation give, as from (4) and (5)
follow Eqs. (10) and (12).
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Then the following class of Riemanian metrics may be considered on X(T ∗

0M)

G = gij dx
idxj + gijDyiDyj , (13)

where Dyi = dyi − Lik dx
k. We have

G(δi, δj) = gij , G
(

∂i, ∂j
)

= gij , G(δi, ∂
j) = G

(

∂i, δj
)

= 0. (14)

We define the two form Φ by the class of almost product structure P [2]:

Φ(X,Y ) = G(X,PY ) (15)

for all vector fields X,Y on X(T ∗

0M).

Proposition 3. The expression of the 2-form Φ in a local adapted frame (δi, ∂
j) on

X(T ∗

0M) is given by

Φ(δi, δj) = 0, Φ(δi, ∂
j) =

r

L
δ
j
i , Φ(∂i, δj) =

L

r
δij , Φ(∂i, ∂j) = 0. (16)

The proof follow from Eqs. (3), (14) and (15).

Theorem 2. The class of almost product structures P is Kähler, if and only if, L is

constant.

Proof. From the (16) we have local expression the 2-form Φ:

Φ =
L

r
Dyi ∧ dxi +

r

L
dxi ∧Dyi =

(

L

r
−

r

L

)

Dyi ∧ dxi. (17)

As

D Dyi = −dLik ∧ dxk = Rikhdx
k ∧ dxh + Γ h

ik dx
k ∧Dyh, (18)

then

DΦ =

(

δkL

r
+

rδkL

L2

)

dxk ∧Dyi ∧ dxi +

(

∂kL

r
+

r∂kL

L2

)

Dyk ∧Dyi ∧ dxi

+

(

L

r
−

r

L

)

Rikh dx
k ∧ dxh ∧ dxi +

(

L

r
−

r

L

)

Γ h
ik dx

k ∧Dyh ∧ dxi. (19)

From the Ricci identity follows Rikhdx
k ∧ dxh ∧ dxi = 0, from Eqs. (1) and (2)

follows Γ h
ik = Γ h

ki, and Γ h
ikdx

k ∧Dyh ∧ dxi = 0. Then

DΦ =

(

1

r
+

r

L2

)

(

δkLdxk ∧Dyi ∧ dxi + ∂kLDyk ∧ dxi
)

. (20)

As r > 0, then 1

r
+ r

L2 6= 0. There for DΦ = 0, if and only if, δkL = 0, ∂kL = 0.

Corollary 1. If the almost product structure P is Kähler, it is integrable.
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REZIUMĖ

Kartano erdvių homogeninės struktūros
Ed. Mazėtis

Darbe nagrinėjamos Kartano erdvių su Mirono afiniaja sietimi homogeninės sandaugos struktūros,
surastos jų integruojamumo sąlygos.

Raktiniai žodžiai: Kartano erdvės, afiniosios sietys, homogeninės sandaugos struktūros, Nijenhuiso
tenzorius.
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