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1 Introduction

By P*(X) we denote the space of all closed subsets of topological space X (or simply
of some set X). By Cy(X) or Cy we note family of all finite subsets of X and C4 (X)
or C; family of all closed subsets of space X. For family M C P*(X) we provide
(Cop, C1) topology by giving base {[A, Bla: A € Cy, B € C1} there [A, Blyp = {(P) €
M: P C Aand PNB = @}. If M is cleare from context we simply note [4, B]. exp X
denote hyperspace of space X. All topological notions and terms wich we use can
be found in [2]. The first time Ochan type topology was mentioned in [4] and later
examined in generale by R. Kasuba [3]. All definitions of cardinal invariants and their
basic properties are in [1]. Also all spaces we assumed be Hausdorff.
Now let discus some cardinal invariants starting by.

Lemma 1. Character of the point (F') in exp X not exceed T (there T some infinite
cardinal number) if and only if character x(F,X) of subset F in X don’t exceed T
and |F| < 7.

Proof. Let U = {[Aq, Ba]: o € A} base of space exp X at the point (F). We'll
prove, that U = {U,: o € A}, where U, = X \ B, for each a € A is base of
subset F' in space X. For each neighborhood OF of set F, open set (in exp X)
(@, X \ OF] is neighborhood of (F') at exp X. We can find o* € A and [Ay+, Ba+],
that (F') € [Aa+, Box] C [@, X \ OF] and consequently F' C Uy~ C OF and it means
that U/ is base of F at X. Because |U| < [U{| than in the case of fulfilment assumption
[U| < 7 we conclude x(F, X) < 7.

Let D C F and |D| < Xg. Than open set [D, @] is neighborhood of (F') at exp X.
We can find § € A, that [Ag, Bg] C [D,@] and consequently D C Ag, but than
U{Aa: o € A} = F and |F| < 7 if |U| < 7, because A, are finite for each @ € A.

Let prove sufficiency of conditions. Let U= {Uq: @ € A} some base of set I at X.
Then U = {[P, X \ U,]: P € Co(F), a € A} base of (F) at exp X and |U| < |F| - U],
consequently |U| < 7-7 = 7 if |F| < 7 and [t/| < 7. The proof is over.
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Corollary 1. Lemma 1 allows us to conclude for wich spaces exp X is I countable
space.

Proposition 1. Let space X is Hausdorft. Space exp X is I countable space. if and
only if when:

(i) [X] = Ro,
(ii) K = X \ I(X) — compact, where I(X) set of isolated points of space X,
(iii) character x(K, X)) of set K in X is countable.

Proof. Let space exp X is I countable. Then conditions (i) and (iii) follow from
Lemma 1. Prove, that £ = X \ I(X) is compact. Because X is countable is sufficient
to prove that K is countable-compact. Let K is not countably compact, than in IC
exist discrete closed subset A = {z;: i € N}, |A| = Ry. Let V = {V;: i € N} discrete
set of neighborhood of point x; and x; € V; for each i € N. Let {O;: i € N} base
of neighborhood of set A in X. Choose y; € O; N (V; \ A), what is possible, because
A haven’t isolated points of space X. Than set B = {y;: i € N} is closed (because
V is discrete), BN A = @ and BN O; # @ for each i € N, what contradicts, that
{O;: i € N} is base of neighborhoods of A in X.

Let prove sufficiency of conditions (i), (ii), (iii). For that, using Lemma 1, is
sufficient to show that character of each closed set F' in X is countable. Let form
countable base of F' in X. Let {ci: i € N} base of neighborhoods K in X such that
OK ;11 C OK, for each i € N, and aff = {¢;: j € N} is sequence of open subsets in
X such that N{Cj: j € N} = F and C, 41 C Cpy1 € C, C C, C OK,, for each p € N.
Than «f is countable base of neighborhoods of F' in X. Proof is over.

Proposition 2. Let X is normal space. Then tightness t(exp X) of space exp X is
equal to character x(exp X) of space X.

Proof. Tightness not exceed character of space for each space. So is sufficient to prove
that ¢(exp X) > x(exp X). Using Lemma 1 at first we prove ¢((F),exp X) > |F| for
each (F) € expX. Choise (F) € expX (F) € {(A): ACF, |A| <Rg} (closure is
taken in space exp X). But if (F)) € N, where N some subset of {(A): A C F, |A| <
No} than F = [J{A: (4) € N}. Consequently |F| < |[N| and t((F),expX) > |F|.
Let now V = {(V): F C V, IntV = V}. Because X is normal (F) € V. On
the other hand from (F) € Vy where Vy C V follow {IntB: (B) € Vy} is base of
subset F'in X. Consequently ¢((F),exp X) > x(F, X). Using Lemma 1 we conclude
t((F),exp X) = x((F),exp X) for each (F) € exp X. Proof is over.

Corollary 2. In Proposition 2 is proved that tightness and character conside at any
point of hyperspace.

Lemma 2. Pseudocharacter W((F),exp X) of point (F) do not excide T, where T
some cardinal number if and only if, when at the same time:

(i) pseudocharacter W(F,X) of F in X do not exceed T,

(ii) density d(F') of set F' do not exceed T.

Proof. Let ¥((F),expX) < 7 for some point (F) € expX. We can finde family of
basic subsets U = {[Aq, Ba]: « € I} that [U| < 7 and (F) = ({[Aa, Ba]: @ € I}.
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But ({[Aa, Ba): @ € I} = [U{Aa: @ € T}, U{Ba: @ € I}]. According Lemma 1
UH{Aa: a € I} = FN{X \ By: « € I} = F. Thus A,, o € I are finite we can
conclude d(F) < 7. Inequation ¥(F, X) < 7 follows from ({X \ Bo: a € I} = F.

Now let prove sufficiency of conditions (i) and (ii). Let conditions (i), (ii) are
satisfied for some (F') € exp X. Than we prove, that ¥((F),exp X) < 7. For that
pick A C F, that A = F and |A| < 7, and family of neighborhoods {O,: a € I} of
set I' power wich do not exceed 7, that (J1{O, : @ € I} = F. Than family of basec
subsets {[c, X\ On): a € I, ¢ € Cy(A)} is pseudobasis of (F') in exp X and it’s power
do not exceed 7 -7 = 7. Proof is over. O

Corollary 3. Pseudocharacter W(exp X ) do not exceed network weight nw(X) of reg-
ular space X.

Corollary 4. Pseudocharacter W(exp X) is countable if and only if X is perfect and
all closed subsets X are separabile.

Proposition 3. Pseudoweight pw(exp X) of hyperspace of reqular space X don’t ex-
ceed weight w(X) of space X.

Proof. Let B s base of the space X power wichisw(X). B={V:V € B}U{a}, PB =
{UHAly,Bl:yeV}:Be g, V' € B} is pseudobasis of the space exp X wich power don’t
exceed |B|. Let discuss PB. PB really is pseudobasis of exp X. Let (F) € exp X.
We need to prove ({U: U € PB, (F) € U} = (F). Note, that (P) € U, where
U € PBif and only if PN B = @ and PNV # & for some B € Band V € B.
Let P is closed and P # F. If PN (X \ F) # @, than because X is regular we can
find W e Band D =W € B, that PN D # @, and DNF = @. Let Vy € B and
VoNF # @ and VyN D = & than (P) ¢ Uy € PB, but (F) € Up. If P S F, we can
find Vi € B, that PNV, = @, and Vi N F # &. Assume U; = | J{[y,2]: y € Vi }.
Than U; € PB, (F) € Uy, but (P) ¢ U;. Consiquently PB is pseudobasis of exp X.
Let |B| = w(X) than we get |PB| < w(X). Proof is over. 0O

Corollary 5. Let X is reqular space and KK C exp X is compact. Than w(K) < w(X).

Remark 1. Evaluation of Proposition 3 to improve is not possible. Let Y is one point
compactification of discrete space power 7. Then expY include Cantor discontin-
uum D7 weight 7 consequently pw(expY) = w(Y).

Proposition 4. © — weight of hyperspace nw(exp X) is equical max{|X|,w(X)}.

Proof. Let II = {[An, Ba]: @ € A} some 7 — base of hyperspace exp X. Than for
each point € X and it’s neighborhood V' we can find o* € A, that [Ay, Bax] C
[{«}, X\ V]. Concicvently € Ay C X\ B, C Vand B = {X \ Bs: @ € A} is
base of the space X and |B| < |II|. Because family {A,: a € A} cover X, and A,
are finite, than |IT| > |X|. So we proved, that mw(exp X ) > max{w(X), |X|}.

Now let prove inverse mw(exp X) > max{w(X), |X|}. Let B = {V,: a € A} is base
of X and |B| = w(X). Than family {[P, X\V]: P € Co(X), V=V C B, |V| <Xy}
is m — base for hyperspace exp X and its power don’t exceed | X|-w(X). Proof is over.

Theorem 1. Let X is regular topological space. Density of hyperspace d(exp X) with
(Co, C1) topology is equal to network weight nw(X) of the space X.
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Proof. Let N is network of the space X such, that |N] = nw(X). Assume that N
consists of closed X subsets. We prove, that N = {(JN*): N* C N, [N*| < Ro} is
close in the space exp X . Let [A, B] is set of standart base. Thus A is finite we can find
N** C N, that A C JN** € X \ B. Consequently (JN**) € [A4, B]. Thus [A, B] is
chose freelly we conclude N is network of exp X. Conclude nw(X) > d(exp X).

Now let prove inverse d(exp X) > nw(X). Let M is dense subset of the space
exp X and |[M| = d(exp X). For each point € X and each neighborhood V we can
find (F) € M, such that (F) € [{z}, X \ V], consequently z € F C V. Because x
is freelly chose we conclude that M = F: (F) € M is netwok of the space X and
|M| = |[M|. Consequently nw(X) < d(exp X). Proof is over.

Corollary 6. Pseudocharacter of hyperspace of reqular space X don’t exceed it’s den-
sity.

Theorem 2. Let X is Hausdorft topological space and it’s hyperspace exp X with
(Co, Cy) topology. Then following are equivalent:

(i) exp X is metrizable,

ii) weight of exp X is countable,

)
(if)
(ii) exp X is simetrizable,
(ii) spread exp X is countable,
)

(iv) exp X is hereditary separable,
(v) X is countable and compact.

Proof. At first we note, that from conditions (i), (ii), (iii), (v) follow countability of
tightness of the space expX, but than X countable, because (X) €
{(A): AC X, |A| < Ng}. From condition (iv) follows countability of X, because
{({z}): ® € X} is discrete subset of hyperspace exp X. So to prove that (vi) fol-
lows from each of condition (i), (ii), (iii), (iv), (v) is sufficient to prove that in the
case of satisfaction at lest of one of condition (i), (ii), (iii), (iv), (v) space X is
countable compact. Assume that from condition (i), (ii), (iii), (iv), (v) don’t follow
countable compactness of X. Than X contens countable, closed discrete subset D and
exp D is embeddible into exp X an exp D topology concide with Vietoris topology.
But exp D is not simmetrizable space and contents discrete subset power 2%0. We get
contradiction.

Because conditions (i), (iii), (iv), (v) follow from condition (ii) to conclude the
proof is sufficient to prove that from (iv) follows (ii). Let B is countable base of
countable and compact space X. Familly B = {|JB*, |B*| < Rg} is also countable,
consequently countable is and family {[4, B]: A € Cy(X), B € g} from base of exp X,
because X is compact. Proof is over.

The large role in evaluation of cardinal invariants of exp X plays power of the
space X:

Proposition 5. Let cardinal number 11 is equal to minimal number of w(exp X),

nw(exp X), S(exp X), l(exp X), x(exp X) and cardinal number 1o is equal to largest
of numbers 1p(exp X), pw(exp X), d(exp X), clexp X). Than 1 > |X| = 7.
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Proof. min{w(exp X), nw(exp X), l(exp X), S(exp X)} > |X| because exp X contens
closed discrete subset {({z}): # € X} and it’s power | X|. Inequation x(exp X) > |X|
follows from Lemma 1. Inequation |X| > d(exp X) follows from Teorem 1. Because
Suslin’s number don’t exceed density of the space we get c(exp X) < |X|; |X| >
pw(exp X), because {[{z},{y}]: x,y € X} pseudobasis of exp X, with power |X]|.
Proof is over.

References

[1] A.V. Archangelsky. On classification and structure of topological spaces and it cardinal
invariants. Usp. Math. Nauk, 35:29-84, 1978.

[2] R. Engelking. General Topology. Warszawa, 1978.

[3] R. Kasuba. The generalized Ochan topology in sets of subsets and topological Boolean
rings. Math. Nachr., 97:47-56, 1980.

[4] J.S. Ochan. Space of subset’s of topological space. Dakladi AN SSSR, 32(2):105-107,
1941.

REZIUME

Apie kai kurios hypererdvés su Ocaniskaja (Co,C:1) topologija kardinalinius in-
variantus

G. Praninskas

Straipsnyje nagrinéjami topologinés erdvés uzdary poaibiy erdves (hypererdvés) su (Co, C1) Ocano
tipo topologija kardinaliniai invariantai. Ju rysys tarpusavyje, o taip pat santykiai tarp topologinés
erdvés ir jos hypererdveés kardinaliy invarianty.

Raktiniai Zodziai: hypererdvé, Ocano tipo topologija, kardinalinis invariantas.
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