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Abstract. In this paper, we obtain the representation of the nullspace for m-th order
discrete linear problems with nonlocal conditions. An example is given.
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Introduction

In paper [1], we considered a method how to calculate directly generalized discrete
Green’s function for the second order discrete problem with two nonlocal conditions.
The basic part of the investigation was played by the solution to the nullspace of the
discrete problem.

Let us introduce the set X, :={0,1,2,...,n} and the space of complex functions
F(X,) = {ulu: X,, = C}. In this paper, we are going to represent the nullspace for
the m-th order discrete linear problem with m nonlocal conditions

(Lu); == alWigym + -+ + a}qu + a?ui = fi a?, al* #0, i€ Xp_m, (1)
(Li,u) := ZLiuj =gr, k=1m, (2)
j=0

where @/ € F(X,_m), 5 =0,m, f € F(Xpn_m), Lx € F*(X,.), gr € Cfor k =1,m
and n > m.

1 Equivalent matrix problem

The solution u € F(X,,) is uniquely represented by the column matrix u = (ug, uy,. ..,
u,)T € COHDXL hut every discrete linear functional L, € F*(X,) is described

by a complex row matrix Ly = (LY, Li,...,L}) € C>X+D k= T'm. Simi-
larly, the operator £ : F(X,) — F(X,_m) is uniquely represented by the ma-
trix L = (£;;) € CO=m+UX(+D) " which has rows L;. = (0,...,0,a%,a},...,a",
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0,...,0) € C*(+1)  where the element ay follows after i zeroes for each i € X,,_,.
Thus, the problem (1)—(2) can be rewritten in the equivalent matrix form Au = b
with b = (fo, f1, s facmr G1s - -5 gm) T € CPHUXLand A = (L, Ly, Ly, ..., L,)T €

Cn+1)x(n+1).
2 N(A) basis
Let us now focus our investigation on the homogeneous problem

Au=0. (3)

First, we note that L is the trapezoid matrix with nonzero diagonal elements af, i €
Xy —m- So, it has the full row rank, precisely, rank L = n — m + 1. Then the nullity
d:=dimN(A) €{0,1,2,...,m}. The nullspace N(A) of the problem (3) is nonzero
if the matrix A is singular, or equivalently [2]

(Ly,uty  (Loyut) ... (Lpy,ub)
D] =] ... S T =0 @)
(Ly,u™)y (Lo,u™) ... (Lpm,u™)
for every fundamental system w = (u',u?,...,u™) of the equation (1). Here we

denoted the collection of functionals L = (L, Lo, ..., Ly,). If dim N(A) = m, then
the nullspace of problem the (3) is coincident with u*, & = T,m, — the fundamental
system of (1). Let us find the representation of the nullspace if 0 < d < m.

As in paper [1], the rank of matrix A is rank A = n + 1 — d. Thus, there are
d functionals Ly, j = 1,d, those are linear combinations of other (linearly inde-
pendent) rows of A, representing the operator £ and rest functionals Ly, j =
d+ 1,m. Moreover, the matrix A has linearly independent columns with indexes
50 =0,s1=1,...,8—-m =N —m,...,5,_q. Other columns with indexes s,,_q44;,
j = 1,d, are linear combinations of them. We note that s; = i, i € X,,_,,, and
Sn-m+j €E{n—m+1,...,n},j=1m.

As in [1], we introduce the corresponding auxiliary nonsingular problem

(‘Cw)i = gila 1€ Xn_m,
(I, w) = ws, 4y, =0, j=1,d, (5)
<lkj,w> = <ij7w>:g7lz—m—d+jv j=d+1,m,

Jug, ) € Cr=d+1x1 g of the form

where w € F(X,,) and g' = g (us, .- -
d Li € X
'1 _ Zu 1ySn—d+1? ? 6 n—m:; (6)
Yi L fomman \ Lyt i=n—mt Ln—d.

Let us denote the matrix of this auxiliary problem (5) by A. Similarly as in [1], we
derive the solution of (3), which is given below

n—m m

1 1 kj -
Us; = Ws; = E GSingj + § : gn—m—d-l—jvsz']’ 1 € Xn—d, (7)
=0 j=d+1
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and us,;, i = n —d+ 1,n, are arbitrary complex numbers. Here G € F(X,, X X,,_,,)
is ordinary discrete Green’s function of the problem (6), since we constructed the
problem (6) with the nonsingular matrix [1]. Moreover, v*, k = T,m, form the
biorthogonal fundamental system of the problem (6) [2]. For example, taking u,,_,.,,
I =1,d, such as us,_,,, ~Us,_,,, =015, L,j =1,d, we get g} =Lis, .., 1€ Xnom,
and g} = LZ:';d:ldH, i =mn—m+1,n—d, for every fixed | = 1,d. Here d;; is the
Kronecker delta.

Thus, we obtain the particular basis of the nullspace w', | = 1,d, for the problem
(1)—(2), where (7) simplifies to

n—m n—d
I _ o Km—ntdtj 7 8n—d+l .
Wy, = — E Gsiv‘]ﬁ]vsnfd«#l - E Us; LknL7n+d+jv i€ Xn_a. (8)
j=0 Jj=n—m-+1

The equality I = A~1A, where I = (6;7) € CrFUX(H1) g the identity matrix, is
given by I = (G,v',...,v")(L,Ly,Lo,...,Ly,)". Rewriting it in the discrete form,
we have 05 = > 2" GipLyj + 41, vFL3, i,j € X,. We apply this equality to (8),
=0forie X,,_gand [ = m, and obtain

use Os,; * s, _ 44,

Zu ILy i€ Xpa, L=T,d. (9)

We remember that w! - wls_ = 0,5, 1,j = n—d+1,n, and get the nullspace of the

problem (1)—(2), spanned by d linearly independent vectors

n—d d

w! = ZZU JLsn dHlgSi 4 @Sn—dtt l:m (10)

1=0 j=1

3 N(A¥) basis

Applying literally the proof from [1], we find the nullspace W' of the adjoint matrix A*,
where

n—m m

W= (i, Gaje' = Y (Li, ok e penmmth =Td. (1)
=0 i=d+1

Theorem 1 The problem (1)—(2) with a singular matriz is solvable if and only if the
following orthogonality conditions are valid:

n—m mo
Z Lkl’ Z <Lkzavki>gki = Gk;» [ = 1,d
i=0 i=d+1

Liet. matem. rink. Proc. LMS, Ser. A, 57, 2016, 59-64.



62 G. Paukstaité, A. Stikonas

4 Applications to a particular problem

Let us now consider the m-th order differential problem with one Bicadze—Samraskii
condition

u™ = f(x), xel0,1], (12)
w0)=g1, w(0)=ga, ..., u™2(0)=Gn_1, (13)
w(1) = yu(é) = Gm, (14)

for £ € (0,1), all v, g; € R, j = 1,m, and real f € C[0,1]. Let us introduce the mesh
@' = {x; : x; = ih, nh = 1} and suppose ¢ is coincident with a mesh point. i.e. & =
shfor s =1,n — 1. We also denote f; = f(x;41)h™ and g, = h* =g, fork =1, m — 1,
and gr = gx. Let us introduce finite differences Vu; = u;, Vu; = Viu; = Uit1 — Ui
and VF*+1y; = V(V¥u), for k > 0. Then we apply the finite difference method on the
uniform grid @" and obtain the m-th order discrete problem

(E’LL)Z = Vmuz = fi; i€ anm, (15)
(Lg,u) := Vk_luozgk, k=1,m-1, (16)
(L, u) := Uy, — YlUs = G, (17)

that can be represented by a linear system Au = b, introduced in Section 1, with the
matrix A = A(y), v € R.
First, we consider the classical problem (15)—(17) with v = 0 and the matrix

A= A(0). Then applying the additivity property of a column of the determinant
and remembering that the determinant with two equal columns is equal to zero, we
rewrite the condition (4) as follows

D

D(Lla L25 e 5Lm727 57’1)[“] - D(507 51 - 50; L37 R Lm72a 671)[’“’]
D((So, (51, L3, ey Lm_g, 5n)[u] — D(éo, (50, L3, ey Lm_g, 6n)[u]
D((So, (51, L3, ey Lm_g, 5n)[u] =...= D((So, (51, 62, ceey (Sm_g, (5n)[u],

were (0;,u) := u;, @ € X,. Furthermore,

11 1 1 1
0 2h (m —2)h 1
DY=| 0 K2 (2h)? (m—2)n)° 1
0 Am? (2h)"'l‘1 (m—2)n)""" 1
h 2h (m —2)h 1
o (2 (m—-2)n)* 1
hm=1 (2h)m-1 (m—2)n)""" 1
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h 2h (m —2)h 1
_ h2 —h (2h)% — 2h . ((m—2)h)* = (m—2)h 0
pm=t — pme2 (2p)m=L — 2Ryt (m—2)h)" T = (m—=2)R)" 7 0
h 2h (m —2)h 1
| nh=1) 2h(2h — 1) e (m —2)h((m —2)h — 1) 0
hm*Q.(-l; —-1) (2h)m*.2-(.2h —-1) ((m - 2)h)m7‘2-(.(m —2)h—1) o
h(h —1) 2h(2h — 1) (m —2)h((m —2)h —1)
_(Cym RA(h—1)  (20)2(2h—1) ... ((m—2)h)*>((m—2)h—1)
hm2(h—1) 2R 22k —1) ... ((m—=2)h)" " ((m—2)h—1)
B h 2h ...  (m—2)h
S | (T O
w0 W (2h)m2 L ((m—2)h)"
11 1 1
m—2 0 h °h ... (m—2)h
=)™ [[kh-1)| 0 R* (2R)* ... ((m—=2)h)?* |,
0 A2 (20)™2 .. ((m—2)h)" "

where all kh — 1 # 0, because kh < (m — 2)h < (n — 2)h < nh = 1 for every
k = 0,m —2. From here follows that the classical problem (15)—(17) with v = 0
always has the unique exact solution, since the existence condition (4) of the unique
exact solution is always fulfilled:

m—2
D = (=)™ ] (kh = 1)D(S0, 61, .., 6m—2)[1,2,..., 2™ 2] #0.
k=0

Here D(3g,81,...,0m—2)[1,2,...,2™ 2] # 0 is the condition (4) for the corresponding
(m — 1)-th order problem (15) with initial conditions, which always has the unique
solution [2]. Thus, det A =+ 0.

Now we note that the condition (4) for the problem (15)—(17) with any real v is
of the form

D(L)[u] := D — yD(30,61, . - ., 6m—2,05)[u] = D (1 — o), (18)

where v = D(00, 01, .,0m—2,0;)[u]/D, i € X,, is the unique exact solution to
the classical problem Lu =0, (Lj,u) =0,j=1,m—1, u, =1 [2]. So, (18) equals to
zero if and only if yv* = 1. This condition is equivalent to det A = 0.

Let us find the nullspaces to the problem (15)—(17) with the singular matrix, i.e.
det A = 0 or, equivalently, yvI* = 1.

First, we have d = dim N(A) = 1, because all rows of the nonsingular matrix A

are linearly independent, and the singular A differs from A with the last row only.
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From here also follows that the functional L,, is a linear combination of other rows
of A, representing the operator £ and functionals Lg, ¥ = 1,m — 1. Thus, ky = m
andkj:jfl,j:2,—m.

Calculating the determinant with respect to the last row, i.e. det A = M, #0, we
obtain that the first n-th order minor M,, of the (n+ 1)-th order matrix A is nonzero.
It follows that the matrix A also has the same first n-th order nonzero minor M,,
since matrices A and A differs only with the last row. Then first n columns of A are
linearly independent. They have indices s; = ¢, ¢ € X,,—1. The last column, which
has the index s, = n, is a linear combination of them because dim N(A) = 1.

Now we note that the auxiliary problem (5) for problem (15)—(17) is coincident
with the classical problem (15)-(17) (y = 0). Since D # 0, this classical problem
has ordinary discrete Green’s function ijl-, 1 € X, j € Xy—m, and the ordinary
biorthogonal fundamental system v*, k = 1,m. Thus, G = G°. Simplifying (10),
we get w = v € N(A), which spans the nullspace of A. Moreover, the nullspace
N(A*) is spanned by the nonzero vector (11), given below

n—m n—1
W=7 Z Glel + Z v]7" el + e € N(AY).
7=0 j=n—m-+1

According to [2], we can always find explicit representations of functions G and v*,
k=1,m.

Corollary 2 The problem (15)—(17) has a solution if and only if

n—m m—1
YOG Y grvk + gm = 0.
1=0 k=1
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REZIUME
me-osios eilés diskreciojo uzdavinio su nelokaliosiomis salygomis nuliy aibé
G. Paukstaité, A. Stikonas

Siame darbe yra gautas m-osios eilés diskeciojo tiesinio uzdavinio su nelokaliosiomis salygomis nuliy
aibés pavidalas. Pateiktas pavyzdys.

Raktiniai Zodziai: diskretusis uzdavinys, nelokaliosios salygos, nuliy aibé.
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