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The representation formula for solutions of some
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Abstract. The lower semicontinious solutions of Hamilton—Jacobi equation are contructed
by Hopf formula, when hamiltonian is maximum of linear functions.
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1 Introduction

We consider the Cauchy problem for Hamilton—Jacobi equation of the form

ue + H(ug) =0, (1)

u(0,2) = ¢() (2)
in domain S = {(t,z): ¢ > 0, * € R"} with the lower semicontinious (Isc) initial
function ¢.

For Hamilton H is convex with respect to u,, A. Douglis, S.N. Kruzkov first
defined the notion of the generalized (semiconcave) solution of (1), (2).

Definition 1. The Lipschits continuous function u(t, z) in St is called the generalized
(semiconcave) solution of (1), (2) if u(t, z) solves (1) a.e. on S, satisfies (2), and for
VYl € R", 3Cs = 0, that the inequality

u(t,z +1) — 2u(t, ) +u(t,z — 1) < Cs|l|?, (3)
holds, when (¢,2) € S = {(t,z): 0 < § <t < T, z € R"}.
E. Hopf gave [2] the representation formula for the semiconcave (1), (2) solutions.

Theorem 1. Suppose H(p) is convex and satisfies the coercivity condition

H(p)

— = +4-00. 4
lpl—oo  [p] @

Let ¢ € Lip(R"™), then the semiconcave solution of (1), (2) can be represented by
formula

u(t,z) = min [w(g) +t¢(°’”—_§ﬂ, (5)

EERM t

where @(q) = sup,¢ gn (P, q) — H(p)] is the Legrendre tranform of H(p).


http://www.mii.lt/LMR/
mailto:gvgintaut@balticum-tv.lt

24 G. Gudynas

If is H(p) strictly convex, S.N. Kruzkov proved [3], that formula (5) gives the
semiconcave solution, when ¢(z) is bounded and Isc on R™. The solution in this case
satisfies initial condition in the sense

}1_1% u(t,z) = ().

The function

F(t,z,€) = t@(zt§>

satisfied the initial condition

0) €r = é‘)
F(0,2,8) = (6)
400, T #£E
is called the fundamental solution of (1).
For example
ug + alug|* =0, (7)
a = 0, the Legrendre transform of H(p) = alp|? is ¢(q) = %, and the fundamental
solution of (7) is
|z — ¢
F(t = .
(t,2,) = =8

2 The calculation of fundamental solutions
In order to define a function @(g) we need to solve the equation

= Hyp'(y)t +y

with respect y. In general we can not do it. It can be done when hamiltonian has the
form
H(p) = ‘ ;
() = mmax_ ((a',p) +b:). (8)
where a’,p € R™, b; € R. We define the fundamental solution and prove the repre-
sentation formula (5) for solutions of

up + 13){ ((ai,ux) + bi) =0. (9)

i= Lm

Notice, that the coercivity condition (4) for the hamiltonian (8) is not satisfied.
Let x € R. For the linear equation

ut+aium+bi = 0,

where a; = const, the Legrendre tranform of H(p) = a;p + b; is

_b'7 q = aq,
Blg) =4 |
+00, ¢ 7é G,
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and the fundamental solution

_b’it7 € =T — a/ita
400, € #x—at.

F(t,x,f){

The solution can be represented by formula

u(ta 1') = glgzl%% [50(5) + F(t,l‘,f)] = cp(:c - ait) - bit~

This solution does not satisfied semiconcave property (3), when ¢(z) = |z|. Thus we
need to consider the other class of generalized solutions of (1), (2), which has been
defined in [1].

Definition 2. A lIsc function u on S with values in RU{+oc0} is a Isc solution of (1),
@), i

for all (p¢,pe) € D™ u(t, x) (superdifferential), when u(t,z) < 400, and

lim u(t,y) = o(z).
(t,y)—=(+0,2) (y) = (=)

We use the theorem which was proved in this paper.
Theorem 2. Let ¢ : R™ — (—o00, +00] be lsc and satisfy
p(z) > —C(jz|+1), C>0, z€R.

Let H be finite, continuous and convex. Then u defined by formula (5) is the unique
Isc solution of (1), (2), that is bounded from below by a function of linear growth.

For the hamiltonians (8), suppose a;4+1 > a;, the Legrendre transform is

B(q) = %(q —ai) —bi, g€ [ai,aiq1];
+00, q<ai, q> ap.

Then the function

b;—b; ]
F(t,:c,g) _ ai+1—+a—1i (IE —&— ait) —bit, £¢€ [:E — ai1t, T — ait], i=1,...,m—1,
oo, £ <& —amt, €= — at,

is convex, satisfies a.e. (9)in {(t,2): € [{+a1t,{+amt]}and the initial condition (6),
thus, from the last theorem we have, that it is the unique fundamental solution of (9).

Ezample 1. Suppose we have the Cauchy problem
ut + |ug| =0,

u(0,x) = sinz.
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Then
0, q= [*171]7
P(q) =
400, g=<-1,qg>1,
07 fE[l‘*f,l‘%»t],
400, £€<x—1t, &=+t

F(t,w,ﬁ){

and the viscosity solution can be represented by formula

u(t,x) = Ee{gﬁrx}i}fert] [sin(€)].

It is clear, that if we construct the Legrendre transform of hamiltonian (8), then
we easy define the fundamental solution. Next we explain, how we can define the
Legrendre transform, when x € R™, n > 1.

Let x € R%. Then the Legrendre transform of

i) = ax ({0} -+ i) +1)

i=1,..., m
can be constructed in such way:
if m =1, then

*bia q= aia
?(q) = ;
+(x>7 q # a )

if m = 2, then ®(q) is defined in the parametric form

@(8) = (bl - bQ)S — bl,
@ = (ai —aj)s +ay,
g2 = (a3 — a3)s + a3,

where s € [0, 1], in other points of R? the function &(q) = +o0,

if m > 3, then define Q = co{a‘}-convex hull of set {a’, i = 1,...,m} and
Qi = co{a® a2 a*s}, where ki, ko, ks € {1,...,m}, and a’ ¢ Qj, when i ¢
{k1, ko, ks}. Then &(q) = maxi{(ak,q) + Pr), when ¢ € Q, and &(q) = +o0, if
q ¢ Q. The coefficients ay, i are determined from the identity

k k
q1 70’11 q2 70’21 (ak7Q)+ﬂk +bk1
ko k1 ko k1 _
ay? —ayt as® —as br, — b, =0.
k k k k
ar’ —ap' ay’ —ay' bi, — bisy

The similar structure of the Legrendre transform for the hamiltonians (7) may
be realized in R".
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REZIUME
Apie Hamiltono-Jakobi lygciy sprendiniy iSraiskas
G. Gudynas

Straipsnyje analizuojamos Hamiltono-Jakobi lygciy sprendiniy israiskos, kai hamiltonianas uzduo-
damas kaip tiesiniy funkcijy gaubiamoji.

Raktiniai Zodziai: Hamiltono-Jakobi lygtys, pusiautolydus i$ apacios sprendiniai, Hopfo formuleé.
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