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Quaternion rational Bézier curves
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Abstract. We extended the rational Bézier model for space curve, by allowing quaternion
weights. These curves are Mobius invariant and have halved degree with respect to real
Bézier curves. This simplify the analysis of curves. In general, these curves are in four
dimensional space. We analyze when the quadratically parameterized quaternion curve is in
usual three dimensional subspace.
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Introduction

We analyze a rational Bézier curves with quaternion control points and weights. This
class of curves offers two remarkable advantages.

o If the degree of the Bézier quaternion curve is n then the corresponding real
curve have degree 2n. So we need less control points and weights for the quater-
nion curve.

e A quaternion curve is invariant with respect to Mobius transformation.

The quaternion curves can be considered as generalization of Bézier construction
for complex numbers similar to [3]. The quaternion curves of degree one are discussed
in [5]. In this short paper, we restricted to the question: what conditions are necessary
for the quadratic quaternion Bézier curve which guarantee that the curve is in tree-
dimensional space.

An interesting generalization to the surface case is in a paper [2], where bi-linear
quaternion Bézier surface are described. It turn out, that the corresponding surface
is Darboux cyclide. These cyclides contains (in general case) six different families
of circles. This could be useful in architectural freeform circular arc structures and
discreet differential geometry.

1 Notations and definitions

We denote by R, C, H the set of real numbers, complex numbers and quaternion
numbers respectively.
In general, the quaternion set H can be represented as

H={¢=[rp]|reRpeR’} =R* (1)
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We denote real and imaginary parts of quaternion ¢ = [r, p] by Re(q) = r, Im(q) = p.
The multiplication in the algebra H is defined as

[r1,p1][r2, p2] = [r172 — p1 - P2, T1p2 + Tap1 + p1 X pal, (2)

where p1 - p2, p1 X pa are scalar and vector products in R®. We denote by ¢ = [r, —p]

a conjugate quaternion to ¢ = [r,pl, |¢| = /2> +p-p = /qq is the length of the

quaternion, ¢~ = q/|q|*> = [r/|q|?, —p/|q|?] denote the multiplicative inverse of g, i.e.
qq~ ' = ¢ 'g = 1. Denote the set of pure imaginary quaternions

Im(H) = {[0.p] | p € R?} = R°. (3)

2 Quaternion rational Bezier curve

We analyze Bézier form curve with quaternion control points a; € H and quaternion
weights wy € H. Formally speaking, we are dealing with a quaternion function in
homogeneous coordinates (aywy,wy) € H2. The quaternion rational Bézier curve is
defined in terms of Bernstein polynomials B} (t) as customary quotient:

cn(t) = n(t)d(t)™',  where n(t Z arwyBE (t Zkak (4)
h:{hk:(ak,wk)€H2,k::O,...,n} (5)

Here we consider n(t),d(t) as quaternions, d(t)~! is an inverse quaternion and
n(t)d(t)~! is the multiplication of two quaternions. So, in general, we have cj,(t) €
H = R* If we multiply the numerator and the denominator by the conjugated
quaternion d(t):

n(t)d(t)
d(t)d(t)’
we get a real curve in R* with a real denominator of degree 2n. Note, that the
denominator is a real positive polynomial.

cn(t) = (6)

Remark 1. If we change the weights wg, w1, ..., w, to 1, wlwo_l, e ,wnwo_l the pa-
rameterized curve ¢, (t) is the same. Moreover, if we change the parameter ¢ to
s=pt/(1 —1t+pt) (p € R) and weights wo, w1, ..., w, to we,w1/p,...,wy/p" then
the curve is the same too. In particular, if we take p = —1 and s = —t/(1—2t) € [0, 1]
then t = s/(2s — 1) € [0, —o0] N[00, 1]. Therefor, the union of two curve parts

{en(t), t 1} U{c(s), s€0,1]}, where (7)
ﬁ:{hk: aka(il) wk)a k}:O,,Tl} (8)
contains all points of the same curve.

A rational Bézier curve c(t) of degree one is a circular arc with two endpoints
ap, ar. This case is well understood (see [5]).

In geometric modeling application we need geometric description of curves in R3
space. The only obvious geometric property is endpoints interpolation, i.e. ¢(0) = aq,
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¢(1) = a,. To find out an interpretation for weights and inner control points we
restricted to quadratic quaternion rational Bézier curve (a real degree of the curve
is 4). We note that these curves are invariant with respect to Mobius transformation.
A general Mébius transformation is defined on H?:

M(q1,q2) = (aq1 + bga, cq1 + dg2), where a,b,c¢,d € H, (9)
or on H as linear fractional function:
M(q) = (aqg +b)(cq +d)~", where a,b,c,d € H. (10)

A Mobius transformation is conformal, i.e. it preserves angles between vectors (see [1]).
Note that arbitrary rational curve is not Mobius invariant. For example, consider a
real rational quartic which is intersection of two at some point A tangent cylinders.
This quartic has singular point A. We can apply inversion with the center on the
point A. Then one can show that the quartic will be transformed to the sextic.
Therefor, this quartic curve can not be obtained as quadratic quaternionic Bézier
curve.

3 Quadratic quaternion Bézier curves

With any quadratic quaternion Bézier curve ¢y, (t), h = {hx = (ar,wr), kK = 0,1,2}
we associate a linear rational quaternion Bézier surface in R* = H:

sn(x,y) = (apwou + arwiz + azway)(wou + wiz + wgy)_l, u=1l—2—y. (11)

We note that sp,(2t(1 —t),t%) = ¢5(t). We are looking for the condition on the points
and weights which guarantee that the curve c(t) is in Im(H) = R3. Firstly, the
endpoints ag, az should be in R3. If the surface sp(x,y) is in Im(H) = R? then the
curve ¢ (t) is in R3 too (the inverse statement is not true).

Proposition 1. Assume that the control points aog,a1,as of Bézier curve cp(t) € R?
are in R? then the corresponding parameterized surface sp(x,y) is a two dimensional
sphere (or a plane) in R3. Therefore, the curve cj,(t) is on a sphere (or a plane) too.

Proof. We compute real control points of the curve:

nd
H=nd =2
calt) =n dd
aolwol?(1 — )% 4+ po12(1 — )3t + po2(1 — 1)t% + p122(1 — )3 + ag|ws|*t*
|w0|2(1 — t)2 + w012(1 — t)3t + w02(1 — t)2t2 + w122(1 — t)t?’ + |w2|2t4

(12)
where
Po1 = QoWoW1 + ajwyWo, wp1 = WoWi + WiWo,
_ _ 2 — - 2
Po2 = apWoz + azwa@o + 4ai|wi]?, wo2 = wews + wawy + 4|ws |7, (13)
P12 = G1w1W2 + a2waWi, Wi2 = W1W2 + Wy
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Since the curve ¢, (t) is in R we see that po1, po2, p12, wo1, woz, wiz € R3. Similarly,

we can compute real points for the corresponding surface:

ao|wo|?u? + Pyyux + Poouy + Prazy + a1 |wy 222 + az|ws|?y?
|wol?u? + Worux + Woouy + Wigay + |w1 222 + |wz|?y?

where u =1—x—y, Poy=po1, Pia=pia, Por=po2—4dai|wi|>. (15)

Since a; € R® we see that the surface sj,(x,y) is in 3D space too. A curve s, (a +
pt,b+rt), a,p,b,r € R is a circle because it is a image of a line with a rational linear
map (see for details in [5]). Hence the surface contains an infinite number of circles
through any point on the surface so it must be a sphere (or a plane) (see [4]). O

In general case, the curve ¢y, (t) may be in R? but the midpoint a; ¢ R?. The corre-
sponding example we can get using bi-linear quaternion surface bgy(s,t) =
n(s,t)d(s,t)~t, where

n(s,t) = bowo(l — 8)(1 —t) + bywys(1 — t) + bawa(1 — 8)t + bywsst,
d(s,t) =wo(l —8)(1—1t) +wis(1 —t) +wa(l — 8)t + wsst, (16)
H = {hy, = (b, wy) € B, k= 0,1,2,3}.

One can find points hy, such that the surface by (s,t) is in R? (see [2]). The diagonal
quadratic quaternion curve bg (t,t) will be in R? too. It is known that in general the
surface by (s,t) is Darboux cyclide of degree 4. In general case, the diagonal curve
by (t,t) will be not on the sphere, so the corresponding midpoint of this curve is not
in R3. The natural question that arises is whether the quaternion quadratic Bézier
curve in R? exist if a ¢ R3. The answer is affirmative:

Proposition 2. Let ag, az,vo,v2 € Im(H) = R3, a; € H\ Im(H). We set

ug =1, w1 = (a1 — ag) tvguo/2, wy = 20y H(az — ay)wy  and

(17)
h = {(ar,wi), k=0,1,2}, where wg = Re ( — 4a;|w1|?)/Re(aowz + azws)
Then cp(t) € Im(H) = R3 with the following derivatives at the end points ¢} (0) =
wovo, ¢),(1) = va.

Proof. First of all, we compute derivatives of the quadratic Bézier curve ¢ = ¢ (t)
at the end points. Since ¢ = nd~! we take derivative of both sides for the equality
cd = n and obtain ¢’ = (n’ — c¢d’)d~!. Hence

c,(0) = 2(ay — ag)wiwy ', (1) = 2(az — ay)wywy *. (18)
Now, we consider a quaternion curve C(¢) such that C'(0) = vy and C'(1) = vs.
Using the above equalities, for the curve C(t) we can take weights as follows ug = 1,
wy = (a1 — ao) tvoug/2, wy = 2v51(a2 — ap)w;. In order to obtain the curve in R?
we will replace the weight uy with some real constant. Since ¢, (t) € Im(H) we have
Pot1,Poz, P12 € Im(H) (see formulas (13)). Note that pg1 — ag is a tangent vector to
the curve ¢, (t) at the point ag hence pg; € Im(H) because vy € Im(H). Similarly, we
see that p12 € Im(H). Now if we set wy = Re(—4a1|w1|?)/ Re(agws + asws) we see
that Re(poz) = 0, i.e. po2 € Im(H) and ¢p(¢) € Im(H) too. O
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Fig. 1. Viviani’s curve on a sphere presented as two Bézier curves: cp,(t) U ¢ (s).

The next proposition show that any quadratic quaternion curve is a diagonal curve
on a bi-linear surface, i.e. any Md&bius invariant curve is on a Mobius invariant surface.

Proposition 3. Any quadratic quaternion curve cp(t), h = {(ax, wy), k =0,1,2} can
be represented (not uniquely) as a diagonal curve by (t,t), where H = {(bx,ur), k =
0,1,2,3}. Moreover, if ¢, (t) € Im(H) then bg(t,s) € Im(H).

Sketch of proof. Since by (t,t) = cp(t) we have by = ag, bs = as. Let us take ug = wy,
ug = we and choose any by, u; € H then we compute us, ba by the formulas

Up = 2wy — uq, by = (2a1wy — blul)ugl. (19)

We can verify that by (t,t) = ci(t). Now we suppose cp(t) € Im(H). We would
like by (t,s) € Im(H) too. Let u1 = Aup,A € R and take by € Im(H) such that
(by — b3)ugus * € Tm(H). Then we compute us, by by the formulas (19). It is easy to
see that Re(bs) is linear function in A. Let us take A such that Re(b2)(A) = 0 then
one can check that by (¢, s) € Im(H). O

3.1 Viviani’s type of the space curve

Viviani’s curve is a space curve named after the Italian mathematician Vincenzo
Viviani, the intersection of a sphere with a cylinder that is tangent both to the sphere
and its center. We can generalized this definition and say that intersection of a sphere
with any tangent quadric is Viviani’s type of a space quartic on the sphere. This curve
is rational because after stereographic projection from singular point to a plane we
get a conic. Moreover, any rational quartic on the sphere must be singular hence it
is of Viviani’s type. This quartic we can parameterized using quadratic quaternion
Bézier curve. Firstly, we parameterize a sphere. We take arbitrary ag, a1, ai,vg € R?
then set wo = 1, w1 = (a1 — ag) tvg, wa = (a2 — a1) (a1 — ag) and h = {hy =
(ag,wy), k =0,1,2}. One can check that sj(z,y) € R?® is the unique sphere which
contains three points ag, a1, a2 and vy is a tangent vector to the sphere at the point
ag. Also the Bézier curve ¢y, (t) is on this sphere. Moreover, ¢;,(1/2) = a1 is a singular
point of the curve ¢, (t). Indeed,

cn(1/2) — ay = (ag + 2a1wy + agws) (1 + 2wy +wz) ™' —ay
= (ap — a1 + (a2 — a1)w2)(1 + 2wy +wy) "' = 0. (20)
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The full curve can be presented as two Bézier curves ¢, (t) Uc; (s) as explained in the
Remark 1.
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REZIUME

Kvaternioninés racionalios Bézier kreivés

Severinas Zubé

Darbe yra apibréziamos kvaternioninés racionalios Bézier kreivés. Kadangi kontroliniai taskai yra
bet kokie kvaternionai, tai kreivés patenka j keturmate erdve. Taikymuose dazniausiai yra reikalin-
gos kreivés trimatéje erdvéje. Darbe pagrindinis démesys yra sutelktas j kvartikas. Nagrinéjamas
klausimas, kad jos guli trimatéje erdvéje.

Raktiniai Zodziai: Bézier kreivés, kvaternionai.
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