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Abstract. We consider combinations of nine propositional multi-modal logics with proposi-
tional discrete linear time temporal logic with past time. For these combinations, we present
sound and complete Gentzen-type sequent calculi with a restricted cut rule.
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1 Introduction

Recently, there has been a significant interest in multi-modal logics combining op-
erators of knowledge and time [1, 2, 3, 5, 7, 8, 9, 12]. With only a few exceptions,
this literature deals with future time temporal operators. As indicated in [3] the
logic of future time axioms is too weak to fully express the unique initial states, syn-
chrony and some other properties of computer systems. Another reason to consider
knowledge in combination with past time operators is that knowledge-based programs
behave better with past-time operators than with future-time ones.

In [9] we consider logic of knowledge and past time introduced in [3]. In this
paper we consider combinations of nine familiar propositional multi-modal logics with
propositional discrete linear time temporal logic with past-time operators. Such a
combination is denoted by LT . As far as we know such combinations of logics (except
logic of knowledge and past time) has not been considered earlier.

For each formula ϕ of LT we introduce sequent calculus GLT (ϕ) with a restricted
cut rule. We call a cut rule restricted if cut formulas used in the rule are taken from
some finite set (say, ΠL(ϕ)). We denote such a rule (ΠL(ϕ)-cut).

We prove soundness and weak completeness (with respect to the certain class
of models) for the presented calculi. Decidability of provability in GLT (ϕ) is the
consequence of restricted cut rule.

2 Syntax and semantics

Let L be a logic from the set of nine well-known propositional multi-modal log-
ics {Km,Tm(KTm), KDm, K4m,KD4m, S4m(KT4m), K45m, KD45m, S5m

(KT5m)} (see e.g. [4]). Let LTL− be the propositional discrete linear time temporal
logic with past operators (see e.g. [6, 9]). As above we denote the combination of
logic L and LTL− by LT .

http://www.mii.lt/LMR/
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The combinations of logics we are considering are all propositional and share a
common syntax. Let P be a nonempty set of primitive propositions. Let {1, . . . ,m}
be a set of agents, m > 1. The language L is given by the abstract syntax

φ = p|false |¬φ|φ ∨ φ′|©φ|©Wφ|φUφ′|φSφ′|2iφ,

where p ∈ P , and 1 6 i 6 m is the index of an agent. The operators are, respectively
not, or, next (tomorrow), weak yesterday, until, since, and necessity for i with their
usual meanings. We use the familiar propositional abbreviations (true, ∧,⊃).

We recall the definition of models for LT (introduced in [12]). Let S be a nonempty
set of states. A timeline r is an infinitely long to the future, bounded to the past,
linear, discrete sequence of states, indexed by natural numbers. Let Tlines be the
set of all timelines. A point is a pair (r, n), where r is a timeline and n ∈ N is a
temporal index into r. Let the set of all points (over S) be Points.

A model, M , for L, is a structure M = (TL, R1, . . . , Rm, π), where: TL ⊆ Tlines

is a set of timelines; Ri, for all i ∈ {1, . . . ,m}, is an agent accessibility relation over
Points, i.e. Ri ⊆ Points × Points ; π : Points × P → {T, F} is a valuation.

As usually, we inductively define the semantics of the language via satisfaction
relation “|=”. We present semantics only for modal and past temporal operators.
(Semantics for future operators see e.g. in [2, 12].)

• (M, (r, n)) |= 2iφ iff ∀r′ ∈ TL, ∀n′ ∈ N , if ((r, n), (r′, n′)) ∈ Ri then (M, (r′, n′))
|= φ;

• (M, (r, n)) |= ©Wφ iff n = 0 or (M, (r, n− 1)) |= φ;

• (M, (r, n)) |= φSψ iff ∃n′ ∈ N such that n′ 6 n and (M, (r, n′)) |= ψ and,
∀k ∈ N if n′ < k 6 n then (M, (r, k)) |= φ.

We say that formula φ is valid in a model M iff (M, (r, n)) |= φ for every point
(r, n) ∈M . Let C be a class of models. We say that φ is C-valid iff φ is valid in every
model from C.

We get the class of models (denoted by CL) for LT by imposing the familiar
corresponding conditions on the accessibility relations R1, . . . , Rm (see e.g. [4]). For
example, CKm

is the class of models with no conditions on each accessibility relation;
CKD45m

is the class of models such that each accessibility relation is serial, transitive
and Euclidean.

3 Sequent calculi for combinations of logics

3.1 Preliminaries

Small greek letters stand for arbitrary formulas. The capital greek letters Γ,∆,Σ, . . .
stand for finite sets (possibly, empty) of formulas of the language L. Let Γ be a
set of formulas {φ1, . . . , φn}. We use the following convenient abbreviations: 2iΓ =
{2iφ1, . . . ,2iφn}; ∨Γ = φ1 ∨ . . .∨φn; ∧Γ = φ1 ∧ . . .∧φn. Γ ⇒ ∆ is called a sequent.
The semantical meaning of sequent is ∧(Γ ) ⊃ ∨(∆). For any sets Γ,∆ and formulas
φ, ψ, the set Γ ∪∆ ∪ {φ} ∪ {ψ} is denoted by φ, ψ, Γ,∆.
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3.2 Construction of closure sets FLL(ϕ) and ΠL(ϕ)

In the introduction we have presented the notion of (ΠL(ϕ)− cut) rule. At we end
of this subsection we construct the finite set of formulas ΠL(ϕ).

At first we define the Fisher–Ladner closure FL(ϕ). FL(ϕ) is obtained by addition
of the following clause to the respective definition in [10]: if 2iψ ∈ FL(ϕ) then
ψ ∈ FL(ϕ).

Now we define the closure set FL′

L
(ϕ). The set FL′

Km

(ϕ) = FL(ϕ)∪{©¬ψ|©ψ ∈

FL(ϕ)} ∪ {©W¬ψ|©Wψ ∈ FL(ϕ)}. FL′

KDm

(ϕ), FL′

Tm

(ϕ), and FL′

S5m
(ϕ) are de-

fined to be FL′

Km

(ϕ). The set FLKm

(ϕ) is defined to be FL′

Km

(ϕ) ∪ {¬ψ|ψ ∈

FL′

Km

(ϕ)}. FL′

K4m

(ϕ), FL′

KD4m

(ϕ) and FL′

S4m

(ϕ) are defined to be FL′

Km
(ϕ)∪

{2i2iψ|2iψ ∈ FL(ϕ), 1 6 i 6 m}. The set FL′

KD45m

(ϕ) is defined to be

FL′

K4m

(ϕ) ∪ {2i¬2iψ|¬2iψ ∈ FLKm

(ϕ), 1 6 i 6 m}. The set FL′

K45m

(ϕ) is

defined to be FL′

KD45m

(ϕ) ∪{2i(2ifalse ⊃ false),2ifalse|1 6 i 6 m}.

For each logic LT the set FLL(ϕ) is defined to be FL′

L
(ϕ) ∪ {¬ψ|ψ ∈ FL′

L
(ϕ)}.

The closure set (set of cut formulas) ΠL(ϕ) is to be defined as the following exten-
sion of the closure set FLL(ϕ), i.e. ΠL(ϕ) is the set {(∧M1)∨· · ·∨(∧Mk),©((∧M1)∨
· · · ∨ (∧Mk)),©W ((∧M1) ∨ · · · ∨ (∧Mk))|M1, . . . ,Mk ⊆ FLL(ϕ), k > 1}.

Remark 1. We get the set ΠL(ϕ) by looking through the proofs of statements which
are used to prove the truth theorem and Lemma 2 (see below) (similar as in [9]).
These statements are omitted here due to the lack of space.

3.3 Gentzen-type inference rules for operators of necessity

Now we list the well-known inference rules for operators of necessity 2i for each
multi-modal logic L we are considering (see e.g. [11]). Let i = 1, . . . ,m.

For Km : Γ⇒φ
Σ,2iΓ⇒2iφ,Π

(2i)K ;

For KDm : (2i)K and Γ,φ⇒
Σ,2iΓ,2iφ⇒,Π

(2i)D;

For K4m: Γ,2iΓ⇒φ
Σ,2iΓ⇒2iφ,Π

(2i)K4;

For Tm: (2i)K and φ,Γ⇒∆
2iφ,Γ⇒∆

(2i)T ;

For KD4m:(2i)D and Γ ′⇒φ
Σ,2iΓ⇒2iφ,Π

(2i)KD4, where Γ ′ is obtained from Γ by
prefixing zero or more formulas in Γ by 2i;

For S4m: (2i)T and 2iΓ⇒φ
Σ,2iΓ⇒2iφ,Π

(2i)S4;

For KD45m: Γ,2iΓ1⇒2i∆,Θ
Σ,2iΓ,2iΓ1⇒2i∆,2iΘ,Π

(2i)K45, where Θ = ∅ or Θ = {φ} and if

Θ = ∅ then Γ ∪ Γ1 ∪∆ 6= ∅;
For K45m: (2i)K45 with the additional requirement that the set ∆ ∪ Θ is

nonempty;
For S5m: (2i)T and 2iΓ⇒2i∆,φ

Σ,2iΓ⇒2i∆,2iφ,Π
(2i)S5.

3.4 Gentzen-type sequent calculi for LT , soundness

Let GLTL− be a Gentzen type calculus for temporal logic LTL− introduced in Sec-
tion 3.3 of [10]. Gentzen-type sequent calculi GLT (ϕ) for the logic LT and a formula ϕ
is defined as follows: GLTL− + inference rules for operators of necessity for logic
L+ (ΠL(ϕ)-cut) rule.

Liet. mat. rink. LMD darbai, 52:257–261, 2011.
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The notion of a proof of a given sequent in the introduced calculi is defined in the
usual way. By the induction on the height of the proof of a sequent Γ ⇒ ∆ we can
verify the following:

Theorem 1 [Soundness of GLT (ϕ)]. If a sequent Γ ⇒ ∆ is provable in GLT (ϕ)
then ∧(Γ ) ⊃ ∨(∆) is CL-valid.

3.5 Completeness with the restricted cut rule

Theorem 2 [Completeness of GLT (ϕ)]. If a formula ϕ (of the language L) is CL-

valid then ⇒ ϕ is provable in GLT (ϕ).

We give a sketch of a proof of the completeness theorem. We say that a finite
set of formulas Γ is ΠL(ϕ)-consistent if the sequent Γ ⇒ is not provable in the
calculus GLT (ϕ). We call a maximal ΠL(ϕ)-consistent subset of the set FLL(ϕ) an
atom(of FLL(ϕ)). We prove completeness theorem by contraposition (similar as in
[9] and [10]):

Lemma 1. If ¬ϕ is ΠL(ϕ)-consistent formula then there exists a model M ∈ CL
and a point (r, n) such that (M, (r, n)) |= ¬ϕ.

In order to prove Lemma 1 we construct a canonical model, denoted by M c
L(ϕ)

which belongs to the class of models CL. At first, we define a pre-model ML(ϕ) =
(WL(ϕ), <,R1, . . . , Rm), where the set of states WL(φ) is defined to be the set of all
atoms of FLL(ϕ); s < t iff {ψ|©ψ ∈ s} ⊆ t and {ψ|©Wψ ∈ t} ⊆ s; for all considered
logics except the logic S5m (s, t) ∈ Ri iff {ψ|2iψ ∈ s} ⊆ t}, i = 1, . . . ,m; for the
logic S5m (s, t) ∈ Ri iff {2iφ|2iφ ∈ s} = {2iφ|2iφ ∈ t}, i = 1, . . . ,m.

We define the notion of acceptable sequence of atoms s0, s1, . . . as in [10].
Now we construct a canonical model M c

L(ϕ). Let TLL(ϕ) be the set of timelines
r : N → WL(ϕ) such that: ©W false ∈ r(0); for all n, r(n) < r(n + 1); r(0), r(1), . . .
is an acceptable sequence of atoms. We define ((r, n), (r′, n′)) ∈ R̃i if (r(n), r′(n′)) ∈
Ri, 1 6 i 6 m. M c

L(ϕ) is defined to be a tuple 〈TLL(ϕ), R̃1, . . . R̃m, π〉, where
π((r, n), p) = T iff p ∈ r(n), p ∈ P .

By induction on the complexity of formula ψ we prove the following

Theorem 3 [Truth theorem]. (M c
L(ϕ), (r, n)) |= ψ iff ψ ∈ r(n). (Here (r, n) is

some point from M c
L(ϕ) and r(n) is the n-th state of timeline r.)

Using definition of canonical model one can prove the following

Lemma 2. If ψ ∈ FLL(ϕ) and ψ is a ΠL(ϕ)-consistent formula then there exists a

point (r, n) ∈M c
L(ϕ) such that ψ ∈ r(n).

Lemma 1 follows by Lemma 2 and Theorem 3. Theorem 2 is proved.
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REZIUMĖ

Dalinis pjūuvio eliminavimas daugiamodalumų logikų junginiams su praeities
laiku
J. Sakalauskaitė

Pateikiami sekvenciniai skaičiavimai daugiamodalumų logikų ir praeities laiko logikos junginiams.
Įrodomas šių skaičiavimų pilnumas su apribota pjūvio taisykle. Kaip išvada plaukia šių junginių
išsprendžiamumas.

Raktiniai žodžiai: modalumų logika, laiko logika, sekvencinis skaičiavimas, pjūvis.
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