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Abstract. A limit theorem in the sense of weak convergence of probability measures on the
complex plane for twisted with Dirichlet character L-functions of holomorphic normalized
Hecke eigen cusp forms with an increasing modulus of the character is proved.
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1 Introduction

Let ¢ € N, and let x(m) denote a Dirichlet character modulo g. Then the twisted
L-function L(s, F, x) attached to the holomorphic normalized Hecke eigen cusp form
F(z) of weight « for the full modular group is defined, in the half-plane o > ”T'H, by

the Dirichlet series

Here
i .
F(z)= Z c(m)e*™m= (1) = 1,
m=1

is the Fourier series expansion for F(z). The function L(s, F, x) can be analytically
continued to an entire function. Also, in the half-plane o > ”;rl , it can be represented
by the Euler product

L(s,F,x) =[] (1 - %) - (1 - M)l (1)

p

over primes p. The complex numbers a(p) and 8(p) satisfy a(p)B(p) = 1, 5(p) = a(p),
and a(p) + B(p) = c(p).
For Q > 2, define

Mo=3, > L

q<Q x=x(mod q)
X#X0
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where xo denotes the principal character mod ¢. For brevity, let

nol)=Mg'y > 1,

9<Q x=x(modq)
XFX0
where in place of dots a condition satisfied by a pair (g, x(mod ¢)) is to be written.
The aim of this note is a generalization to the space (C,B(C)) of limit theorems
with an increasing prime modulus ¢ for |L(s, F, x)| and arg L(s, F, x) (see, [3] and [4],
respectively). We recall that the function

w(T, k) :/ |z|Tetk ez gp e R, k€ Z,
C\{0}

is a characteristic transform of the probability measure P on (C, B(C)) and the mea-
sure P is uniquely determined by its characteristic transform w(r, k).

Let P and P,, n € N, be a probability measures on (C,B(C)). We say that P,
converges weakly in sense of C to P if P, converges weakly to P as n — oo, and,
additionally,lim,, - P, ({0}) = P({0}).

For 7 € R and k € Z, let

Ttk

§ = €(rtk) = =7,

and, for primes p and [ € N,

EE+1)...(E+1—-1)
[! '

d‘r,:l:k(pl) = d‘r,k(]-) =1

Define

ark(m) = H a‘r,k(pl)a bre(m) = H b‘r,k(pl)'

pllm plllm

Thus arx(m) and b, x(m) are multiplicative arithmetical functions.
Let Pc be a probability measure on (C, B(C)) defined by the characteristic trans-
form

> ar g (m)by(m) k+1
k/, — il ’
’U}(T7 ) m§:1 mgo. 9 o> 2 )
and let the modulus ¢ of x be prime.

Define
PQ,(C(A) = ,LLQ(L(S,F,X) S A)7 A e B((C)

Theorem 1. Let 0 > “TH Then the probability measure Pg c converges weakly in
sense of C to the measure Pc as @ — oo.
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2 Proof of Theorem 1

We give a shortened proof of Theorem 1. At first, we define the characteristic trans-
formation wq (7, k) of the probability measure Py ¢, and later we give its asymptotic
formula. The definition of Pg ¢ implies that, for 7 € R and k € Z,

:—Z > |L(s, F,x)| ek ars Ls:Fx) )

Q¢<Q x=x(mod q)
X#Xo

Note that, in view of the Euler product (1) for L(s, F, x) and Deligne’s estimates

| K—1

lap)| <P, |B)| <P, 3)

L(s,F,x) #0for o > =L For § > 0, let R ={s € C: 0 > =L + §}. Since

W=

‘L(S7F7X)| = (L(S,F,X)m) and efarsL(s.Fx) — (M

L(s, F,x

~— ||~ —
=

from (1) we have that, for s € R,

T ik arg L(s,F,x
|L(s,F,x)| e )
ittk _it+k
2

T ()

Here the multi-valued functions log(1 — z) and (1 — z)~™, w € C\{0}, in the region
|z| < 1 are defined by continuous variation along any path in this region from the
values log(1 — 2)|,=0 = 0 and (1 — 2)~%|,—0 = 1, respectively.

Using the above notation, we have that, for |z| < 1,

(1-2)"%= Z dr i (p) 2"
=0

Therefore, (4) shows that, for s € R,

|L(s, F, x)| etk are Ls:F0) HZ dri ()’ (p)x(p) i d-.1(P)B' (p)x (1')

]S
p j=0 p =0

dr Y = dr _ Y v(p!
XHZ : )X(P])Z —x(®)B (DX

[
p j=0 =0 P
IS I 0o 7
ar,k(m) o Orp(n)
Z ms Z ns ’ (5)
m=1 n=1
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where @, (m) and 577 (m) are multiplicative functions defined, for primes p and [ € N,
by
l

ark(P) =D dek (P ()X (P7) dri (P 7) B (D)X (0 7) (6)

=0
and
l_

! .
) = 2 de k()@ X ) dr k(0" )B T ()R (P')- (7)

For || < cand l € N,

rsnlp)| < (LDl 41— <xp{|£|2} (4 1)

with a suitable positive constant ¢; depending on ¢ and k, only. This, estimates (3),
and (6)—(7) imply, for |7] < ¢ and | € N, the bounds

I(k—1)
2

i (p)| < @+ 1)2p" % and Jbek(p)] < (14 1)p

with a positive constant ¢z depending on ¢ and k. Therefore, by the multiplicativity
of G- (m) and b, x(m), for m € N,

|a7'k ‘ = H ‘G/Tk | < m dcz( ) (8)
ptllm
and R R .
|br1e(m)| = bri(p')| < m™F d(m), 9)
ptllm

where d(m) is the classical divisor function.

Now we give an asymptotic formula for the characteristic transform wq(7, k) as
Q — oo. Let r =log Q. Tt is well known that d(m) = O.(m*) with every positive &.
Therefore, for s € R, |7| < ¢ and any fixed k € Z, estimates (8) and (9) yield

Z ar,k(m) _ OE(T_‘H'E) and Z Br,k(m) _ OE(T_6+E).

m>r m>r

Substituting this in (5), we find that
|L(S, F, X)‘iTeik arg L(s,F,x)
_ ark(m) —54e Bﬂk(m) —54e
(3 = o) ) (X 4 0.60) ).
m<r m<r
Thus, in view of (2), for s € R, |7| < ¢ and any fixed k € Z,

D-m Y 3 (s o, )

q<QX x(mod q) “m<r n<r
XF#X0
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since the estimates

ZaTk =0(1) and ZWO(I)

hold. However, (6)—(7) and the definitions of a, ;(m) and b, ;(m), show that

arn(m) = T x( Z k(P a(p?)dr k(0" 7)B(P' ) = ar i (m)x(m)

ptllm 7=0

and .
Therefore, by (10), for s € R, |T| c and any fixed k € Z,

Z 2 X(mm”)( > anl(:% ' bT’Zgn)) + 0. (r5t).

q<Q x=x(mod q) m<r n<r
X7#X0

It is easily seen that, for m =n, m < r, as Q — oo,

P U
M YY) xtmx(n) =1 MQZ(Q 2)=1+0(1), (12)

q<Qx X(mod q) qlm
XFXo0 q<r

Q? Q?
Me = 2log @ +O(log2Q)'

Z m)R(n) = {q —1 if m =n(modq),

x=x(mod q) 0 ifm ié n(mod q).

since [2]

If (m,q) =1, then

Therefore, for m # n, m,n < r,

SO xmxm =% Y xmxm -+ S xmxm)

q<Q x=x(mod q) <@ x=x(mod q) q<Q x=x(mod q)
XFX0 q|(m—n) qf(m—n)

Q Q
Ol —— (@) =0 .
i (10g Q)" q; ! log Q@
This together with (11) and (12) shows that, for s € R, |7| < ¢ and any fixed k € Z,

=y telmlbeam) ) (13)

m=1

as ) — oo.
The assertion of Theorem 1 follows from (13) and well-known continuity theorem
for characteristic transforms of probability measures on (C, B(C)) [1].
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REZIUME
Normuoty paraboliniy formy L-funkcijy sasuky reikSmiy pasiskirstymas
A. Kolupayeva

Straipsnyje jrodyta ribiné teorema tikimybiniy maty silpno konvergavimo prasme normuoty paraboliniy
formy L-funkcijy sastikoms kompleksinéje plokstumoje.

Raktiniai Zodziai: Dirichlé charakteris; Hekés tikriné forma; L-funkcijy sasuka.



