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Applying the IR statistic to estimate the Hurst
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Abstract. In 2010 J.M. Bardet and D. Surgailis [1] have introduced the increment ratio
(IR) statistic which measures the roughness of random paths. It was shown that this statistic
was applicable in the cases of diffusion processes driven by the standard Brownian motion,
certain Gaussian processes and the Lévy process. This paper shows that the IR statistic can
be applied to estimate the Hurst index H of the fractional geometric Brownian motion.
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1 Introduction

The IR statistic is defined as

Rp,n(f) =
1

n− p

n−p−1
∑

k=0

|∆p,n
k f +∆p,n

k+1f |
|∆p,n

k f |+ |∆p,n
k+1f |

where ∆p,n
k f denotes the p-order increment of a real-valued function f at tnk , p =

1, 2, . . . , k = 0, 1, . . . , n− p, that is,

∆1,n
k f = f

(

tnk+1

)

− f
(

tnk
)

, ∆p,n
k f = ∆1,n

k ∆p−1,n
k f.

J.M. Bardet and D. Surgailis showed that if X is a fractional Brownian motion (BH)
with parameter H ∈ (0, 1) then

Rp,n(f)
a.s.−→ Λp(H) as n→ ∞, p = 1, 2 (1)

where

Λp(H) = E
|∆p

0B
H +∆p

1B
H |

|∆p
0B

H |+ |∆p
1B

H | .

The R2,n(f) statistic is suited better for practical purposes than R1,n(f) since the
error arising from approximating Λ2(H) with a line is considerably smaller than that
of Λ1(H). Fig. 1 presents the graph of Λ2(H) as well as the graph of R2,100(BH)
averaged over 50 sample paths.
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Fig. 1: Graphs of Λ2(H) and R2,100(BH ).

In the recent years it has been proposed
by several authors to replace the classic Black–
Scholes model, based on the standard geomet-
ric Brownian motion, with its fractional coun-
terpart. This would enable the model to han-
dle the possible existence of long-range depen-
dance in the observed data. In this paper it
is shown that the convergence (1) holds for
H ∈ (1/2; 7/8) when p = 1 and H ∈ (1/2; 1)
when p = 2 if X is the solution of the fractional
Black–Scholes equation.

Theorem 1. Let BH = {BHt , t ∈ [0, 1]} de-

note the fractional Brownian motion with pa-

rameter H and let X be the solution of the frac-

tional Black–Scholes equation

dXt = µXt dt+ σXt dB
H
t , µ, σ,X0 ∈ R (2)

observed at times tnk = k
2n

, k = 0, 1, . . . , 2n. Then

Rp,n(X)
a.s.−→ Λp(H) as n→ ∞, p = 1, 2

for H ∈ (1/2; 7/8) when p = 1 and H ∈ (1/2; 1) when p = 2.

The proof of this theorem is based on the following lemma which is a generalization
of the corresponding lemma in the paper of J.M. Bardet and D. Surgailis.

Lemma 1. Let ψ(x1, x2) =
|x1+x2|
|x1|+|x2|

, x1, x2 ∈ R, and let (Z1, Z2) be a Gaussian vector

with zero mean and dispersion EZ2
i = 1, i = 1, 2. Then for any r.v. ξi, i = 1, 2,

E
∣

∣ψ(Z1 + ξ1, Z2 + ξ2)− ψ(Z1, Z2)
∣

∣ 6 16max
i=1,2

3

√

Eξ2i , k > 1.

2 Proofs

Proof of Lemma 1. Let δ2 = maxi=1,2 Eξ
2
i . Denote U := ψ(Z1 + ξ1, Z2 + ξ2) −

ψ(Z1, Z2) = Uδ + U cδ ,

Uδ :=U1Aδ
=

(

ψ(Z1 + ξ1, Z2 + ξ2)− ψ(Z1, Z2)
)

1Aδ
,

U cδ :=U1Ac

δ
=

(

ψ(Z1 + ξ1, Z2 + ξ2)− ψ(Z1, Z2)
)

1Ac

δ
,

where 1Aδ
is the indicator of the event

Aδ :=
{

|Z1| > δ2/3, |Z2| > δ2/3, |ξ1| < δ2/3/2, |ξ2| < δ2/3/2
}

and 1Ac

δ
= 1− 1Aδ

is the indicator of the complementary event Acδ. Clearly,

E|U cδ | 62
[

P
(

|Z1| < δ2/3
)

+P
(

|Z2| < δ2/3
)

+P
(

|ξ1| > δ2/3/2
)

+P
(

|ξ2| > δ2/3/2
)]

6
8√
2π

δ2/3 + 8max
i=1,2

E|ξi|2
δ4/3

6 12δ2/3.
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It remains to estimate E|Uδ|. By the mean value theorem,

Uδ =

(

ξ1
∂ψ

∂x1
(Z1 + θξ1, Z2 + θξ2) + ξ2

∂ψ

∂x2
(Z1 + θξ1, Z2 + θξ2)

)

1Aδ
, 0 < θ(ω) < 1,

where
∣

∣

∣

∣

∂ψ

∂xi
(x1, x2)

∣

∣

∣

∣

=
|(|x1|+ |x2|) sgn(x1 + x2)− |x1 + x2| sgn(xi)|

(|x1|+ |x2|)2
6

2

|x1|+ |x2|
.

Thus
∣

∣

∣

∣

∂ψ

∂xi
(Z1 + θξ1, Z2 + θξ2)

∣

∣

∣

∣

1Aδ
6

2

|Z1 + θξ1|+ |Z2 + θξ2|
1Aδ

6
2

|Z1 + θξ1|+ |Z2 + θξ2|
1Bδ

6
2

δ2/3
1Bδ

,

where

Bδ =
{

|Z1 + θξ1| > δ2/3/2, |Z1 + θξ1| > δ2/3/2, |ξ1| 6 δ2/3/2, |ξ2| 6 δ2/3/2
}

.

Therefore

E|Uδ| 6 E
1/2ξ21 ·E1/2

[∣

∣

∣

∣

∂ψ

∂x1
(Z1 + θξ1, Z2 + θξ2)

∣

∣

∣

∣

2

1Aδ

]

+ E
1/2ξ22 · E1/2

[
∣

∣

∣

∣

∂ψ

∂x2
(Z1 + θξ1, Z2 + θξ2)

∣

∣

∣

∣

2

1Aδ

]

6 4δ2/3

and
E|U | 6 16δ2/3.

Proof of Theorem 1. Let ∆tn denote the mesh of the subdivision, that is, ∆tn := 2−n.
The solution of the Black–Scholes equation (2) is Xt = c exp (µt+ σBHt ). Therefore
R1,n(X) can be rewritten as

R1,n(X) =
1

2n − 1

2n−2
∑

k=0

| exp{µ∆tn + σ∆BH,nk+1} − exp{−µ∆tn − σ∆BH,nk }|
|1− exp{−µ∆tn − σ∆BH,nk }|+ | exp{µ∆tn + σ∆BH,nk+1} − 1|

.

For briefness, let the index n be omitted. Then the Taylor expansion yields

exp
{

µ∆t+ σ∆BHk+1

}

− 1 = σ∆BHk+1 +
(

µ∆t+R
(

µ∆t+ σ∆BHk+1

))

,

1− exp
{

− µ∆t− σ∆BHk
}

= σ∆BHk +
(

µ∆t−R
(

− µ∆t− σ∆BHk
))

,

exp
{

µ∆t+ σ∆BHk+1

}

− exp
{

− µ∆t− σ∆BHk
}

= σ
(

∆BHk+1 +∆BHk
)

+
(

2µ∆t+R
(

µ∆t+ σ∆BHk+1

)

−R
(

− µ∆t− σ∆BHk
))

,

where

R(x) =
x2

2
eθx, 0 < θ < 1.
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Let

Z1(k) = σ∆BHk , ξ1(k) = µ∆t−R
(

− µ∆t− σ∆BHk
)

,

Z2(k) = σ∆BHk+1, ξ2(k) = µ∆t+R
(

µ∆t+ σ∆BHk+1

)

.

Obviously

R1,n(X) =
1

2n − 1

2n−2
∑

k=0

|Z1(k) + ξ1(k) + Z2(k) + ξ2(k)|
|Z1(k) + ξ1(k)|+ |Z2(k) + ξ2(k)|

.

Define ψk := µ∆t+ σ∆BHk . Then

E(ξ1(k))
2 6 2(µ∆t)2 +E

(

ψ4
ke

−2θψk

)

6 2(µ∆t)2 +
√

105(Eψ2
k)

4 ·Ee−4θψk

6 4
√
105

[

(µ∆t)4 + σ4(∆t)4H
]

√
Ee−4θψk

since ψk are Gaussian and therefore Eψ8
k = 105(Eψ2

k)
4. Further,

Ee−4θψk 6 Ee4|ψk| 6 e4|µ|∆tEe4|σ∆B
H

k
| 6 2e4|µ|+8σ2

,

which yields that

E(ξ1(k))
2 6 4

√
210

[

(µ∆t)4 + σ4(∆t)4H
]

e2|µ|+4σ2

= 4
√
210(∆t)2

[

µ4(∆t)2 + σ4(∆t)2(2H−1)
]

e2|µ|+4σ2

.

Since 2H − 1 > 0, we get that E(ξ1(k))
2 = O(∆t)2. Similarly, E(ξ2(k))

2 = O(∆t)2

and according to Lemma 1

E

∣

∣

∣

∣

|Z1(k) + ξ1(k) + Z2(k) + ξ2(k)|
|Z1(k) + ξ1(k)|+ |Z2(k) + ξ2(k)|

− |Z1(k) + Z2(k)|
|Z1(k)|+ |Z2(k)|

∣

∣

∣

∣

=

= E

∣

∣

∣

∣

|∆Xk +∆Xk+1|
|∆Xk|+ |∆Xk+1|

−
|∆BHk +∆BHk+1|
|∆BHk |+ |∆BHk+1|

∣

∣

∣

∣

= O(2−n)2/3.

Then

E
∣

∣R1,n(X)−R1,n(BH)
∣

∣ 6
1

n− 1

n−2
∑

k=0

E

∣

∣

∣

∣

|∆Xk +∆Xk+1|
|∆Xk|+ |∆Xk+1|

−
|∆BHk +∆BHk+1|
|BHk |+ |∆BHk+1|

∣

∣

∣

∣

= O(2−n)2/3

and, consequently, R1,n(X)
P−→ R1,n(BH), n → ∞. Let ζn := R1,n(X) −R1,n(BH).

Then the Chebyshev’s inequality yields

P
(

|ζn| > 2−n/3
)

6 2n/3E|ζn| 6 2−n/3

and
∞
∑

n=1

P
(

|ζn| > 2−n/3
)

6

∞
∑

n=1

2−n/3 <∞.
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Fig. 2: Graphs of Λ2(H) and R2,100(X).

According to the Borel–Cantelli lemma,

P

(

lim sup
n→∞

{

|ζn| > 2−n/3
}

)

= 0

which implies that R1,n(X)
a.s.→ R1,n(BH),

n→ ∞.
The convergence Rp,n(BH)

a.s.→ Λ1(H),
n → ∞ is established in [1] and holds for
H ∈ (0; 7/8) when p = 1 and H ∈ (0; 1)

when p = 2. Clearly, provided R1,n(X)
a.s.→

R1,n(BH) and Rp,n(BH)
a.s.→ Λ1(H), n → ∞

it follows that R1,n(X)
a.s.→ Λ1(H), n → ∞

which completes the proof for the case p = 1.
The proof for p = 2 follows analogously.

Table 1: MSE ·102.

Nsp n 100 500 1000

10 BH 1.0997 0.6383 0.3592
X 1.1000 0.5891 0.3916

50 BH 0.5043 0.2077 0.1537
X 0.5817 0.2300 0.1598

100 BH 0.3421 0.1781 0.1246
X 0.3398 0.1682 0.1257

Fig. 2 presents the graph of Λ2(H) to-
gether with the graph of R2,100(X) averaged
over 50 sample paths, X being the solution of
the Black–Scholes equation. Table 1 shows
the comparison of mean squared errors of
R2,n(X)−Λ2(H) and R2,n(BH)−Λ2(H) for
the sample path lengths n = 100, 200, 500
and the numbers of sample paths Nsp = 20,
50, 100. The constants of the Black–Scholes
process were chosen as X0 = 1, µ = −0.3,
σ = 0.5. All computations were performed
using the R software environment [2].
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REZIUMĖ

IR statistikos taikymas trupmeninio geometrinio Brauno judesio Hursto indekso
vertinimui
D. Melichov

2010 m. J.M. Bardet ir D. Surgailis [1] įvedė pokyčių santykio (IR) statistiką, kuri matuoja atsi-
tiktinio proceso trajektorijų šiurkštumą. Jie parodė, kad ši statistika gali būti taikoma difuziniams
procesams, valdomiems standartinio Brauno judesio, tam tikriems Gauso procesams ir Lévy proce-
sams. Šiame straipsnyje įrodoma, kad IR statistika gali būti taikoma trupmeninio geometrinio Brau-
no judesio Hursto indekso H vertinimui.

Raktiniai žodžiai: pokyčių santykio statistika, trupmeninis Brauno judesys, trupmeninis Black–
Scholes modelis, Hursto indekso vertinimas.
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