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Abstract. In this note, we present probabilistic limit theorems on the complex plane as well as in functional
spaces for the Lerch zeta-function with algebraic irrational parameter.
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Let s = o + it be a complex variable. The Lerch zeta function L(X,«,s) with
parameters A € R and 0 < o < 1 is defined, for o > 1, by

0 2miAm

LG a,s)= Z(;—I——a)s

m=0

and by analytic continuation elsewhere. For A € Z, the function L(A, , s) reduces to
the Hurwitz zeta-function, while for A ¢ Z, is an entire function. We consider the last
case and suppose that A € (0, 1).

In this note, we give a survey of the results obtained in [2,3] and [4], and correct
some inaccuracies of the papers [2,3].

For Ny = N[ {0}, define

L(x) = {log(m + o): m € Np}.

If « is algebraic irrational, then J.W.S. Cassels [1] proved that at least 51 percent of
elements of the set L(«) are linearly independent over the field of rational numbers Q.
Denote by I (o) the maximal linearly independent over QQ subset of L(«), and suppose
that D(«) = L(«) \ I (@) # &. The case D(«) = & is the same that of transcendental
a. Iflog(m + «) € D(), then there exist elements log(m(m) +«), ..., log(m, (m) +
o) € I(a), n(m) < oo, and non-zero integers ko(m), k1 (m), . .., kyon) (m) such that

ko(m)log(m + o) 4 ky (m) log(my(m) + o) + - - - 4 kyn) (m) log(my, ) (M) + o) = 0.

Hence, it follows that

_ Ky om _ K @m
m+ao=mim)+o) 0 .. (myem)+a) Fom . (1)
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Now define two subsets M () and N (@) of Ny by

M(a) ={m e Ny: log(m + «) € I (o)},
and

N(a) = {m € Ng: log(m + ) € D(a)}.

Moreover, let

Q= 1_[ Ym>

meM(a)

where y,, = {s € C: |s| = 1} for all m € M(«), and C denotes the complex plane.
Then infinite-dimensional torus €2 is a compact topological Abelian group, therefore,
we obtain the probability space (2, B(2), m g ), where B(S) denotes the class of Borel
sets of the space S, and my is the probability Haar measure on (€2, B(£2)). Denote
by w(m) the projection of w € Q to the coordinate space y,,, m € M(«), and if (1)
holds, then, for m € N (), we put

_kgm _ Fagy O
wom)=w " (my(m))---o 0" (myem(m)), (2

where the principal values of roots are taken. Thus, w (m) is defined for all m € Ny.
We limit ourselves by a class A of algebraic irrational « for which the numbers

ky(m) kn(m) (m)
ko(m)' """ ko(m)

in (1) are integers. This requirement implies the orthogonality of the random variables
w(m), m € Ny. Note that in [2] and [3] the class A was not used, and now we correct
this gap.
Fora € Aand o > %,
ment L(A, o, 0, w) by

on (2, B(2), mp), define the complex-valued random ele-

2mwiAm

L(}»,(x,a,a)):Zﬁ

m=0

and denote its distribution by PI(F. Moreover, let meas{A} stand for the Lebesgue mea-
sure of a measurable set A C R, and let, for T > 0,

Vi(..) = %meas {re[0,T]: ...},

where in place of dots a condition satisfied by ¢ is to be written, and the sign ¢ in vtT
only indicates that the measure is taken over ¢ € [0, T'].

THEOREM 1. Suppose that A € (0, 1), « € Aand o > % Then
Vi (L(h,a,0 +i1) € A), AeB(),

converges weakly to PI(F as T — oo.
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The proof of Theorem 1 remains the same as in [2].
Nowlet D={seC:0 > %}, and denote by H (D) the space of analytic on D func-

tions equipped with the topology of uniform convergence on compacta. Moreover, for
a € A, on (2, B(2), mg), define the H (D)-valued random element L(A, «, s, ) by

Lo s,0)=Y = w(m)

! (m+ )’

2mwiam

and denote its distribution by P[I .

THEOREM 2. Suppose that A € (0,1) and « € A. Then
v (L(h,a,s+it) € A), AeB(H(D)),

converges weakly to P[I as T — oo.

The proof of Theorem 2 is given in [4].
Now suppose that aq, ..., a, are distinct algebraic irrational numbers, A ; € (0, 1),
and L(Aj,aj,s), j=1,...,r, are the Lerch zeta-functions. Define

-
Q =[]«
j=1
where

Qj: 1_[ Ym>

mEM(cx_/-)

and y, =y for m € M(a;), j =1,...,r. Since each torus ; is a compact
topological Abelian group, by the Tikhonov theorem, 2" is as well. Thus, we ob-
tain a probability space (Q", B(Q2"),m";), where m',; is the probability Haar mea-
sure on (2", B(Q")). For brevity, denote @ = (wi,...,w,) € Q", where w; € Q;,
j=1...,r,A=Q,....,A),a=(a,...,a,)and g = (01, ...,0.). For oy, ..., a,
and minjgjg,0; > %, on the probability space (2", B(R"),m";), define the C"-

where
L(x )= S T ;)
Lo, O, W) = _
j%j,0j,Wj o
m+a;)%
= (mtaj)

Here w;(m) is the projection of w; € Q; to the coordinate space y,, if m € M(a;),
and is the relation of type (2) otherwise. Denote by P the distribution of the random
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PL(A)=mly (@€ : Lk a,o,0)€A), AecBC).

Now we are in position to state a corrected joint limit theorem on the complex plane
for Lerch zeta-functions.

THEOREM 3. Suppose that A; € (0,1), j=1,...,r, minig;g,0; > %, and that
ai, ..., are distinct algebraic irrational numbers from the class A such that the set

@)
j=1

is linearly independent over Q. Then

Vi(@we QL a,0,0)€A), AecBC),

converges weakly to the measure P as T — oo.

The proof or Theorem 3 remains the same as that of Theorem 4 from [3]. The

Note that in the region o > 1 the class A is not necessary because in this case the

series
o eZm’Amw (m)

— (m + )’

converges absolutely, and the orthogonality of the sequence {w(m): m € Ny} is not
needed. So, we have the following results. Let L (A, «r, 0, @) be the complex-valued
random element defined, for o > 1, by the same formula as the complex-valued ran-
dom variable L (), «, 0, w), and PIE is its distribution.
THEOREM 4. Suppose that . € (0, 1) and o > 1. Then
Vi (L(h,a,0 +i1) € A), AeB(),

converges weakly to PIE as T — oo.

Let D = {s € C: 0 > 1}, and H(Dy) is the space of analytic on D; functions
with the topology of uniform convergence on compacta. Moreover, let L{(A, «, s, ®)
be the H(Djp)-valued random element defined by the same formula in the region
D, as the H(D)-valued random element L(A, «, s, w), and Pg is the distribution of
Li(,a,s,w).

THEOREM 5. Suppose that . € (0, 1). Then
vi(L(A,a,s +it) € A), Ae€B(H(Dy)),

converges weakly to Pg as T — oo.
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Theorem 3 also has a similar analogue.

THEOREM 6. Suppose that Aj € (0,1), j=1,...,r, minjg;g,0; > 1, and that
af, ..., 0 are distinct algebraic irrational numbers such that the set

@)
j=1

is linearly independent over Q. Then
vp(Lh 2,0 +it) € A), AeB(C),

converges weakly to Py, as T — oo.
Here Py is defined by the same formula as P with restriction min; ¢ j<» 0 > lonly.
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REZIUME

D. Geniené. Lercho dzeta funkcija su algebriniu iracionaliuoju parametru

Siame straipsnyje pateikiamos tikimybinés ribinés teoremos Lercho dzeta funkcijai su algebriniu iraciona-
liuoju parametru kompleksinéje plokStumoje ir funkcijy erdvése.

Raktiniai ZodZiai: Lercho dzeta funkcija, tikimybinis matas, silpnas konvergavimas.



