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Abstract. In this paper we study orthogonal decomposition of finite population L-statistics. We propose
quite simple form of first two terms of such decomposition.
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1. Introduction

Consider the population X = {x|,...,xy} of size N and assume that x| < ... < xy.
Let Xq,..., X, is simple random sample of size n < N drawn without replacement
from X and let X(1) < ... < X() denote the order statistics of X1, ..., X,. Then for
arbitrary real numbers cy, ..., ¢, define L-statistic L =c1 X 1)+ ...+, X ().
This statistic can be decomposed into the sum
L=EL+U +...+U,, )]
U, = Z emnXip, ..., X;,), m=1,...,n.

1<ii<...<ip<n

Decomposition (1) is called orthogonal (called also Hoeffding) decomposition and
U,, are called U -statistics. The symmetric kernels g,,,m = 1, ..., n are linear combi-
nations of conditional expectations

hj(xkl,...,xk_/.):E(L—EL|X1:xkl,...,Xj:xk_/.), 1<j<m. 2)

The decompositon (1) and its applications for finite population symmetric statistics
were studied in [1]. In that paper we can find coefficients of linear combinations of (2).

The main interest of present work is conditional expectations (2) for j =1,...,n
and functions

N —

gl(X)ZN_nhl(x), (3)
N—-2 N-3 N -1

g&(x,y)= N_nN_n_l(hz(X,Y)—m(hl(x)-Fhl(y))), “4)

which can be useful for various applications.
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In the case where random variables X1, ..., X,, are independent and identically
distributed the orthogonal decomposition of L-statistics was studied in [2]. We shall
adopt some ideas from that paper to get a similar form of orthogonal decomposition.
Note that for samples without replacement from finite population variables X1, ..., X,
are identically distributed, but they are not independent.

In Section 2 we state our results, which are proved in Section 3.

2. Results

For the given n let fix 0 < m < n and define a set of conditions A, = {X| =
Xkys-oor Xm = X, }, Where 1 <k < ... <k, <N.Letkg=0, k11 =N + 1 and
define Xy = x0, X(u+1) = Xxn+1 Where xo = x1, xy4+1 = xy. Consider statistics
X(r+1) — X(r), r = O, R (B

LEMMA 1. Foranym =0,...,nandr =0, ...,n we have
m4+1 kg—1
EXiny— XelAm) =Y Y Apsi()@ig1 — xi), (5)
s=1 i=ks_,

where we denote

A ") N—m\"! i—s+1\/N—i—m+s—1
(r) = .
St n—m r—s+1/)\n—r—m+s—1

We shall use differences X(+1) — X¢), ¥ =0, ..., n to get convenient expression
of (2).
PROPOSITION 1. Forchosenm =1, ...,n we have
n j—1
E(L —EL|Ay) =) ¢; Y {E(X¢i1)— Xn|An) —E(X¢11) — X)) (6)
j=1 r=0

Next we shall propose simple form of kernels (3) and (4).

THEOREM 1. (i) For 1 <k <N

N v [
g ==Y ¢; Zw(z‘)%m“ —x;). @)
j=1 =1 n—1

where
—L, if1<i<k
— &, ifk<i<N.
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(i) For 1<k <I<N

()
82(xk, x1) = Z(CJ —cj—1) Z(Ibkz(l)—(xiﬂ - Xi), (3)

j=2 i=1 (n 2)
where
e f1<i<k,
¢ri() = — ST, ifk<i<l,

Remark 1. While we do not talk about applications, which are beyond the scope of
this paper, the Theorem 1 is just a theoretical result, i.e., the kernels (7) and (8) are just
the formal functions.

3. Proofs
Proof of Lemma 1. Foranym =0,...,nandr =0,...,n+ 1 straightforward combi-
natorial calculations give
m+1  kg—1 .
—i—m+s—1
E(X|Ay) = :
Xyl Am) ( ) |:Z Z (r—s><n—r—m+s—l>xl
s=1i=ks_1+1
m+1
ks —s\ (N —ki—m+s
+Z<r—s)<n—r—m+s>xk{|'
s=0

The key idea is for r =0, ..., n write

m+1  kg—1

E(X(r+1)|Am):< ) |:Z Z ( s+1>5m,s,i(r)xi
s=1i=ks_1+1
m+1
s N—ki—m+s
+Z(r—s+1><n—r—m+s—1>xks:|’
where
/ N—i—m+s N—i—-m+s—1
5m,s,i(r): -
n—r—m+s—1 n—r—m+s—1

and

N—m\ [ A N—i-m+s—1
E(X(r>|Am>=(n_m> [;_Z m“(r>(n_r_m+s_1>xl~
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m+1
ks —s\ (N —ki—m+s
+Zo<r—s><n—r—m+s>xks:|’

s§=

" l—S+1 i—S
5§ .(r)= — .
mosii () (r -5+ 1) (r —s—l—l)

Then it is easy to see, that for r =0,...,n, E(X(4+1) — X()|Ay) is the same as in
lemma’s statement.

where

Proof of Proposition 1. Applying summation by parts we can write

n—1 n
L= Zar(x(r+1) — X(r)) +EZXJ‘,
r=1 j=1
where o, :_Z;‘=1(Cj —¢)forr=1,...,n—1landc= %Z'}=lcj.
Then form =1, ...,n we have

n

n
E(L—ELIA,) ==Y ¢; Y {E(X¢11) — X lAn) —E(X¢11) — X)) }
= =g

n
+5|:Zr{E(X(r+1) — X(r)|Am) — E(X(r+1) — X(r))}

r=0
N—n m ks—1 N
+ NV —m) Z ( Z [(Xip1 —X;) — Z(N — D) (Xiy1 — Xi)):|-
s=1 i=0 i=ks
Note that the term in brackets vanishes, because using lemma 1 and changing order of
summation, for fixedm =0,...,n,s=1,....m+1,i =ks_q,... ks — 1
n n—m+s—1 n—m+s—1
D rAmsi)= D =5+ DAu i)+ =1 D Apgil)
r=0 r=s—1 r=s—1
n J—

:N_Zﬁ—s+D+s—L

N—m\""i—s+1\(N—m—(@—s+1)
Am,s,i (r)= ,
n—m r—s+1/\n—m—-@r—-—s+1)
and the remaining verifying is quite simple.
Applying of Vandermonde’s identity completes the proof.

where
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Proof of Theorem 1. (i) For chosen 1 < k < N using proposition 1 for m =1 and
lemma 1 for m = 0; 1 from (3) we have

1 k-1
g1(xx) = ( ) ZCJ Z{ 2—921(1 r)(Xit1 — X;)

= r=0 Ui=1
N—1

( - —)922(1 r)(Xiy1 — )},
i=k

O N(i\[(N—=i=1\ n(N-i
O [C R
b N (N=iN[(i=1 i
a0 === (G770

It is easy to verify that 6,1 (i, r) = 62, (i, r). Next using principle of mathematical
induction it is easy to show that forevery j =1,...,n

—1\/N—-i—1
2922(’ =o)L

and the proof of the part (i) follows.
(i1) For chosen 1 < k < < N using Proposition 1 for m = 1; 2 and Lemma 1 for
m =0; 1; 2 from (4) we have

gz(xk,xz)z( ) IZCJZ{

where

k—1 1)
meﬂ(l ) (Xig1 — X;)

i=1

-1
—-D(N—-i -1

-> Uil )922(1 r)(Xiy1 — X;)

i=k

(N 1)(N 2)
N-1
(N=i)(N—i—=1) |
’ ; NN =2y @i —xi)},

where

by = WDV =) (N[N =i\ no ) (N =i
310.) =0 (r) (n—r—2>_ N—2<n—r—1>

N nn—1) (N—i
(N —=1)(N =2) n—r) ’
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. (N—-1(N =2) i—1 N—i—1 n—1 (N —
i - () > o)
i—-DH(N—-i—-D|\r—-1 n—r—1 N-—-2\n-—r
n—l(i) (N—i—l) n N
- N=2\r n—r—1) N-— n—r
B3 (1) = (N—.l)(N.—Z) (N—i) (i—2>_2n— (z—l)
(N—i)(N—i—D\n—r r—2 N—-2\r—1

N nn—1) (i
(N —=1)(N —=2) r)

Similarly 631(i, r) = 632(i, r) = 633(i, r). Next using principle of mathematical in-

duction we can show that forevery j =1,...,n
j—1 , . . ,
. i—2\(N—-i—-2 i—2\(N—-i—-2
> 0. =| . -1 . )
= j—1/\n—j—1 Jj—2 n—j

Then summation by parts completes the proof of the part (ii).
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REZIUME

A. Ciginas. Baigtiniy populiacijy L-statistiku ortogonalusis skleidinys

Straipsnyje nagrinéjamas baigtiniy populiaciju L-statistiky ortogonalusis skleidinys. Pasiilomos patogios
pirmyju dvieju skleidinio nariy iSraiskos.

Raktiniai ZodZiai: baigtiné populiacija, émimas be graZinimo, L-statistika, Hoeffding’o skleidinys.



