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Abstract. The sum of 1-dependent indicators is approximated by compound Poisson type distribution.
Estimates are obtained for the uniform Kolmogorov and local metrics.
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Let X, j =1,2,...,n be a triangular array of 1-dependent identically distributed
three-point random variables, P(X; =1) = p;, P(X; =—-1)=p_1, P(X; =0) =
1 — p1 — p—1. We denote the distribution and characteristic function of S, = X| +
X+ -+ X, by F, and E,(t), respectively. Let x =el! — 1, x_j =x=e 1 — 1,
pP=Pp-1tD1,

a(ji, j2) =PX1=j1, X2 = jop) = P(X1 = j)P(X2=j2),
a(ji, j2, j3) = P(X1=j1, X2 = j2, X3 =j3) — P(X1 = j) P(X2 = j2) P(X3= j3),
b] :E(eitxl _ 1) L. (eitX_/' _ 1),

j—1
AJ :E(eltXI — 1) e (eltX_/' — 1) = b] — ZAkb]*k’ Al = pi1X +p71_£,
k=1

Ri=la(=1,-1) —a(=1,1) —a(l, =) + a1, | + plp1 = p-1l,

R2:|a(_1,1)_2a(151)+a(15_1)|+ Z |a(j,k,—1)—a(j,k,1)
Jj.ke{—1,1}

’

Ry= > l|aG.b)|+p*
Jj.ke{—1,1}

We use Cy, C3, ... to denote positive absolute constants and symbol 6 for all (possibly
different) quantities, satisfying |0] < 1.

Our goal is to investigate the closeness of F}, to its accompanying compound Pois-
son law. More precisely, let D" be a compound Poisson distribution with the following
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characteristic function:
D"(t) = exp{nAi} =exp{npix + np_ix}.

The closeness is estimated in the uniform Kolmogorov and local metrics.

THEOREM 1. Let

Y laG.bl/p+90y/p <1/3. (1)

Jj.ke{—1,1}

Then, foralln=1,2,...,

. 1
sup |Fn{(—oo,x]} — D"{(—oo,x]” < CinRymin (1, —)

np
+ Con R, mi (1 ! )—l—C Rz mi (1 ! ) )
>nRomin ( 1, snRymin | 1, ——
np./np (np)?
and
sup|Fn{x}—D"{x}| < C4n R min (1, ! )
x np./np
1 1
+ Csn Ry min (1,—) + Cgn R3 min (1,—). 3)
(np)? (np)?/np
Remarks

1. We are unaware about any Poisson-type approximation result for dependent ran-
dom variable, where symmetry is taken into account.

2. Numerous Poisson-type approximations are obtained via the Stein method. How-
ever, the Stein method is applicable to non-negative random variables only. Thus,
it can not be applied in our case.

3. Condition (1) is a technical one and quite probably can be improved. It is only
marginally better than p = o(1), a(j, k) = o(p). Formally, it allows for p to be a
(very) small absolute constant.

4. If X4, X, ..., X, are symmetric independent random variables, then the right-
hand-side in (2) becomes C7n~!. This is consistent with known facts about Pois-
son approximation to symmetric three point distributions, see [2].

5. It is not difficult to construct an example of dependent array, which satisfies (1).
Let &1, &, ... be symmetric i.i.d. r.v., having distribution P(§1 =1) = P(§; =
—1)=a, P(§,=0)=1—2a. Let X1 =&1&, X, = &&3, etc. If @« = o(1), then
(1) holds and the accuracy of approximation in (2) is O (ne® A (na)™h).

For the proof of Theorem we need auxiliary results. Let z =i and ¢ = ¢1(2)

=Ee¥X1,
EeS .
oo=rog wain) = E[ —1f, k=2,3,....n.
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For a sequence of arbitrary complex-valued random variables Y1, Y, ... let EYl =EY;
and

k—1
EVY,...Y =EV| V...V, —ZEYI...YjEYj+1...Yk, k>2.
j=1

The following lemma follows from Lemma 3.1 and Lemma 3.2 in [1].

LEMMA 1. Let (1) hold. Then, fork =1,2,...n, and all real t

o — B4 "iﬁ(ezxf — )X — D)., (X — 1)
o QiQjt1 - Ph—1 ’

ok — 1] < |[Ee*X — 1] +2\/E|erk71 — 1Bl — 17 /(1 — 4w, (2))
<13ple® —1] < 1/5,
p(Zj,ke{l,l} la(j. b))
p

|lnﬁn(t)—nA1| <n

+90ﬁ>|x|2.

LEMMA 2. Let (1) be satisfied. Then, for all |t| < m,

max{|ﬁn(t) 5"(t)|} < exp{ — anpsinz(t/Z)}.

’

Proof. Note that
|F)] < |explnA}|exp {|In F (1) — nA4]}

and apply Lemma 1. The estimate for 5"(t) follows directly from its definition
and (1).

LEMMA 3 ([4]). Let Y1,Ys,..., Yy be I-dependent random variables with
ElY;]> <oo, j=1,...,k. Then

j
EYVYs... Y| <2 VEWR.
k=1

LEMMA 4. Let condition (1) be satisfied. Then, for k > T, we have
Ok — 1= A1+ Ay + A3 — AsA| + Ay — 24341 + Ay (AT — A7)
+ As — 3A4A1 + A3(3AT — 3A2) + 3434,
+ Ao —4AsA1 + A3(12A2A1 — 243) + Ay(243 — 4A4)
+ A7+ A3(1043 — 5A4) — SA2As + Cobp*|x|*. 4)
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Moreover, fork =2,3,4,5, 6 the estimate (4) holds with Az=As=As5= A¢= A7=0,
Ay=As5=A=A7=0,A5=A6=A7=0, Ag= A7 =0, A7 =0, respectively.
Proof. Applying Lemma 1 we obtain
A A A A
g—l=A 4=+ 4 LA >
Prk—1 Pk—2Pk—1 Dk—3Pk—2Pk—1 Pk—4Pk—3Pk—2Pk—1
A A
+ o + ’
Ok —5Pk—4Pk—3Pk—2Pk—1 Pk—6Pk—5Pk—4Pk—3Pk—2Pk—1

+iE(eZX/ DEX 1. @ 1)

— )
=1 PiPj4+1---Pk—1
and
1 1 5
— {—< .
loel ~1—|1—g| 4
From Lemma 3 we obtain
[E(e*X7 — 1)(e¥X+1 —1) ... (%% —1)| < 2% ]_[  E|ezXn —1
= 24 x [ pEHD2 < €yt x| (4@)“]*7.
Noting that, due to (1), we can assume p to be small. Therefore,
LB — )X — 1)L (X — 1)
= PiPj+1 .- Pr—1
k—17 )
<Cnp*ix* Y P TT < Craptlxlt (6)
j=1
From (5) and (6) we get
1 An Aj
—=1+0-@)+(0—@) +C3op’lx|*=1-A - — —
Pk k-1 Pk—19k—2

As Asx?
- - + (1 —@)* + Crabp?|x|*
Ok—1Pk—2Pk—3 Pk—1Pk—2Pk—3Pk—4

=1— A +A? — Ay + 3424 — A3 +2A3 + 4434,

— A4 +5A2A3— As + C159p3|x|4.

Putting the last expression into (5) we complete the proof of Lemma 4, for k > 7. The
cases k =2,3,4,5,6 are proved similarly.
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LEMMA 5. Let condition (1) be satisfied. Then, for k > 7,

Ingp = A1 + Ci60 (R |x|* + Rolx|® + R3|x[*).

Proof. Applying Lemma 1 and Lemma 4, it is not difficult to show that
7

Ingp=A; + cw(Z |Aj|+ AL + p2|x|4>.
j=2
Since x = —X — |x|? one can easily obtain the following estimates

Ay = (p1 — p_)x — p_1lx|?,
AT =Ci70(plp1 — pillxl + p*Ix[*),
|A2] < |a(=1,-1) —a(=1,1) —a(l, =) +a(l, D] |x|?
+la(=1, 1) +a(l, 1) = 2a(1, V)| |x? +|a(L, D] |x|*,

As1< D0 aG k=D —aGk DIIkP+ Y laG k=D 1x[* +]Aa].
Jj.ke{—1,1} Jj.ke{—1,1}

Let a(ji, j2,---s ) = P(Xh = j1, Xo = jo,.... Xpe = jx) — P(X1 = j)P(X2 =
j2)... P(Xy = ji) and let Z; denote the sum over all ji,..., jr € {—1,1}. Then,
fork=4,5,6,7,

k—1
A <Y G, os-os 0| I+ Cig Y 1Al

m=2

Lemma’s statement now follows from the following estimate

a1, jar -+ )| < CrolaGit, j2)| + Caop™.

LEMMA 6. Let (1) be satisfied and let |t| < 7. Then
|Fu(t) = D" ()] < Carexp{ — Coanpt}[Rilt* + Ralt + Ralt|*].
Proof. Applying Lemma 2 we get
|ﬁn(t) — 5"(t)| < Cos exp{ — sznpt2}| InF,(t) —In 5"(t)|.

Note that In F\n(t) =Y i_; Ingg. Consequently, from Lemma 5 we get the required
estimate.

Theorems proof now follows from Lemma 6, Tsaregradskii’s inequality

sup | Fy{ (=00, x1} = D"{(=o00, x1}| < 411 / Mdl
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and formula of inversion for the local probability
b
1 —~ —~~
sup| Fufx} — D"{x}| < — / |Fu(t) — D" (1)| dt.
X 2

=TT
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REZIUME

J. Petrauskiené, V. Cekanavicius. 1-priklausomy indikatoriy sumos Puasono tipo aproksimacija

1-priklausomy indikatoriy suma aproksimuojama sudétinio Puasono tipo skirstiniu. Gauti tolygiis Kol-
mogorovo ir lokalus aproksimacijos tikslumo iverciai.

Raktiniai ZodZiai: m-priklausomi atsitiktiniai dydZiai, sudetinis Puasono skirstinys, tolygi Kolmogorovo
metrika, lokali metrika.



