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Abstract. The sequence of generalized prime numbers 1, ¢, = p,’j+l —1, n e N, and the correspond-
ing zeta-functiorZy (s) = ]'[p>2 (1 — (pF— 1)‘5)_1, s = o +it, are analyzed. The analyticity @ (s)
in the domairo > 0, except for a simple pole= % is proved.
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The elements of the sequeriBe= {1, g1, ¢2, ...} with conditions
go=1<q1<g2<..., ¢, — 00 (n— 00)

are called generalized primesggrimes). The multiplicative semigroupn; < ny <
n3 < ..., generated by-primes, is the system of generalized integersntegers).
Such number systems were analyzed by Beurling [1].

The analytic method which uses the Riemann zeta-function and Diridhlet
functions, is powerful in the research of distribution of rational primes. The analytic
method in the theory of generalized number systems is successfully applied, too. In this
case, we need to know analytic properties of modified zetalafuhctions attached
to given systems of generalized numbers. We recall that above zeta-amdttions
are defined, respectively, by

@) =]]a-gHh

k=1
oo
LG, 0 =] A= x@ag )" s=o+it
k=1

Various generalized number systems and corresponding zeta-antttions were
considered in [2]-[7]. For example, in [3] the analyticity of the function

£(s, ) =];[(1— wp)~)t s=o+ino>1v> %

in the half-planeis > 0 cut at zeros of powers of Riemann zeta-function is proved,
and this is sufficient to obtain some results on the asymptotic distributiginségers.
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The theory of generalized number systems may be applied for investigation of the
values distribution of some classical arithmetic functions. For example, the Euler to-
tient functiong(n) is connected with the sequence gprimes defined by "shifted"
rational primes, i. e.,

=1 gp=ppy1—1 neN.
Analytic properties of the corresponding zeta-function
_n—1
Zo)=]]@-p-17)
p>2

were discussed in [4], [7]. In the more general cases, zetd. dndctions

{(s,v,r)= 1_[()(1—(v(p+r))x)l, o>1 v> %, reR, 1)
p>m(r

and

L0 =[[Q-xepep ™)t o>1Lv>1 veZ
p

were considered in [2, 5, 7]. Here(r) is chosen so that all multipliers in (1) should
be correctly defined.
In this paper, we consider the sequencg-grimes

q0=1,qn=p,’;+l—1, neN, keN, 2
and derive some analytic properties of the corresponding zeta-function
-1
Z)=]]1-" -7
p>2
The sequence (2) gf-primes is associated with the arithmetic Jordan function
(12 k
Jemy=n*TT(1- ) keN
pln

which is a generalization of the Euler function, namélyn) = ¢(n).

THEOREM. The functionzy (s) is analytic in the domaia > 0, except for a simple

poles = # with residue
1 1—p1
Re= T (—222), ®

2k aNL— (pk— 1)~

1
p>2 k
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Proof. We write the functionZ, (s) in form

Zi(s) = (1= 27 (ks) Qi (s), (4)
where¢ (s) is Riemann zeta-function, and
B (pk _ 1)ﬁv _ pka
Qk(s>—£[2(1+ [ ) (5)

Foro > og > 0, uniformly with respect té&, we have that
11— (p* =1~ = C(o0).

The numerator of the fraction in (5) is evaluated as follows:

k

b Is|
k —s —ks| __ —s—1
(" =D~ —p |_|S/pk]_v dv|<—(pk_1)l+o,

and this implies the analyticity o) (s) in the regiono > 0. A simple application
of formula (4) gives the expression (3) f&;, and this completes the proof of the
theorem.
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REZIUME

E. Stankus. ModifikuotosiosL-funkcijos
Darbeijrodytas funkcijos

aw=T1 (-0 -n~) "

p>2
susijusios su Zordano aritmetine funkcija
r 1
Jemy=n*[T(1-= ). keN,
pln P
analiziSkumas srityje > 0, iSskyrus papraatpoliy tasSkes = % su rezidiumu
1 1-pt
Rk=ﬂl—[<7p _l>'
p=2 1= (ph =17k
Irodant §teigini funkcija Z (s) uzraSoma pavidalu
Zi(s) = (1= 27) (ks) Qi (5);
Cia¢(s) yra Rymano dzeta funkcija, o funkcifdy (s) — analizire pusplokSturejec > 0.

Raktiniai ZodZiaianaliziSkumas, apibendrintieji sk, dzeta funkcijal.-funkcija, reziduumas.



