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Abstract. In this paper we provide asymptotic expansions for Yosida approximations of contraction semi-
groups. We also obtain optimal bounds for convergencerate and remainder terms of asymptotic expansions.
We use a method introduced in [2] for analysis of errors in Central Limit Theorem and in approximations
by accompanying laws. This method was applied in [3] to obtain optimal convergence rates in some ap-
proximation formulas for operators and in [10] to obtain asymtotic expansions and optimal error bounds
for Euler’'s approximations of semigroups.
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1. Introduction and results

In this paper we obtain asymptotic expansions for Yosida approximations of contrac-
tion semigroups. At first we provide integro-differential identities

Six=Sx+=2+2 4. 1% p (1.1)
A X = X ) )\2 )\k ks .

where S, (¢) is Yosida approximation of semigrouf(z) and coefficienss,, do not
depend on.. We also obtain optimal bounds for convergence fat&)x — S (2)x||
and remainder termBy.

To obtain asymptotic expansions we use an approach introduced in [2] for analysis
of errors in Central Limit Theorem and in approximations by accompanying laws.
Bentkus and Paulauskas in [3] demonstrated that this approach is also useful to get
optimal convergence rates in some approximation formulas for operators. In [10] we
used this method to obtain asymtotic expansions and optimal error bounds for Euler’s
approximations of semigroups.

Let X be a Banach space afidX) be the space of bounded linear operatorson
A function S: R, — L(X) is called a semigroup if it satisfies the semigroup property
S(t+s)=S@)S(s) forall s, > 0. A semigroupS(z) is called strongly continuous if
S(0) = I (I is identity operator orX) and it is continuous function in strong operator
topology. If for all ¢+ > 0, the norm||S(¢)|| < 1 thenS(¢) is called a semigroup of
contractions.

Let A be a generator of semigroup of contractions. We define the Yosida approxi-
mant of A by

Ay =AAGMT — AL, (1.2)
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for all » > 0. It can be shown (see Lemma 1.3.4 in [8]) thiatis the generator of a
uniformly continuous semigroup of contractiofg(¢). Furthermore,

St)x = lim S,(t)x forxe X.
L—00
We call S;,(¢), » > 0 Yosida approximations of contraction semigra(p).
Assume there exists a positive const&nindependent of;, A andr such that
ItAS(H)Il < K, (1.3)
and
(n+DAV*OI — A Y <K, n=0,1,2,..., (1.4)

forallA >0, >0.
Bounded holomorphic semigroups satigfgnditions (1.3) and (1.4) by Theo-
rems 2.5.2 and 2.5.5in [8]. We also prove the following lemma:

LEMMA 1. Assume thatl is a generator of contraction semigroup and there exists
a positive constank independent of, A and: such that conditiongl.3)and(1.4)are
satisfied forall. > 0,7 > 0andrn =0, 1, 2,.... Then Yosida approximations satisfy

12458, (DI < K, (1.5)

forall . > 0andr > 0.
First we obtain the bound for the convergence Kgt&)x — Sy ()x]|.

THEOREM 2. Assume that semigroufiz) satisfies conditiongl.3)and(1.5). Then
the following integro-differential identity holds

1 1
Do=38,(t)x —St)x = x/ tAA; S ((1—1)t)S(tt)x dr, (1.6)
0
for all A > 0, and the following inequality holds
CK|A
It 83 0xl) < 22, (L.7)

whereC is some absolute positive constant.

Now we provide asymptotic expansions for Yosida approximations. We denote

dn11=1, m=12,...,

1
dm,m,jz%, m=212...,j=212,...,m,

j
A j=Y dn-1kin m=23,...,k=12....m—1 j=12... k (L8)
i=1
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THEOREM 3. Let S(r) be a differentiable semigroup. Then the coefficienisin
(1.1)are given by

m
am =Y dpm i it A" S (0)x, (1.9)
k=1

and the remainder termb,,, are

Dy = Dyp1+ D 2, (1.10)
where
1 A& e
Dui= oy SN diijr* AT AT S (00,
k=1 j=1
and

1 1 m 1
m
Dy 2= Sl /0 — (tAA,) S5 ((1 - r)t)S(rt)x dr,

with coefficientsi,, «, ; given by(1.5).

For example, the first three coefficients of the expansion are

a1 =tA%S()x,
12A%
a» =tA3S(H)x + —— S,
346
4 245 °A
ag =1 ATS(Ox +12APS()x + ——S()x.

THEOREM4. Assume that semigroufiz) satisfies conditiongl.3)and(1.5). Then
the remainder term®,, in (1.1) satisfy

Cn(L+ K™ Hh| A+ iy

1Dl < s

, m=12 ...

for A > 0 and some positive constafif, depending only om.

We note that using the same approach we can obtain the inverse expansions, i.e.,
expansions of the semigrouysz) in terms of Yosida approximatiors, (z).

2. Proofs

Proof of Lemmal. The proof is similar to the proof of Lemma 2.1 in [3]. We have
Ay = AAGT — A" =211 — A)~1 — AI. Expanding 8°¢/=4™" into the Taylor
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series we get
e ()»t)”Jrl
1A S (1) = tA,\e“‘% = ef}‘t Z —A)\.n()\,l _ A)fnfl.
n!
n=0
From (1.4) we havén + 1) | A" (A1 — A)™"~*| < K, so that

o0

ItAS. (0] < Ke™™ >
n=0

()\t)nJrl B
n+1)!

K(1-e™<K,

forall A > 0 andr > 0.

Proof of Theoren®2. To obtain the convergence rate and asymptotic expansions we
use a method introduced by Bentkus in [2]. This method is based on application of
Newton-Leibnitz formula along a smooth curvér), connecting two close objects

andb:b—a=y@Q)—y0) = fol y’(t) dr. Here we choosg in this manner

y (@) =S.(A—1)1)S(71). (2.1)
Thena = S, (1), b= S(r) and

Y/ (1) = ($i((A = 1)1)'S(r1) + SH (L= D)N)(S (1))
= —AutS; (L — D)D) S(xt) + A1S; (L — 0)1)S(xt)

1
= 1A= Ay (1) = T 1AMy (@).

So, we have

1
Do=S{t)x —St)x =a—b= %/ tAA;y(t)xdr. (2.2)
0
Substituting expression (2.1) into (2.2) we obtain (1.6).
Now we obtain the convergence rdtBg|| = || Sy (1)x — S(¢)x| whenS(¢) is semi-
group satisfying conditions (1.3) and (1.4). We denote

1/2 1
le/ tAA,y(t)xdr and Jzz/ tAA;y(t)xdr.
0 1/2

Then the convergence rajg| < %(||J1|| + |IJ2]]). First we estimate]|J1]. We
have

1/2 1/2 8182
TARS / It Ay (0)x]| dr < / dr,
0 0 1—‘L’

whered, = |[AS(tt)x || anddz = ||[(1 — 1)t A, S, (1 — 1)1)||. SinceS(¢) is semigroup
of contractions, we hav& < ||Ax|| and from (1.5) we also hav’s < K. We obtain

1
1-1

1/2
/1]l < KIIAXII/O dr =In(2)K || Ax]]. (2.3)
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Next we estimatef J»|. We have

1 1
8384

721l </ ||tAAA)/(‘L’)x||dr</ = dr,
1/2 12 T

wheredsz = || 4,85, ((1 — t)t)x]| andds = ||ttAS(zt)||. By Theorem 1.3.1 in [8] we
have that the resolvent of semigroup of contractions satigfieés! — A) || < 1 for
all A > 0. It follows that||A,x|| = [AMAGI — A) x| = AT — A)~TAx|| < || Ax||
andés < ||Ax||. From condition (1.3) we havky < K. Then

1
1
[ J2ll < Kllell/ —dr =In()K||Ax]|, (2.4)
127

and substituting (2.3) and (2.4) infdg|| < %(||J1|| + || J2]]) we obtain (1.7).

Proof of Theoren8. From (1.6) we havsS; (r)x = S(¢)x + Dg where

1 1
Do = —/ tAA;y(t)xdr.
A Jo
IntegratingDg by parts we obtain
1 1 (1t )
Do = xtAA,\S(t)x +33 T(tAA)%y (T)x dr. (2.5)
0

It's easy to prove the following identityl; = A + 422, Substituting it into the first
term of the sum in (2.5) we have

D tAZS(t) L 1A%
= — X
=7 22

1 ! 2 ai
S(t)x+—2 T(tAA) Y (t)xdt = — + D1.
A% Jo A

We proved (1.9) and (1.10) for = 1. Using induction onn we obtain the general
result. We omit the proof here.

Proof of Theorend. From (1.2) and (1.3) it easily follows that
1Dy ll < C A K™ JA™ x| /2,
whereC,, 1 is some positive constant depending only»rThe bound
1D 2l < Con 2K THA™ L]

can be obtained in the similar manner as the bound| fag] in the proof of Theo-
rem 2.
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REZIUME

M. Vilkiené. Pusgrupiu Josidos aproksimacijy asimptotiniai skleidiniai

Straipsnyje gauti pusgrupiJosidos aproksimagijasimptotiniai skleidiniai. Buvo naudojamas metodas,
pateiktas Bentkaus (2003) straipsnyje [2].

Raktiniai ZodZiai pusgrugs, Josidos aproksimacijos, asiwtatiai skleidiniai, holomorfies pusgrues,
konvergavimo greitis.



