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Abstract. We consider a complete graph mvertices. Edges of the graph are prescribed random positive
weightsX1, Xo, ..., X;,. Herem = (’é) We assume that these random variables are independentand have
the common probability distribution with density functigiix), x > 0. Given a vertex let T denote the
shortest path tree with root Let Ty, T», ... C T denote the trees that are obtained frbrafter removal of

the rootv. Let N1 > N> > N3 > ... denote (ordered) sequence of sizes of these trees. We study statistical
properties of this sequence for various densifiesd large:.
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1. Introduction

1. How does a typical output of Dijkstra’s algorithm look like? We are interested in the
structure of the typical shortest path tree. We report results of the simulation study of
several classes of weighted graphs.

We consider a weighted complete graph with the vertex/set {v4, ..., v,} and
the edge seE = {e1, ..., e,}, Where every edge; is prescribed a positive weight
(length)X ;, 1< j < m. Herem = (3).

We say that the path consisting of edgss ..., e; has lengthX; +--- 4+ X,.
Given a vertexv € V, let T = T'(v) denote the shortest path tree with the rodte.,

T is a spanning tree with the property that for every vertexV \ {v} the length of
the path of the tred connecting: andv is not greater than the length of any other
path of the graph connectingandv). Let v}, v3, ... denote the neighbors af in
the treeT numbered according to their distancesvta.e., vy is the closest vertex,
v; is the second closest etc. In the trEgthe vertices that can be reached from
through (intermediate vertex)* make a tree with the roat’. We denote this tree
T; = T;(v). In particular,T — v splits in to the treed, T>, .. . with the roots}, v3, . ..
respectively. LetV; := |T;| denote the number of vertices @f. It is reasonable to
expect thatvy > No > .. ..

We are interested in statistical (typical) properties of the sequ@vigceVo, .. .).

We assume that the weighXs, X», ... are drawn independently at random from the
common distribution with a density functiof{x), x > 0. The corresponding weighted
complete graph is denoted, (/). Choosing various densitigswe study distributions
of values of parameter§y, No, ....



An empirical study of the structure of the shortest path tree 339

2. The shortest path tree with exponential weight$x) = e™*, x > 0) is studied
in [1] and [2]. It was shown that given) asymptotically aa — oo the average size of
the treeT; is approximately: /2, for every fixed;.

One may guess that for large n the statistical properties of the nurivhers, . ..
depend heavily on the behavior of the density functfgm) in a neighborhood of 0,
say|x| < e, whereas the behavior ¢f(x) outside this neighborhoody| > ¢) has little
influence. Indeed the — 1 edges of the tre® are among those receiving the smallest
weightsX ;. On the other hand, it is known that the statistical properties of the smallest
sample valueX 1., < X2, <... < X;.n <.... are described by the behavior 6tx)
in a neighborhood of the point= 0.

3. We are interested whether and how the behavior of (continuous) density function
f(x) in avicinity of x = 0 affects the distribution of values of;. It is convenient to
consider the cases (i) lim,.g f (x) > 0; (ii) lim o f (x) = 0; (iii) im0 f(x) = 00

Simulation study suggests that in the case (i) for largee haveEN; ~ n/2/,
j=12,...

The asymptotic distribution o¥; in the case (ii) depends heavily on the rate of
decay of f(x) — 0 asx — 0. We consider densities of the forify, (x) = a,x*,

0 < x < by, wherea > 0.

Similarly, the asymptotic distribution a¥; in the case (iii) depends heavily on the
rate of decay of Af (x) — 0 asx — 0. We consider densities of the forfp_,)(x) =
agx"% 0<x <by,,where O<a < 1.

Tables and graphs describing the results of simulation are given in Section 2.

2. Simulation results

We generate 1000 independent copies of the complete dfaph) with random edge
weights X, ..., X,,. Heren = 1000 denotes the number of nodes g‘l‘"(d) denotes
the density functlon of the probability distribution of iid weights, . .., X,,.
Let K7 (£) denote thej-th copy of K,,(f). Therefore, kP (f), ..., K009y
are independent and identically distributed weighted complete graphs with random
edge weights. . .
FixveV.Forj=1,...,1000, IetNl.(” denote the size of the trée(v) in K (f).
Table A gives average values of observed valNigs: (Nl.(l) 4ot Ni(loog) /1000
fori=1,2,...,5
Graph B shows the histogram of the observed vaME%, . N{looq_

Table A Graph B Table A Graph B

[[Nijn ] ([N ] |2

1[0.5243 H-— 105116 |~

2|0.2386 | l nin | 2[0.2455 |13 _
3[0.1163 3[0.129§ |- :
4]0.0600 H HHH ‘ | HH 4]0.0538 |"

5]0.0313 5/0.0305 ‘ ggospeyogpapagengarapapagatpogs

Fig..l.f(x) =x+ E* x €[0;1). Fié. 2.f(x)=1,x€[0;1).
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Table A Graph B Table A Graph B

iNjn | - iNJn | |«

1]0.4944 - 10337 |~

2(0.2561 |- 2(0.1868 |.

3]0.1285 |* 3(0.1153 |*

4[0.0599 - 410.079¢ |

5 0'0298 a!! 00 TS S0 XS A0 L5 S0 4 TO TTS M0 02 00 5 0'0586 DH WO O17S MO X4 40 £5 S0 6 700 TS &0 o ml

Fig. 3. f(x) = —x + 3,x €[0; 1). Fig. 4. f(x) = 2x,x €[0; 3).

Table A Graph B Table A Graph B

i [Ni/n I - i [Ni/n

1[0.3282 |« 1[0.329Q

2]0.1806 |- 2[0.1849

3[0.1149 |- 3[0.1197

4]0.0830 | 410.0783

5 0.0589 D?ﬁ W0 O17S MO X4 40 £5 S50 8 700 TS &0 o w00 5 0.0595 2 W0 175 M0 XS A0 5 S0 4 TIO TS M0 03 W00
. :

Fig. 5. f(x) = 3x, x € [0; 2). Fig. 6. f (x) = 2x, x €[0; 1).

Table A Graph B Table A Graph B

i [Ni/n I i [Ni/n i

1[0.3271 |=» n 1[0.7031] ..

2(0.1849 | 2(0.2259 =

3(0.1194 |- 3[0.0601

4]0.082¢ |* 410.0087 ’”l

5 0.0581 02! 00 TS S0 XS A0 L5 S0 4 TO TTS M0 02 00 5 0.0022 namu:smmmmmmsm!nmmm

Fig. 7. £(x) = 3x,x € [0; 2. Fig.8. f(x) = &x~#,x €[0; 1.

Table A Graph B Table A Graph B

i [Ni/n : . [i[Ni/n I

1[0.6088 | || [1]05152 |=

2l0.2619 |, ' [2]02530

3[0.093] | ., | 301177 |-

4[0.0272 | = ‘ 4[0.0593 |°

5 0.0058 = 0 ﬂ:ﬂ S A0 478 S50 S ;r‘u_m 0 0o 5 0.0274 a“! 00 TS S0 XS A0 L5 S0 4 TO TTS M0 02 00
| _

Fig. 9. f(x) = 3x72,x €[0; 1).

Fig. 10.f(x) = Lx %, x € [0; 1).
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Table A Graph B Table A Graph B
i [Ni/n_ ] |l _ | [i]Ni/n
1]/0.5009 |»— M : - 1]0.4627
2]0.2534) |l Tl [2]0.2489
3[0.1238| |- i 3[0.1306
410.0606, |° 4[0.0713
510.0321] | o I [5T0.0370 M :
Fig. 11.f(x) =1, x € [0; 1). Fig. 12. f(x) = 2x8, x € [0; 1).
Table A Graph B Table A Graph B
i [Ni/n " n i [Ni/n
1]0.4086] 1]0.3271
2]02149 | | i _ 20.1835 T
3(0.1312 .| -~ [3]01175 !
410.0806| | . mﬂm‘ﬂ 410.0800 HHTT*_
5[0.0511| | o EHEEHIIIRNNNNSL . [5[o0507 | - NNNNNNIIT. -
Fig. 13.£(x) = 3x2, x € [0; 1). Fig. 14. f(x) = 2x, x € [0; 1).
Table A Graph B Table A Graph B
i|Ni/n i |Ni/n
1]0.2198 || 1[0.0043
2|0.1251] || 2]0.0021 |,
3(0.0878 | .. | 3[0.0016 | ..
4100673 | - . ‘m Z[0.0014 | -
5]0.0539 | ssgnapsashs aﬂm.__ —————| |5]0.0013 A rerr—
Fig. 15. f (x) = 3x2, x € [0; 1). Fig. 16.f(x) = 98, x €[0; 1).
3. Discussion

1. Simulation results reported in Figs. 1-3 correspond to bounded probability density
functions f which do not vanish at point = 0. All three cases considered show sim-
ilar average valued’; /n of subtree sizes (Table A) and similar empirical distribution

of random variableV; (Graph B).

Simulation results reported in Figs. 4—7 correspond to bounded probability density
functions f satisfyingf(0) =0 and f’(x) = ¢, ¢ > 0. Note that examples in Figs. 4-7
are almost equivalent up to a change of scale of the random wexghts. , X,,,.

Itis clear that distribution oV, and average values &f1, N», ..., N5 are different
in the cases (i) and (ii).

2. Simulation results reported in Figs. 8-16 correspond to probability density func-
tions f (x) = aux“, x — 0, for variousx > —1.
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3. One could expect that, foK, (f) with f satisfying f(x) ~ x*, x — 0, the
asymptotic distribution of values d¥; (asn — oo) depends only on the parameter
a > —1. It would be interesting to find a theoretical argument proving or disproving
this claim as well as to identify asymptotic distributions.

Givenv,u € V letv =v;,,...,v;,, = u denote the vertices of the shortest path
connectingv and « in K, (f). We encode the path by the sequence of integers
(1, Y2, ---,y). Herey; =r whenevemu T, (vi;). The code shows relative weights
of the edges of the path. It would be interesting to learn about statistical properties of
such “codes”.
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REZIUME

M. Bloznelis, I. Radawtius. Svorinio grafo trumpiausiju keliu medzio empirire analiz
Pilnojo grafo, turircio n virSuniy briaunomszy, . . ., e, priskiriame neneigiamus svoriog = X (e1), .. .,
X, = X(ep).Ciam = (’5) Trajektorijose;,, eiy, - . ., €;, ilgiu vadiname & trajektorip sudaracily briauny
svoriy suma X;, + --- + X;, . Trajektorif, jungiarcia virSunesu ir v, vadiname trumpiausiu keliu tazp
ir v, jei néra kitos trajektorijos, kurios ilgistiy mazesnis.

Darbe tiriamas medis, sudarytasi$ trumpiaksiliy, vedariy i$ fiksuotos virinésu i visas kitas grafo
virSunes. Tokmed gauname pritai&, pvz., Dijkstros algoritra.

Darbe nagriejamos statisti@s trumpiausi keliy medzio savybs, kai svoriai parenkami atsitiktinai ir
nepriklausomai vienas nuo kito. Tiriame medzio stuuks priklausomye nuo atsitiktini svoriy tikimy-
binio skirstinio parametr.

Raktiniai ZodZiaitrumpiausi keliy medis, atsitiktinis svorinis grafas.



