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H. Bergstrom’s asymptotic expansions
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Abstract. In this work it is researched H. Bergstrom work about asymptotic behavior of convolutions of
probability distributions. We give the theorem about the members of expansionin decreasing order and the
remainder term estimation. There we propose apply Levy—Scheffer polynomials and to construct pseudo-
moments for more profound H. Bergstrom'’s asymptotic expansion investigations.

KeywordsBergstrom identity, Levy-Scheffer polynomials.

In 1951 H. Bergstrom [1] published equation about two probability distributfons
andG compositionsF** andG*" difference:

N
F*™(B)—G*"(B)=Y CyG*" ™ % (F —G)*™(B)+r{™V(B), (1)
v=1
wheres < n,
n
r’gSJrl) (B) = Z CliilF*(nfM) % (F — G)*(S+l) * G*(M*Sfl)(B)_ (2)
n=s+1

F and G probability distributions ink-dimensional Euclidean spad®, and B
B(R¥) — Borelo-algebra.
Using compositions method H. Bergstrom proved few theorems. Let's mark:

V[ f()] - functionsf (¥), ¥ € R, complete variation (3)

My[f1=max|f(A —X)
XeRk

, WwhereA —X={y -3 e A, ¥eR}. (4)
Let's sayg(u), u € R —non-negative function, which has characteristic:
g(ﬁ> =0O(g()), whenp is positive constant aand— oo, i.e., (5)
Jol
u . -
g(—) < Cg(u), whereC independent from, positive constant
Jol

Lets indicate:

AV (A) =CYG* ) % (F — G)*(A). (6)
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While analyzing expansion’s (1) asymptotic characteristics, H. Bergstrom used these
conditions:

a)V[nG* "D (F -G)<gn), Vn>0; (7)

b) iMoo VIF*" % (F — G)] =0, (8)
whereV[F*" x (F — G)] — total variation.

BERGSTROM S THEOREM 1. Suppose, that conditiof2) is valid, when exists con-
stantc; > 0 such, that

MAIAY] < c18” (M) MA[G],
whenv=1,2,...,s andA e B(RX).

BERGSTROM S THEOREM 2. Suppose, that conditior(§) and (8) are valid, and
functionsg(n) andg1(n, 1) are odds

o0
1

Z _gs‘+l(n) < 00 andMA[A,(/lS+l)] < [/L(A)g]_(n, S)7
n

n=1

where M4 (F) < n(A) or Ms(G) < u(A), ¢z > 0, then residual in expansiofi)
meets condition

Mu[rEP] < con(A)ga(n, ). (9)
Here and further constants, cs, ... depends on, but do not depends on
BERGSTROM S THEOREM 3. If function g (n) meets condition

1
Z Z¢ i, s) < oo,

n

then conditiong7) and(8) are necessary and sufficient, in order to be valid
V[AQ] = O(g" ).
wherev =2,3,...,s +1,s — fixed integer an? [+ V] = O(g*+1(n)).
Note Condition (8) can be changed:

im v [F*” @) * G((an)*%) * (F &) — G(;é))] —0, (10)

wherea — constantg > 1 ande = $+02=2 _ 1.

We have specified H. Bergstrom’s 4th and 5th theorems conditions using charac-
teristic function methods. Lets magk— k-dimensional random vector, which distri-
bution is F (x) = {S < X}; V — non-defectivé second raw moment matrixy' s’ —
guadratic formM& — means vector — transposed vectog; — random vector, inde-
pendent of:.
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THEOREM 1. Suppose randomector'sé second raw moments matrixis posi-
tively determineda € (2, 3] raw moments are finite, then constahitexists and de-
pends ork and A, such, that

— —1is A v
’ NG

wherev =1, 2,...,s, and B — Borel set.

For residual estimation we need:
lim sup‘F*”(B\/ﬁ) « H(BO.()/n)*) * (F(B/n) — @(Bﬁ))‘ —0, (1)
n— o0 B

wherei(n) — slowly growing function, lim_, ., A(n) = oo, H (B) — distribution with
characteristic functioh(|7]), and meet&(|7|) = 0, when|f| > 1, and probability func-

tion Q(|Z]) = O(e=vF1), when|%| — oc.

THEOREM 2. Suppose Theorefihand condition(11) are valid
Sup| F*" (B/i) — ®(A) = C;op(B /L) «(F(By/m) — ®(B/n))™|=0(n"2).
B 1 n—v

Note 1.Condition (11) is satisfied, when Cramer condition is valid

m (Mo <1.

[t]—o00
Note 2.Condition (11) is satisfied, if = 1 and random vector’§ characteristic
function’s absolute value is 1 only wher= 0 € R*.
We will use/n-row normalization:
t

P2 anse=s(:).

H. Bergstrom equation for characteristic functions is
N
=g =) Crg" () A, (12)
v=1
A(s+1 ‘ _ ‘ e
where#{ T = Y s i1 Coa [T — ) g L

This equation can be formalized. Lets mark= {r: f(r) # 0andg(7) # 0, 7 € R¥}.
Whent € T, then

fn:gnexp{ nf;g —%(\/Z%)Z

o DL yme2g f —gym
DO e
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Expansion is valid, when%ﬂ <c<1.
We use V.M. Kalinin generalized Appel’s polynomials

Ajz(ﬁf_g)=(—1)f(ﬁf_g)j

8 8
(—1)30at+v)) f — g\201t+v))
: v1+2v2;+jvj_j 3.+l ! <\/Z 8 )
and we get
o~ (DML 2 f —gym
el 35 S0 () ()]
~1 3 (5wl L) 2
AN ¢

Generalized Appel’s polynomials could be expressed:

j—1
o ,
Aja(y) = (1) 3y /T2 3 " ()3 gDy,
k=0
where

1
@ _
ik = Z 3”1--~(j+2)”-f111!---11j!,

u1+2u2+~~~+ju]»:j
u1+u2+~~~+u]>:k

k=0,1,...,7—-1, v,=0,1,2,....

LEMMA 1. Inequalitygﬁ) <Llisvalidforallk=0,1,...,j—1andj=12,....

LEMMA 2. Forall 7 e {7: \/ﬁ|%‘i| <1,7eR¥} N T expansion

g exp{n% - %(\/E%)Z} [Hé(%yf‘jz(ﬁ%)}
is valid.

While analyzing ratid%‘i)U whenv =1, 2, ..., we will use Scheffer’s polynomi-
als [2, p. 58].
We get formal expansion:

() = [ e (G- o)
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X1, 1 m . . .
- A& ontomn e -cioy

Here 0,,((if, X), v) is m-multivariate polynomial.

LEMMA 3. If

/ d(F(X) - G(x¥)) =0,
Rk
/(?,Ec')(dF(})—G(Ec'))zo
]Rk

and
/ (7, )%d(F(X) — G@@) =0.
]Rk

then

f—gv s 1 1 \m-1 PN N S\ kY
(ﬁ - >:m§v%(ﬁ> /Rk O (i@, %), v) d(F (%) — GE)™.
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REZIUME

A. Bikelis, A. Galinskis. Bergstremo asimptotiniai skleidiniai
Darbe nagriejamos H. Bergstremo tapagh panaudojant Levy—Scheffer daugianarius.

Raktiniai ZodZiaiBergstremo tapatyh) Levy—Scheffer daugianariai.



