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Error estimate in the central limit theorem
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Abstract. In this paper, we determined, independemntically distributed random variable{X, k =
1,2,...} centered and normalized sums = Y ;_; X distribution’s F,,(x) = P(Z, < x) exact error

estimate in case of the normal approximation with Geby3ova’s asymptotic expansion’s term.
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1. Introduction

Let {X;, k=1,2,...} — independent identically distributed random variables (r.v.),
having absolute finite moments

Bs =E|Xi' <00, s=12...,k=12...,n (1)
Note,EX; =0, DX = o2 are mean and variance. Besides, it is assumed, that
[EX{| <sIK*3Bs, K >0, s>4 ()

Note S, = >"7_; X — r.v. sum, therES, =0 andDS, = no?. Let

Zn=(0/1) S0, Fu(x)=P(Z, <x), 3)

be sum’sZ, distribution function that Fourier transforfy(r) = Eexp{itZ,,}.

The aim of this paper is to determine distribution’s (3) error estimate in case of the
normal approximation with on€ebySova’s asymptotic expansion’s (see [3]) term that
depends upon the third r.v. cumulant= I's(X1), scilicet

1.2

_ e 2" V3 .2
Gol) = P0) + o (1%, (@)

here® (x) — the standard normal distribution function.

We considered two cases, then r.v. Aah absolutely continuous, both lattice —
their values achievable with positive probabilities belong to arithmetical progression
{a +1h,1 =0,£1,...}, herea € R andk > 0 — maximal arithmetical progression’s
difference.

If independent identically distributed r.v. are lattice, then function (4) is supple-
mented with such periodic function §(= [x] — x + 1/2(see [4], [5]), herdx] —
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integer part of a number, scilicet

1.2 1
e y3 he™2*

N —3 (1 xz) Y
It should be remarked on, that such type of value of an error estimate in the Central
limit theorems has been made in such books, like [3]—[5], but in all of them have been
proofed, that the speed of convergence(ik/Q/n) order.
We will present you some new results, wherein absolute constants are evaluated too.
Moreover, in this paper the method of characteristic’s functions is used to find the
remainder term of the normal approximation with dbebySova’s asymptotic expan-
sion’s term.
Therefore at first we specified smoothing inequalities.

2

Gi(x) = P(x) + —— S((oxv/n—anm)h™1).  (5)

2. Error estimate of the normal approximation

THEOREM 2.1. 1.If F(x) — r.v. X4 distribution function, and functioiz1(x) is
described by4) formula, besides these function‘s Fourier transforms #e) and
g(), then for evenyl > 0

sup| F(x) — G1 ()| < / R e ©)

2. Assume thak; is lattice r.v. If F(x) — lattice r.v. X1 distribution function, and
function G (x) is described by5) formula, besides these function’s Fourier trans-
forms aref (t) andg*(¢), then for evenyT' > 0

f(t) — g% (Avh)Bs3
/ ‘ d+ To3

Sup|F (x) — G3(x)| < : (7)

herel v h = max1, h}.
This theorem was proofed using the proof placed in [4].

It's easy to obtain (4), (5) functions Fourier transforms, respectiyély, g*(¢).
If r.v. are absolutely continuous, then

1,2 m(n)"*
gn()=e"72 + e s (8
and in case of lattice r.v., we obtained that
Vs(lt)3
ht oo/ efih’12r[van

_Znaﬁ_Z: - exp{—%(l—i—h’lvao\/ﬁ)z}. (9)

Assume that considered r{¥;,k =1, 2, ...} are absolutely continuous.
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THEOREM 2.2. If independent identically distributed ryX;, k= 1,2,...} have
(1) absolute finite moments, and t® condition is satisfied, then

2
SUP| Fy (x) — Gp(x)| < B((K +2) v \/2/83)2%, (10)

here(K +2) v /283 =max{K + 2, \/283}.

Proof. At first we have to evaluatef, (1) — g,(2)]. According to the inequality
le" —1—y| <|x —ylexpllx — y| + |yl} + (1/2)|y|*€"!, we have

_ e T 1 . y?
| /o)) —gu(n)| = €72 exp{lnfn(r)+2r } - 537
1, yin?

ya(ir)® ya(ir)® }
603 /n 603./n

|

In £, (1) =nzg(n(o\/ﬁ)*1)‘“. (11)

s=2

1, 1,
x exp —ét +‘Infn(t)+§t —

r3(i® 2 of 12 ya(in?®
603./n 2 603./n
Well known thatf, (1) = f;}l(t(a\/ﬁ)*l), then

+3]
2

Besides, if the (2) condition is satisfied, then it is easy to show (see [1], [2]) that
sl <s'B/D((K +2)v/2B3) °ps, s>4, K >0, (12)
Well known thatl's(S,) = > _;_; ['s(Xx) = nys, herey, =T(X1), and

NS w
F‘V(Sn(ff\/ﬁ)fl) - O‘Y(\/ﬁ)‘v - ax(\/ﬁ)x72'

Consequently, if the (12) condition is satisfied, then
IT5(Za)| < s13/2((K +2) v y/2B3)"Ba(o (V) ~3) ", (14)
Reference to (11), (12), (14) it's easy to evaluate

(13)

10 £, + (1/2)12 — ya(ir)(60°y) |

° s—4
<@/2[(K+2) vV Balt* (00 1Y [111((K +2) v /2Ba) 0 Vi)Y

s=4
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< (A5/2)[(K +2) v /2B3] B3It 1* (0 ®n) L;
lya(in3603V/m) 7 < (/DK +2) v /2B3]B3lt P (a®n) 7L,
if |t] <403/n[5((K +2) v /2B3)B3]~* and Bz > 1. Therefore
| £u() = 20 ()] < (K +2) v /2B3)°B2(0n) 1
x [(15/2>|r|4e*%f2 + (1/16>|r|6e*%t2]-

Now we have to use (6) smoothing inequality th@in= 403./n[5((K + 2) v

V2B3)%B31~ L and Ty = 40 3n[5((K + 2) Vv v/2B3)%B3] 1, scilicet
3
SUp| F (1) = Ga (0] < 501+ 12+ 2p3(c3T) 1,
here

11=/ ‘fl(fn(t) —gn(t))‘ dr <Ip1+ 112,
[tI<T

L=
T<lt|<Ty

At first, evaluatel; integral. Considering to

and

L fu0) — ga(0)) \ 0 < Loy + Lo,

T
n1=AS[(K +2)v V2R pien [ ile ¥

< (10/2D[(K +2) v ,/2/33]2/332(06;1)*1 /OO ue ™ du
0
= (10/2D)[(K +2) v V/2B3] B3 (0°m) ™"

T
Lia=(1/16)[(K +2) Vv /_2ﬂ3]2ﬂ32(06n)1/T|t|5e%;2 ds

< (125/58)[(K +2) v ‘/2,33]2,332(06;1)*1 / u?e " du
0

= (125/27)[(K +2) v /2B3] B5(c®n) 2,

(16) integral was evaluated

2
L<5((K+2)V ,/2,33)20%.

(15)

(16)

(17)

(18)



Error estimate in the central limit theorem 393
Further, since
_ 1.2
| fu(t) —e7 2"

1 1
< exp{ =S 0/B[(K +2 v N/Zﬂg]ﬂg(ogﬁ)’lltlg} - exp{ - étz}

<l 42 VB e

SO
1
1= L £ (0) — — =20 d
2 /T<|z|<T1 : <f ® exp{ 2t }> !
< (125/36)[(K +2) v ,/2/33]2/332(0%)*1 / - ue " du
0
= (125/36)[(K +2) v v/2B3]°B2(0®n) L.
Moreover

1~ Lya(in)3(603/n) " te 2| dr

12.2=/
T <[t|<Ty
< (5/H[(K +2) \/,/2,83]2,832(06;1)1/0 ue " du

= 5/H[(K +2) Vv /2B3) (%) L.
Thereby, insertindy 1, 12 »to (17) gives

2
< 85/18)((K +2) v y285)" 3

Consequently, according to (15), (18) and (19) this theorem was proofed.

. (19)

Now consider lattice independent and identically distributed r.v.

THEOREM 2.3. If independent identically distributed ryX;,k =1,2,...} are
lattice, having(1) absolute finite moments, and t{®) condition is satisfied, then

2 (1v h)*p2
n

=, (20)

Sup| Fu(x) — G (x)| <4((K +2) v /283)

here(K +2) v /283 =max{K + 2, \/283}.

Proof. This proofis almost similar to the 2.2 theorem’s proof.
Here we have to use (9) smoothing inequality, wittand 71, described in the 2.2
theorem. Besides

L= /||<T ‘fl(fn(t) - g,’f(t))‘ dt <1+ o+ 13 (21)
1<
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1= [
T<lt|<Ty

Similarly to the 2.2 theorem’s proof, we obtained

and

0 = g50) |6 < Toa + 22+ o (22)

2
2 ,33
obn’

I+ 112 <5((K +2) Vv /283)

It is easy to evaluate, that

2

o0
1 ©
Iis=l3<h@roy/n)?t Z - exp{ — anvzaznhz}/ e 7 dr
v=1

—00

1V h 402
< (W2r /8t VR (K +2) v ,/2,33]2%.

Since

;82
I1+ 12 < (85/18)((K +2) v /_2ﬂ3)2£,
so inserting obtained integrals to (21), (22) and according to (9) gives (20).

Consequently, the error estimate of the normal approximation in case of the
Bernoulli’s distribution is
2, .22
sup| F (x) — G ()] < 368147 (23)
x npq

here r.v. achieves values 0 and 1 with positive probabilites §< 1, ¢ =1 — p.
BesidesEX1 = p, DX1 = pq, B3= pq(p* +¢?).
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REZIUME

A. Kasparavitiute, K. Padvelskis. Paklaidosivertis centringjeribingje teoremoje

Siame darbe gaunamas, nepriklaugafienodai pasiskisusiu atsitiktiniu dydziu {X;, k =1, 2, ...} cen-
truotos ir normuotos suma$, = Y ;_; X skirstinio F, (x) = P(Z, < x) aproksimacijos normaliuoju
désniu, su vienebySovo asimptotinio skleidinio nariu, tikslivertis.

Raktiniai ZodZiaiCentrire ribiné teorema, normalusis skirstinys, liekamojo navertis, kumuliantai.



