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On estimation of the Hurst index of solutions
of stochastic integral equations*
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Abstract. Let X be a solution of a stochastic integral equation driven by a fractional Brownian motionBH

and letVn(X,2)= ∑n
k=1(�kX)2, where�kX = X(k+1

n )− X( k
n ). We study the question under what con-

ditionsn2H−1Vn(X,2) convergence almost surely asn → ∞ holds. This fact is used to obtain a strongly
consistent estimator of the Hurst indexH , 1/2< H < 1.
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1. Introduction

A process is often observed at discrete points of time. It is natural to draw an inference
about various properties of a process from these observations. For example, in finance
a quadratic variation may be used to determine an integrated power volatility.

In this paper, we consider the stochastic integral equation

X(t) = ξ +
∫ t

0
g(X(s))dBH

s , t ∈ [0,1], (1)

whereBH is a fractional Brownian motion (fBm) with the Hurst index 1/2 < H < 1.

The integral is Riemann-Stieltjes defined pathwise. It is known (see, e.g., [4], Sec-
tion 5.3) that almost all sample paths of fBmBH , 0< H < 1, have locally bounded
p-variation forp > 1/H .

For 0< α � 1, C1+α(R) denotes the set of allC1-functionsg: R → R such that

‖g‖α := |g|∞ + |g|α = sup
x

|g′(x)| + sup
x �=y

|g′(x) − g′(y)|
|x − y|α < ∞.

Let g ∈ C1+α(R), 0 < α � 1. For 1� p < 1 + α there exists a unique solution
of equation(1) with almost all sample paths in the class of all continuous functions
defined on[0,1] with boundedp-variation (see [2], [5]).

For a real-valued processY = (Yt ), t ∈ [0,1], we define the quadratic variation as
Vn(Y,2) = ∑n

k=1(�kY)2, where�n
kY = Y(tnk ) − Y(tnk−1), tnk = k

n
. For simplicity, we
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omit indexn for t in the sequel. The asymptotic behavior of a second order quadratic
variations of Gaussian processes was considered in [1] (see also references in [1]).

The main result of this paper is the following theorem.

THEOREM 1. Let g ∈ C1+α(R), 0< α < 1. Then

n2H−1Vn(X,2)
a.s.−→

∫ 1

0
g2(X(t))dt.

It is easy to see that the following corollary holds.

COROLLARY 2. Define

Ĥn := 1
2

− 1
2 ln2

ln
V2n(X,2)

Vn(X,2)
.

ThenĤn − H
a.s.−→ 0 asn → ∞.

2. Basic notions and auxiliary results

Let

Wp([a,b]) := {
f : [a,b] → R: vp(f ; [a,b])< ∞}

,

where

vp

(
f ; [a,b]) = sup

κ

n∑
k=1

∣∣f (xk) − f (xk−1)
∣∣p,

κ = {xi : i = 0, . . . ,n} being all finite partitions of[a,b] such thata = x0 < x1 < . . .

< xn = b.
Let Vp(f ) := Vp(f ; [a,b]) = v

1/p
p (f ; [a,b]). Vp(f ) is a non-increasing function

of p, that is, if 0< q < p, thenVp(f ) � Vq(f ).
We used here the following results. Firstly, we obtain from [9] that∣∣∣∣∫ b

a

f dh − f (y)
[
h(b) − h(a)

]∣∣∣∣ � Cp,qVq

(
f ; [a,b])Vp

(
h; [a,b]) (2)

holds for anyy ∈ [a,b], whereCp,q = ζ(p−1 + q−1) andζ(s) = ∑
n�1n−s.

Let f ∈ Wq([a,b]) andh ∈ Wp([a,b]). It follows from (2) that

Vp

(∫ ·
a

f dh; [a,b]
)

� Cp,qVq,∞
(
f ; [a,b])Vp

(
h; [a,b]), (3)

whereVq,∞(f ; [a,b]) = Vq(f ; [a,b])+ |f |∞,[a,b], |f |∞,[a,b] = supa�x�b |f (x)|.
Secondly, we have Young’s version of Hölder’s inequality

n∑
k=1

|akbk| �
( n∑

k=1

|ak|p
)1/p( n∑

k=1

|bk|q
)1/q

, (4)
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that is valid for anyp,q > 0 such that 1/p + 1/q � 1.
Let a < c < b andf ∈Wp([a,b]) with 0< p < ∞. It is known (e.g., [2]) that

Vp,∞(fg; [a,b]) � Vp,∞
(
f ; [a,b])Vp,∞

(
g; [a,b]). (5)

Also, let f ∈ Wq([a,b]) andg ∈ Wp([a,b]). For any partitionκ and forp−1 +
q−1 � 1, we have by Hölder inequality (see, e.g., [9])∑

i

Vq

(
f ; [xi−1, xi ]

)
Vp

(
g; [xi−1, xi]

)
� Vq

(
f ; [a,b])Vp

(
g; [a,b]). (6)

Since almost all the sample paths ofBH , 1/2 � H < 1, are locally Hölder contin-
uous (see, e.g., [8]), we have

Vp

(
BH ; [s, t]) � L

H,1/p
T (t − s)1/p, (7)

wheres < t � T , p > 1/H ,

L
H,γ
T = sup

s �=t
s,t�T

|BH
t − BH

s |
|t − s|γ , 0< γ < H, E

(
L

H,γ
T

)k
< ∞ ∀k � 1.

3. Proofs

By applying the generalized Itô formula (see [6]) to(�kX)2 we get

(�kX)2 =
(∫ tk

tk−1

g(X(s))dBH
s

)2

= 2
∫ tk

tk−1

(∫ s

tk−1

[
g(X(u)) − g(X(tk−1))

]
dBH

u

)
g(X(s))dBH

s

+2
∫ tk

tk−1

(∫ s

tk−1

g(X(tk−1))dBH
u

)[
g(X(s)) − g(X(tk−1))

]
dBH

s

+2
(
g(X(tk−1))

)2
∫ tk

tk−1

(∫ s

tk−1

dBH
u

)
dBH

s .

We will show that the first two terms of the sum converge to 0 asn → ∞. From (2)
and (5) we obtain∣∣∣∣ ∫ tk

tk−1

(∫ s

tk−1

[
g(X(u)) − g(X(tk−1))

]
dBH

u

)
g(X(s))dBH

s

∣∣∣∣
� Cp,qVq,∞

(∫ �

tk−1

[
g(X(u)) − g(X(tk−1))

]
dBH

u · g(X); [tk−1, tk ]
)

× Vp

(
BH ; [tk−1, tk ]

)
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� Cp,qVq,∞
(∫ �

tk−1

[
g(X(u)) − g(X(tk−1))

]
dBH

u ; [tk−1, tk]
)

× Vq,∞
(
g(X); [tk−1, tk]

)
Vp

(
BH ; [tk−1, tk ]

)
.

It follows from (2) and (3) that

Vq,∞
(∫ �

tk−1

[
g(X(u)) − g(X(tk−1))

]
dBH

u ; [tk−1, tk]
)

� 3Cp,qVq

(
g(X); [tk−1, tk]

)
Vp

(
BH ; [tk−1, tk]

)
.

Consequently, from (4), (6), and (7) we get

n∑
k=1

∣∣∣∣ ∫ tk

tk−1

(∫ s

tk−1

[
g(X(u)) − g(X(tk−1))

]
dBH

u

)
g(X(s))dBH

s

∣∣∣∣
� 3C2

p,q

n∑
k=1

Vq

(
g(X); [tk−1, tk]

)
Vq,∞

(
g(X); [tk−1, tk]

)
V 2

p

(
BH ; [tk−1, tk ]

)
� 6C2

p,q max
1�k�n

[
Vp

(
BH ; [tk−1, tk]

)]
V 2

q

(
g(X); [0,1])Vp

(
BH ; [0,1])

� 6n−1/pC2
p,qL

H,1/p
1 V 2

q

(
g(X); [0,1])Vp

(
BH ; [0,1]).

Similarly, for the second term of the sum we have∣∣∣∣ ∫ tk

tk−1

(∫ s

tk−1

g(X(tk−1))dBH
u

)[
g(X(s)) − g(X(tk−1))

]
dBH

s

∣∣∣∣
� 4Cp,q |g|∞Vq

(
g(X)); [tk−1, tk]

)
V 2

p

(
BH ; [tk−1, tk ]

)
,

and
n∑

k=1

∣∣∣∣ ∫ tk

tk−1

(∫ s

tk−1

g(X(tk−1))dBH
u

)[
g(X(s)) − g(X(tk−1))

]
dBH

s

∣∣∣∣
� 4n−1/pCp,q |g|∞L

H,1/p
1 Vq

(
g(X); [0,1])Vp

(
BH ; [0,1]).

Note thatVq(g(X); [0,1]) � |g′|∞Vq(X; [0,1]) and

Vq

(
X; [0,1]) � Cp,q/α|g|∞

1− α
Vp

(
BH ; [0,1])+ [

Cp,q/α|g|αVp

(
BH ; [0,1])]1/(1−α)

.

Therefore

n2H−1

[
n∑

k=1

∣∣∣∣ ∫ tk

tk−1

(∫ s

tk−1

[
g(X(u)) − g(X(tk−1))

]
dBH

u

)
g(X(s))dBH

s

∣∣∣∣
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+
n∑

k=1

∣∣∣∣ ∫ tk

tk−1

(∫ s

tk−1

g(X(tk−1))dBH
u

)[
g(X(s)) − g(X(tk−1))

]
dBH

s

∣∣∣∣
]

a.s.−→ 0,

as n → ∞. To this end it suffices to takep sufficiently close toH and such that
2H < 1+ 1/p.

Consequently, the theorem will be proved if

2n2H−1
n∑

k=1

[(
g(X(tk−1))

)2
∫ tk

tk−1

(∫ s

tk−1

dBH
u

)
dBH

s

]
a.s.−→

∫ 1

0
g2(X(t))dt .

By the generalized Itô formula we get

2
(
g(X(tk−1))

)2
∫ tk

tk−1

(∫ s

tk−1

dBH
u

)
dBH

s = (
g(X(tk−1))

)2
(�kB

H)2.

Put

Sn(t) = n2H−1
[nt]∑
k=1

(
�kB

H
)2

, t ∈ [0,1].

Then

2n2H−1
n∑

k=1

[(
g(X(tk−1))

)2
∫ tk

tk−1

(∫ s

tk−1

dBH
u

)
dBH

s

]
=

∫ 1

0
g2(X(t))dSn(t).

It is known that (see [4])

Sn(t)
a.s.−→ t.

Since the functionSn(t) is non-decreasing, we have (see Lemma 1 in [7])

sup
t�1

|Sn(t) − t | a.s.−→ 0 asn → ∞ .

SoSn(t) is uniformly bounded. Consequently, the Helly-Bray theorem implies that∫ 1

0
g2(X(t))dSn(t)

a.s.−→
∫ 1

0
g2(X(t))dt asn → ∞ .

This completes the proof of the theorem.
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REZIUMĖ

K. Kubilius, D. Melichov. Stochastini ↪uintegralini ↪ulygči ↪u sprendini ↪u Hursto indekso ↪ivertinio klausimu

Nagrinėjamas stochastini↪u integralini↪u lygči ↪u sprendini↪u kvadratinės variacijos asimptotinis elgesys, kuris
leidžia gauti stipriai pagr↪ist ↪a Hursto indeksoH , 1/2< H < 1, ↪ivertin↪i.

Raktiniai žodžiai: trupmeninis Brauno judesys, kvadratin˙e variacija, pagr
↪
istas

↪
ivertinys.


