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On estimation of the Hurst in*dex of solutions
of stochastic integral equations
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Abstract. Let X be a solution of a stochasticintegral etioa driven by a fractional Brownian motiak/
and letV, (X, 2) = ;;:l(AkX)Z, whereA; X = X(k,lll) - X(f). We study the question under what con-
ditionsn?-1Vv,, (X, 2) convergence almost surely as> oo holds. This fact is used to obtain a strongly
consistent estimator of the Hurst ind&% 1/2 < H < 1.
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1. Introduction

A process is often observed at discrete points of time. Itis natural to draw an inference
about various properties of a process from these observations. For example, in finance
a quadratic variation may be used to determine an integrated power volatility.

In this paper, we consider the stochastic integral equation

t

X(0) =s+/ g(X(s)dBH, 1e[0,1], )
0

where B is a fractional Brownian motion (fBm) with the Hurst indey2l< H < 1.
The integral is Riemann-Stieltjes defined pathwise. It is known (see, e.g., [4], Sec-
tion 5.3) that almost all sample paths of fBBf’, 0 < H < 1, have locally bounded
p-variation forp > 1/H.

For 0< « < 1, C1*(R) denotes the set of all1-functionsg: R — R such that

/ /

Iglle = lgloo + 18le = SUPIE'(X)] + supM <00
x xX#y lx — yl

Let g € C1TY(R), 0 < < 1. For 1< p < 1+ « there exists a unique solution
of equation(1) with almost all sample paths in the class of all continuous functions
defined o0, 1] with boundedp-variation (see [2], [5]).

For a real-valued proceds= (Y;), ¢ € [0, 1], we define the quadratic variation as
Va(Y,2) =>4 (A Y)2, whereAYY =Y (1)) =Yt ), ) = % For simplicity, we
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omit indexn for ¢ in the sequel. The asymptotic behavior of a second order quadratic
variations of Gaussian processes was considered in [1] (see also references in [1]).
The main result of this paper is the following theorem.

THEOREM 1. Letg € C1**(R), 0 <« < 1. Then
1
i1y (x,2) 25 | g2(x 1)) dr.
0

It is easy to see that the following corollary holds.

I 2]1( )

H,==— .
T2 2In2 7 V,(X,2)

ThenH, — H 2% 0asn — oo.

2. Basic notionsand auxiliary results
Let

Wy(la, b)) :={f: la,b] = R: v, (f;[a,b]) < oo},
where

p

el

vy(fila,bl) =supy | f () — f(x-1)
k=1

»={x;: i =0,...,n} being all finite partitions ofa, b] such thatu = xg < x1 < ...
< x, =b.

Let V,(f) :=V,(f;ila,b]) = v,l,/”(f; la,b]). V,(f) is a non-increasing function
of p,thatis, if 0< ¢ < p, thenV,(f) < V,(f).

We used here the following results. Firstly, we obtain from [9] that

b
/ fdh—f(y)[h(b)—h(a)]‘<Cp,qVq(f;[a,b])Vp(h;[a,b]) @

holds for anyy € [a, b], whereC), , = ¢(p~t +g~H and(s) =), 5 1n "
Let f € W, ([a,b]) andh € W, ([a, b]). It follows from (2) that

v, ( / £ [a,m) < CpaVaolf: La. b1) Vy (h: La, b1), @)

whereV, o (f; [a,b]) = V,(f; la, b)) + | floo.[a.b1s | f loo.[a.6] = SUR<x < | f (O
Secondly, we have Young's version of Holder’s inequality

. . Up /& 1/q
> larbi] < (ZIC!kI”) (ZIMI") ; (4)
k=1 k=1 k=1
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that is valid for anyp, ¢ > O suchthat 1p +1/q > 1.
Leta <c <bandf € W,(la,b]) with 0 < p < co. Itis known (e.g., [2]) that

Vp.oo(F8: [a,b]) < Vp ool f: [a, b])Vp.o(g: [a, b]). (5)

Also, let f € W, ([a,b]) andg € W, ([a, b]). For any partitions and forp~1 +
g1 >1, we have by Holder inequality (see, e.g., [9])

D Vo i1 xi1) V(85 [xi—1. xi1) < Vg (f: [a.b]) Vi (g: [a. b1).  (6)
Since almost all the sample paths®¥ , 1/2 < H < 1, are locally Holder contin-
uous (see, e.g., [8]), we have
Vo (BT Is,11) S LIPYP (1 — )V/7, (7)

wheres <t < T, p>1/H,

H,y |BzH_ByH| H,y\k
LT = Supw, O<)/<H, E(LT ) <0 Vk}l

3. Proofs

By applying the generalized Itd formula (see [6])Xiv; X)? we get
I 2
(AcX)? = ( / g(X(s»dBf’)
Ir—1

Ik s
= 2/ (/ [e(X () — g(X (tx-1))] dB,iq)g(X(S))deH
Ir—1

Ir—1

Ik s
+2/ (/ g(X(tkl))dBf>[g(X(S)) — 8(X (%t—1))] dB/!
Ir—1

Ir—1

174 s
+2(g(X (t_1)))° / ( / dBf) dBH .
Ir—1 Ir—1

We will show that the first two terms of the sum converge to 8 as co. From (2)
and (5) we obtain

174 s
/ (/ [g(X W) — g(X (1x-1))] dB,fI>g(X(S))dBf
Ir—1

Ir—1

< Cp,qvq,oo</- [¢(X ) — g(X (tx-1))] dB, - ¢(X); [tx—1, tk])

Ir—1

x V(B [t—1, 1))
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< Crg quo(/- [¢(X ) — g(X (tx-1))] dB; [—1, tk])

Ir—1
X Vg0 (8(X); [tk—1, 1) Vo (B™: [tr—1. 1)
It follows from (2) and (3) that

Vq,oo(/- [¢(X ) — g(X (tx-1))] dB; [tkl,tk])

Ir—1
<3Cpq Vy(8X); k-1, 1) Vo (BT [, ).
Consequently, from (4), (6), and (7) we get

n

2.

k=1

174 s
/ (/ [g(X W) — g(X (1x-1))] dB,fI>g(X(S))dBf
Ir—1

Ir—1

<3C3, Y Vy(8(X): [tem1. 1) Vo0 (8 (XD: [tk—1. 1)) VE(BH: [15—1. 1])
k=1

<6C3, max [Vp (B [tx-1, 51) ]V (2(X); [0, 1)V, (B [0, 1])

<6n~Yrc2 L7V (g(X): [0, 1)V, (B [0, 11).

Similarly, for the second term of the sum we have

Ik s
/ ( / g(X(rk1>>dB£’)[g(X(s))—g(X(rk1))]dBf
Ir—1

Ir—1

<AC 418100 Vg (8 (X)) [k—1. 1 ]) VE(BY: (i1, 1),

and
)
k=1

<4nYPC, gl LA PV, (g(X); [0, 11)V, (BT [0, 1]).

174 s
/ (/ g(X(tkl))dB,iq)[g(X(S)) — g(X (tx—1))] dB/!
Ir—1 Ir—1

Note thatV,, (¢(X); [0, 1]) < |¢'|e V, (X; [0, 1]) and

C p—
Vo(X:10,11) < “LLEL v (5H10,11) 4 [C,. g el Vp (B 10 21)] V4

Therefore

n
anIl[ZZ:
k=1

174 s
/ (/ [g(X W) — g(X (tx-1))] dB,fI>g(X(S)) dB/!
Ir—1 Ir—1
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+Zn: } 2%,
k=1

asn — oo. To this end it suffices to take sufficiently close toH and such that
2H <1+1/p.
Consequently, the theorem will be proved if

n 1) N 1
2n2HlZ[(g(X(tkl)))2/k (/ dBf) deHi| ﬂ)/ gA(X (1) dr .
1 Tk—1 0

Ik s
/ ( / g(X (tx_1))dBY ) [g(X(5) — (X (tx—1)]dB}
Ir—1 Ir—1

Ir—1

By the generalized 1t6 formula we get

2(g(X (r-1)))° / ( / dBf)dBf = (e(X(t_1)))*(Ar B2,
Ir—1

143

Tk—1
Put
[nt]
S =n21713" (ABH)?, 1 e[0,1).
k=1
Then
n 1, N 1
ZnZHlZ[(g(X(l‘kl)))z/k (/ dBf) dBSH} =/ g2(X (1)) dS, (¢).
k=1 Tk—1 Tk—1 0
It is known that (see [4])
Sa(t) 25 ¢,

Since the functior$, (¢) is non-decreasing, we have (see Lemma 1 in [7])
suplS, (1) —t] =50 asn— oco.

<1

So S, (¢) is uniformly bounded. Consequently, the Helly-Bray theorem implies that

1 1
/ g2(X (1) dS, (1) 25 / g2(X(1))dr asn— oo.
0 0
This completes the proof of the theorem.
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REZIUME

K. Kubilius, D. Melichov. Stochastiniyintegraliniy lyg€iu sprendiniy Hursto indekso jvertinioklausimu

Nagrirejamas stochastimintegraliniy lyg€iu sprendini kvadratires variacijos asimptotinis elgesys, kuris
leidzia gauti stipriai pagsta Hursto indeksdf, 1/2 < H < 1, jvertini.

Raktiniai ZodZiaitrupmeninis Brauno judesys, kvadrativariacija, pagstasivertinys.



