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On limit uniform distribution

Jonas Kazys SUNKLODAS(MII, VGTU)

e-mail: sunkl@Kktl.mii.lt

Abstract. In the first part of the present paper, we estimate the differavjte= SUP_ o< <00 |IP{Yn < x}
— P{¢ < x}|, whereY,, = X,,/n, X, is a discrete r.v. witlP{X,, = j} = ﬁ for j =nk, nk+1,...,
nl—1,asn=1,2,..., k<1, andk,![ are any integers; the absolutely continuous&.is uniformly dis-

tributed in the intervalk, []. The upper bound czfs,(ll) is (,_lk)n .

In the second part of the present paper, we estimate the differefite- SUP_qo<x <00 IP{S < x}
— P{¢& < x}|, whereS, = Z'}:lxj/zf, the rv’sXy, ..., X, are independenk ; is a discrete r.v. with
P{X; = —a}=P{X; =a}=1/2for j =1,...,n and any real number > 0; the absolutely continu-
ous r.v.¢ is uniformly distributed in the intervel—a, a]. The obtained upper bound azf,(,z) isCc27",
whereC < 4.
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1. A“bridge’ between discrete uniform and absolutely continuous uniform
distributions

Consider an absolutely continuous random variable @ wniformly distributed in
the interval(k, I], wherek < I, andk and! are any integers (we use the notatior
Uk, 1)), i.e., consider the r.& which has the distribution and characteristic functions,
respectively,
P <x}="—
< =

YT
Here and in what follows 4 is the indicator of sefi. R is a real line.

We are interested in constructing a uniformly distributed discret&,r,\the distri-
bution functionP{Y,, < x} of which converges to the distribution functi®¢ < x} of
the absolutely continuous r§.~ U[k, 1], as well as in determining the rate of conver-
gence.

The case where the r.Y,, takes on the values,Q/n,2/n, ..., (n — 1)/n with
equal probabilities An and the convergence fact &, to the absolutely continuous
and unformly distributed r.\& in the interval[0, 1] is discussed, for example, in the
book [1, p. 37].

The following statement is valid.

Lge,11(x) + L, 00) (). (1)
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THEOREM 1. Assume that for alt =1, 2, ... and for all k < [, wherek and! are
any integers,
1

PXn =)= =

j=nk,nk+1,...,nl — 1

Denote

AD (x) =P{Y, < x} —P{€ < x},
x—k

[ —k

P{§ <x}= Lo n(x) + 1, 00)(x).

Thenforalln =1,2,...
1
(—kn

(@)

sup| AP ()] <
xeR

Proof. The proof of Theorem 1 follows comparing the distribution functions
P{Y, < x} andP{¢ < x} in each separate interval of chanzqes of the argumefdr
x <k, afterwords fok < x <k+ %, nextfork + % < x <k+ 2, and so on, and finally

forx>1—1.
n

n

2. Uniform bound for asymptotic uniformity of independent random variables

In what follows, a symmetric r.\e ~U[—a, a], wherea > 0 is any real number, with
the characteristic functioyi(r) = 304.,

at

The following statement is valid.

THEOREM 2. Let X4, ..., X,, be independent r.viwith the probabilities
j=1....n, 3)

wherea > 0 is any real number. Let
n
X.
- . -
Sn_Z;Y, Y=
J:

AP (x) =P(S, < x} — P{€ < x},

x+a
P{&§ <x}= 71(761,61]()” + 14,00 (X).

Then, foralln =1, 2,...
sup| AP (x)| < €27, (4)
xeR

_12-1027Ye—ebH-1 _
whereC, = T aleel D = 3.9549...



On limit uniform distribution 419
To prove Theorem 2, we need Lemma 3.

LEMMA 3. Let the conditions and notation of Theor@he satisfied. In addition,
denote the characteristic functions of the synand symmetric r.v§ ~ U[—a, a],
wherea > 0is any real number, with the characteristic functigir) = S04L:

fu(t) =E™ and f(r) =E&’.
Then for alljar| < 2"

C1 |atsinat|

[fa) = FO] < 77 PRI (5)

whereC; =2"1(e—e 1) —1=0.1752...

Proof. To prove Lemma 3, further we write sitin a way useful to us. By means of
iteration, it is easy to see that, for alE R and all finiten =1, 2, .. .,

n

. .t
sinr = 2" sin- I1 cos, (6)
j=1
and therefore
2" sing " at
_ on “or
f@) = — 1_[ cos;. 7)
j=1
Since r.v.’sYy, ..., Y, are independent, one has that the characteristic fung}ion
of the sums,, is
n
at
Ho=]] cos ;- (8)
j=1
It folows from (7) and (8) that
4 —sin4 | |sinat|
2)1 2)1
t)— f()| = 9
FAGENI0] SnZ| il (9)

It only remains to estimate the right-hand side of (9). To this end, we use the following
fact: forall |x| <1

sinx = x 4+ 6C1|x 3, (10)

whereé is a function such thgt| < 1. Note that (10) follows from the expansion of
sinx in the power series [3, p. 42]

o 2k+1

sinx = Z(_l)k(Zxk——i—l)! (12)
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and the numerical series [3, p. 13]
oo

P Y|
g(2k+1)!_2 (e—e™). (12)

Thus, using (10) we get that, farz| < 27,

at . at |at|3
2_11 —Slnz—n < C]_ZT, (13)
lat|

(14)

. at >
‘smz—n‘ >(1- .
Now Lemma 3 follows from (9), (13), and (14).

The end of the proof of Theore2n Since

x+a /
s —1_ 1 —
x;g ( o a,a1X) + L4, 00) (X)>x >’
we derive from our Lemma 3 and Lemma 2, for example, from [2, p. 302] that, for the
distribution functionP{S,, < x} with the characteristic functiof, (+) and the distrubu-
tion functionP{¢ < x} = 341, 41(x) + La,00) (x) With the characteristic function

f@),andT =2"/a,
@) — f(@) 12 1
— ‘dt—l———

@ 2 (1
SUp|A < —
xeﬂg n (x)|\71/0 maT

< _ G /2”/a |sinat|dr + 12
X a
(1— Cpm22n-1 ], T2

_ 12—10C; 1
S @A-Cpr2r

Theorem 2 is proved.
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REZIUME

J. Sunklodas. Apietolyguji ribinj skirstini
Sukonstruotas diskretusis atsitiktinis dydis, tolygiai pasisggbiigtiniame intervale, kurio pasiskirstymo
funkcija konverguoja absoliLciai tolydaus atsitiktinio dydzio, tolygiai pasiskaisisio baigtiniame inter-
vale, pasiskirstymo funkajir gautas konvergavimo greitis tolygiojoje metrikoje.

Gautas diskreiyju atsitiktiniy dydziy sumos pasiskirstymo funkcijos konvergavimo greitis tolygio-
joje metrikojei absoliciai tolydaus atsitiktinio dydzio, tolygiai pasiskaisisio baigtiname intervale, pa-
siskirstymo funkcig.

Raktiniai ZodZiaitolygusis skirstinys, nepriklausomi atsitiktiniai dydziai .



