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1. Introduction

There exist a lot of extensions of Donsker—Prokhorov invariance principle. They are
concerned with using different functional spaces, using multiparameter processes, in-
troducing dependence and other topics. In this article the case of independent non-
identically distributed random variables will be discussed. For one dimensional pa-
rameter case main results are Araujo and Gine [1] for continuous function space
and Rakauskas and Suquet [7] for Holder functioraep. Both results use adaptive
construction of summation process. In two dimensional parameter case Bickel and
Wichura [2] extended Donsker—Prokhorov invariance principle for variables with spe-
cial variance structure in spade, of functions “continuous from above with limits
from below”. The result presented will generalize the result ofk@askas and Su-
guet for two dimensional parameter case, by using process construction of Bickel and
Wichura.

2. Notation and results

In this paper vectors= (11, 12) € R?, are typeset in italic bold. As a vector spa®,
is endowed with the norm

el =max(jl, lr2l), ¢ = (11, 22) € R?.
We define the Holder space,HO, 1]) as the vector space of functions[0, 1] — R
such that
[Xllq := x(0)] + wa (x, 1) < o0,
with
lx (&) — x(s)|

wy(x,8):= sup 0.
O<|t—s|<s |t —s]¢ 8—0
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Endowed with the nornij. ||, H2 ([0, 1]?) is a separable Banach space, see [3] or [4].
Define triangular array with double index as

(Xn,ij, 1<i<ly, 1<j<Jy), neN

where for eacln random variables are independent. Assume gt ;; = 0 and that
02, = EX2, = ay by j, With Y/ @, i =1 and "7 b, ; = 1. For 1<k < I,

1<1< J, let

k I k I
Sn(k,l)zzzxn,ij, An,k:Zan,i Bn,l:an,j
i=1

i—1 =1 =1
Forl<i<I,,1<j<J,let
Ryij=[Ani-1, Ani) X [Bn,j—1, Bn ;). (1)

Due to definition ofa,; andb, ; we get thatr, ;; N R,y = 2, if @, ) # (k,D),
Ut<i<t, Yi<j<u, Ruij =10 D% and Y ;o) Y 1<j<, |Rnijl =1, where|A| de-
notes the Lebesgue measure of thesetR?,

Now define the summation process

gt t)= Y > [Ruij| Y Ruij N0, 11] x [0, 22]| X i 2)

1<K 1K<
A Wiener sheetW (1), ¢ € [0, 1]% is a mean zero Gausian process with covariance

function EW (¢) W (s) = min(1, s1) min(zy, s2).
Now we can state our main result.

THEOREM1. ForO<a <1/2,set g >1/(1/2 — ). If

max a,; — 0 with max b, ; -0 3)
1<i<ly 1<i<n
and
lim anib, )TI“E|X, ;|7 =0. 4
lim " Y (nibn ) TIYE | Xnjl (4)
1<K 1K<
Then

H2 (10,11%)
g, —— 5 W.

n—o0

This theorem generalizes Theorem 2 from [7] in a sense that if we “lose one dimen-
sion” the theorems will be the same.
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3. Background and tools
3.1. Summation process
As in [5] define operators

AL, (k1) = S, G, 1) — S, — 1,1),
AP S, (k1) = Sy(k, j) = Su (k. j = 1).
Note that they commute, and foreackl < 1, 1< j < J,
X, =AY AE.Z)SH k,1).
Define
Ap(t)y=maxtk >0: A, <1}, Bu(tz)=max/i>0: B, <t2}.

Fix t = (11, ©») and denote by = A, (1) andJ = B, (t2). Similar to [6] and [5] we get
that&, (¢) has such representation:

1nh—a to—b
E,(t1.12) = S, (1 J) + —L AW 5,1, 7) + Z—2L AP 5,1, )
a byi1

141 I+1 J+1
n—apit2—byy 2
i “L A Sa (L DAL S, (1L D). (5)

aryr byya
3.2. Tightness criteria
Let
Uj=k277;0<k <2/)?

and letVo = U, V; = U;\U;_1. V; is the set of dyadic points= (k127/, k227 /) in
U; with at least oné; odd. For any continuous functiondefine

rop(x) =x(v), veW,
1, .
Aj,,,(x)zx(v)—é(x(v )+xh), wveV;, j=1,

where

- Jv— 27]., if k; is odd, +_Ju+ 27]., if k; is odd,
V. = . . v, = . .
! v;, if k; is even; ! v;, if k; is even,
fori =1, 2.
As a tightness criterion we will use following theorem, which is a special case of
Theorem 6 in [5].

THEOREM 2. The sequence (Z,),>1 of random elements of Holder space
H, ([0, 1]%) is asymptotically tight if following conditions hold:
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(i) For each dyadic ¢ € [0, 1]2, sequence Z,(¢) is asymptotically tight.
(i) Foreache >0

lim lim supP(supZ‘” max|AJ o(Zp)| > s)

J—>00 psoo i=J ve

4, Proof of Theorem 1
4.1. Finite-dimensional distributions

Fix t = (11, tp) and denote by = A, (1) andJ = B, (r2). Define process

En(t) =S (1, J).

This process coincides with the process considered by Bickel and Wichura [2]. Now
from (5) we see that

J 1

EE(6) = 6u@)* <Y arpabnj+ Y aibjy1+ariabsj41— 0, asn— oo (6)
j=1 i=1

due to (3). Furthermore since

I n Jﬂ I n Jﬂ

DD EX 1Kl e} < = 2ZZEIX,WI

i=1j=1 i=1j=1

we get that condition (4) ensures that Lindeberg condition is satisfied, thus conditions
of Theorem 5 from [2] are satisfied argg(¢) finite-dimensional distributions con-
verge to Wiener sheet finite-dimensional distributions. Now (6) ensures the same for

processs, (1).

4.2. Tightness

We will use Theorem 2. The condition (i) follows from convergence of finite dimen-
sional distributions. We now prove condition (ii). Due to definitionigf, (§,) it is
easy to check, that (ii) holds, provided that, for every 0

lim I|msupP<sup2‘” max |En(r,s1) — En(r™, s1)| > s) =0, (7)
J—>00 pnosoo i=J
0<l<27

whereD; ={2( —1)27/;1<1< 2, rm=r—277, 5y =127/.

Denote v= (r,s;), V- = (r—,s;). Also denotel = A, (r), I~ = A,(r7), J =
B, (s;). Consider following configurations.

Casel.A,(r) =A,(r7). Then

r—r= s;—by,

D 2@
LARLAR S0 D).

En(r.s1) — En(r ™, 51) = - A(l’ Sp(1, J) +
8 8 ajpp YT ary1 b1+1
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Since
r—r- 27J
< a b
ar+l 4y
we have
1)
AYS, G, )
|, s1) — £0(r ™. 5)] <3-277% max —’\
1<i<In
1<j<in nl

Case?2.A,(r) = A,(r7) + 1. The same inequality holds with right side multiplied
by 2.
Case3. A,(r) > Ay(r™) + 1. Putu= (A,.1, 1), U= (A, ;-,s). Then
|Sn(v) - Sn(vi)| < |$n(v) - Sn(u)| + |$n(u) - Sn(u7)| + |$n(u7) - Sn(V7)|-

We have

e ] — e St=bny @ e
& (u) — &,(UD)| =S, (1, 1) = S, (I, ]) + s AL (S, D) = S, (7, D))
+

thus
(W) — £, (u7)| < 3_ max Z A S, G ).

\J\ )1.

=142
Using these inequalities we get that (7) will hold if

I|m limsupIly(J,n; &) = (8)
J—>00 p—soo
I|m limsupIla(J, n; &) = 9
J—>00 p—soo
where
1) ..
A7S, 3,
Hl(J,n;s)=P< max #‘»). (10)
1<i<In .
1<j<in n,
and

Ay(r)

Hz(J,n;s)=P<sup2 /“max max ) 1AL, (k, D) >£> (11)
i>J reD; 1<KI< Jy d

k=A,(r7)+2

Proof of (8). Using Markov and Doob inequalities for> 1/(1/2 — ) we get

Iﬂ
Zs a1 E|AM S, (i, I
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Iﬂ

Jn Jn
<CZ£ qa q ((Za”vibnd> +ZE|anj|q>

i=1 j=1 j=1

I Iﬂ Jn
— 1/2—
Lce q( q(/ a)+§ E (an,i n]) an|an]|q>
i=1

i=1j=1
Now (8) follows from (3) and (4).

Proof of (9). Using Doob and Rosenthal inequalities and the definitiaf,@f) we
have

An(r)

. q
Hz(J,n,s)<ZZs‘12“”E<lgwjagjn Yoo |aPs, (k,l)|>

j=JreD; k=A,(r—)+2

. Ay g2 O
<ZZS"2‘”"C<< > Zankbnll> + Y ZE|Xn,kl|q>

jzJreD; k=A,(r")+21=1 k=A,(r)+21=1

An(r) Jn

< ngqzj(lJraqfq/Z) + Z Z e—42%/4 Z ZE|Xn,kl|q-

j=J j?-’rED.f k:A)1(r7)+zl:l

The first of the summands does not dependrcand tends to zero, wheh tends
to infinity, sinceq > 1/(1/2 — «). Denote byl (J, n, ¢) the second sum without the
constante~4. By changing the order of summation we get

I n Jﬂ

IJnq) =" ElXyul? > 29 Y YA + 1<k < An(n)}.

k=11=1 i=J reD;
The inner sum can be estimated identically to [7], with the slight change of notation.
21

qj —aq
D229 N UAGT) + 1<k <A} < a1 (12)
i=J reD;
Substituting (12) we get
In Jn In Jn
IJn,g) <Y Y a EXuul <Y (axb) 1 ElX,ulf,
k=11=1 k=11=1

and we see that (11) ensures (9), thus condition (ii) holds.
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REZIUME
V. Zemlys. Apie Donsker—ProkhorovinvariantiSkumo principo apibendrinima

Siame straipsnyje yra apibendrinamas DonsReskhorov invariantiskumo principas dvigia“indekso
sumavimo procesui segiischemoje.



