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Europos studentolimpiada’07

Dainius DZINDZALIETA (MlI)
el. pastas: dainiusda@yahoo.com

Kiekvienais metaiekijos Voj&ch Jarnik universitete organizuojama tarptautin’
studenti matematikos olimpiada. Sioje olimpiadoje gali varZytisuvisuropos 3ali
komandos, i$ anksto atsiuntusios paraigiSia olimpiada Vilniaus universitetas taip
pat siurtia savo komarg Buwes olimpiadininkas Paulius Drungilas dabar jau pats
rupinasi Sios komandos sudarymu ir kelione, be to, ir sunki apeliacijos nasta tenka
jam.

Olimpiados dalyviai pagal tai, kuriame kurse studijuoja, skirstari grupes. Pir-
majai grupei priskiriami I-Il kurso studentai, antrajai — Ill-IV kurso studentai. Zi-
noma, pagal grupes skirstomi ir uzdaviniai. Jaunesni studentai gauna uzduotis, ku-
rios nereikalauja gilaus universiteto kurso Zinojimo,eabahitrakursis praktiSkai neturi
jokio pranaSumo prie$ pirmo kurso studgen¥yresniesiems studentams jau tenka uz-
duotys, kurioms iSsgsti nebeuztenka vien gercastymo,cia jau reikia universitete
igyjamu Ziniy.

PrieS olimpia@ studentai gauna identifikavimo nurpekuri uzraSo ant voko,
grazinamo pasibaigus sprendimui skirtoms 4 valandoms. Taip gana efektyviai uZtikri-
namas konfidencialumas. UZzduotys pateikiamos wargllba, sprendimai taip pat
turi buti uzrasyti ja, toél pateikiame kiekvienos greg’ uzduotis angl kalba, taip
tikedamiesi bti kuo tikslesni.

| grupé
Problem 1. Can the set of positive rationals be split into two nonempty digjoint
subsets 01 and Q», such that both are closed under addition, i.e, p + g € Qy for
every p,q € Qr, k=1,27?
Can it be done when addition is exchange for multiplication, i.e, p-g € Qy for
every p,q € Qr, k=1,27?
[10 points]

Problem 2. Alice has got a circular key ring with n keys, n > 3. When she takes it
out of her pocket, she does not know whether it got rotated and/or flipped. The only
way she can distinguish the keys is by colouring them (a colour is assigned to each
key). What is the minimum number of colours needed?

[10 points]

Problem 3. A function f: [0, c0) — R\{0} is called slowly changing if for any

t > 1 the limit lim,_ o J}((’;)’ exists and is equal to 1. Is it true that every slowly
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changing function has for sufficiently large x a constant sign (i.e, isit true that for
every slowly changing f there exists an N such that for every x,y > N we have

fx) f(y)>0?)

[10 points]
Problem 4. Let f: [0, 1] — [0, co) be an arbitrary function satisfying
J@)+ ) x+y
7 < /() +t
for all pairsx, y € [0, 1]. Provethatfor all O<u<v<w <1
— V—Uu
fu)+ fw) < f(v) +2
—Uu w—u
[10 points]

Il grupé

Problem 1. Construct aset A € [0, 1] x [0, 1] such that A isdensein [0, 1] x [0, 1]
and every vertical and every horizontal line intersects A in at most one point.
[10 points]

Problem 2. Let A beareal n x n matrix satisfying
A+A =1,

where A’ denotes the transpose of A and I the n x n identity matrix. Show that
detA > 0.
[10 points]

Problem 3. Let f: [0, 1] — R bea continuous function such that f(0) = (1) =0.
Prove that the set

A:={he[0,1]: f(x+h) = f(x)for somex € [0, 1]}
is Lebesgue measureable and has Lebesgue measure at least %
[10 points]

Problem 4. Let S be a finite set with n elements and F a family of subsets of S with
the following property:

AeF, ACBCS=BelkF.
Prove that the function f: [0, 1] — R given by
f@) ="M@ -\
AeF

isnondecreasing (|A| denotes the number of elements of A).
[10 points]
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Kaip ir tarptautireje moksleivii olimpiadoje, komandos vadovas &itliera po
olimpiados, susipazgs su darbais, bendrauja su vertinimo komisija ir bando iSstider
kuo didesinbaly skatiu. Tai ypa& sudetingas darbas, kuris kartais reikalauja Zymiai
daugiau iSmoes, nei tj uzdaviny sprendimas.

Norédami parodyti, jog uzdaviniaiema néveikiami, pateikiame dviej uzdavini
sprendimus.

| grupés 1 uzdavinio sprendimas.

Solution. (a) No. If g, L e Qi then of course’”q*T‘” € Q. Addingn timesg and
m times< glves”’”q# € Qy for all positive integers, m, hencenp + mr € Q. for
all positive integer&, m. So if %, resg € Qr we getthatpips + rirp € Q1N Q5.

(b) Yes, for instance

01 = {% eQ*: (m,n)=1and an} and 0, =Q"\ Q1.

Il grupés 1 uzdavinio sprendimas.
Solution. Takea, 8 € Q such that% Z Q. Then

A= {({na}, {n,B}): ne N},
where{x} denotes the fractional part of fulfills the assumptions.

Norime pazyneti, jog Sio straipsnio tikslas yra supaZindinti skaitytojus su stu-
denu olimpiady taisykemis ir uzdaviniais, o ne pateikti dar nematytus uzdavinius ar
sprendimus. $ilome skaitytojams patiems iSgsti likusius uzdavinius ir galli net
pabandyti sugalvoidomesnius pirmju uzdavinu sprendimus.
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SUMMARY

D. DzindZieta. Student’s olympiad EUROPE 2007

Problems of a students olympiad EUROPE 2007 are considered. The problems are given in English and
Lithuanian. Two solutions of problems are proposed.
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