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Abstract. We introduce a generalization of (Kolmogorovian) conditional probabilities.
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1. Introduction

In this note we introduce multiconditional events and describe their expected val-
ues (which we call multiconditional probabilities) generalizing some results of
H.T. Nguyen, |.R. Goodman and E.A. Walker [6] and partially of U. H6hle and S. We-
ber [1-4,7,8].

2. Multiconditional events

Let B be a Boolean algebra, and letand fp be elements oB. In [5] (further devel-
oped in op.cit.), the “conditional eventa“given fu”, written (a || fo), is defined as
the order interval

(all fo)=lanA fo,aV—=fol,

i.e., the set of all elements & betweeru A fy anda Vv — fy (which is the same thing
as the paifa A fo,a v —fp). In this note we propose the notion of “multiconditional
events” in a Boolean algebra.

Let B be a Boolean algebra and lgfy, .. ., f,—2) (with n > 2) be a event of ele-
ments ofB such that

fo<...<froandan fo=...=an f_2.

Then we define thenulticonditional event (a || fo, ..., fu—2) of “a given conditions
fo, ..., fn_2" as the following isotonic chain:

@l fo,.... fa—2)={a A fo,avV—=fu_2,...,aV —=fo).

We denote byB" the set of all isotonic chaing: n — B, wheren denotes the se-
guence of integersn = {0, 1,...,n — 1}. We provide this set with the point-wise
partial ordering:f < g < fo < g0,---, fn-1 < gu—1. Obviously these chains form

a bounded lattice, and the lattice-theoretic operations and universal bounds are given
by:

(fos-vvs fu—1) AN (805 -y 8n—1) = (fON&Os--+s fu—1 A &n-1),
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(fos-vvs fn-1) VI(gos- s 8n-1)=(fOV &0s---s [u—1V &n-1),
(L,...,0)=1 and(T,...,T) =T,

where L and T (in brackets) denote the least element and the largest eleméhnt in
respectively. If we identifyB with the sublatticeB of B" of constant sequences

B?:{(a,...,a)|a€B}

then B becomes a sublattice &".
We denote byB" the set of all multiconditional events. The following equalities are
worth pointing out

an fol fo.-... fu2d=...=(@A fu2ll fo,.... fu2) =@l fo,..., fu-2).

It can be easy checked that chainsBfare in an one-to-one correspondence to mul-
ticonditional events irB" via

(80, 81,---,8n-1) =(goll g0V —gu-1,..., 80V —g1).

Further, it is easy to see that the &% of multiconditional events extends the getn
the following sense:

(a|T,...,T)=Aa,...,a),
(al fo,--os fu—2) =1 g0, ---, 8n-2)
S an fo=bAgo, fo=go, ..., fa—2=8gn—2.
The following natural partial ordering can be defined&h
@l fo,---s fu—2) <@l go, .-, gn—2)
Sanfo<bnrgo,aV—fo<bV—go,...,aV-fi 2<bV g, 2,

which extends the usual entailment relatiorBinThe following monotonicity proper-
ties hold:

a<b2>(a ||f077fn72)<(b||f077fn72)7
fo< 80 o2 < gn-2,aNgo<an fo
:>(a || 807---7gn72)<(a || f07---7fn72)'

FurthermoreB" is a bounded lattice. The lattice operations and universal bounds are
given by

(al fo,--os fu—2) AN(b |l g0, - - -+ n—2)
=(@nforbAgoll(@n forbAgo)V(=an fo)V(=bAgo),
@A foAbAgO) VY (ma A fu_2)V (=b A gn_2)),
(al fo,-.os fu—2) V(b go,---,8n-2)
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= (@A fo) vV (bAgo)ll(@n fo)V(bAgo)V(—aA foA=bAgo),
(@ foy)V(bAg)V (ma A fu_2 A=b A gu_2)),
I=CL|T,....HandT=(T|T,...,T).
If we identify B with the sublatticeB" of B" of multiconditional events
B'={(@a||T...T)|ae B}
then B becomes a sublattice .

3. Multiconditional probabilities

Let P be a probability measure on a Boolean algeBrdf (go,...,g,—1) € B is an
isotonic chain, then from isotonicity @t it follows that the imageP (go, . .., gn—1) of
(g0, ..., gn_1) UnderP
P(go, ..., 8n—-1) =(P(g0), ..., P(gn-1))
is an isotonic chain in the real unit intervid, 1] (with the 'natural’ lattice structure
given by max and min). Fao || fo, ..., fu—2) € B", we have that
P(a| fo,.--, fu—2) =(P(aA fo), P(aV =fn-2),..., P(aV —fo))
=(P@An fo). Pan fo) +1—=P(fu-2),.... P@a A fo)+1—P(fo)). (1)
Consider an “expected value” functighon [0, 1], an-ary functionE: [0, 1]" — [0, 1]
satisfying the following axioms: for € [0, 1], {(ro, ..., 7n—1), (g0, ..., gn_1) € [0, 1]"
(withro<...<rp_pandgo <... <¢u-1),
(i) E{r,...,r) =r (idempotency),
(i) ro<qo, .. s i1 <qn_1= E{ro,...,rn_1) < E{qo, ..., q,_1) (isotonicity).
Now we are going to “extend” the probability measuteo the latticeB" of mul-
ticonditional events in the following way:
@ll fo.--» fu—2) > E(P(all fo..... fa—2))
=E(P(an fo). P@A fo)+1—P(fy-2)..... Plan fo)+1— P(fo)).

We denote the values of this extension®hs Pg(a | fo, ..., fu—2) and call itmulti-
conditional probability (of “a given conditionsfy, ..., f,—2"). Obviously this quantity
satisfies the following conditions:

() Pe(L|T,...,T)=0andPg(T|T,...,T) =1,
(") (Cl || fO,---,fan) < (b || 80,---,8;172)
= Pg(al fo..... fu—2) < PE(D] g0, - ... 8n—2).

To motivate the choice of the name “mutticditional probability, consider an ex-
pected value function defined by
—0 — if (ro, 0,1),
Es i (ro,r1) = { o vo-ra) # O 4
k if (ro,r1) =(0,1),
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wherek is an arbitrary number if0, 1]. From (1) (withn = 2) it follows that

Panfo) i
Pry(a | fo) = | POATT=CPar Py P L0} #0,
k if P(fo)=0

P(fo)

| Bel) it p(fy) 0,
k if P(fo)=0,

which (in the case wheh = 1) is the usual definition of (Kolmogorovian) conditional
probability.
For (ro, 1, r2) € [0, 112 (with ro < r1 < 1) andk € [0, 1], consider

0 if (ro,r2) #(0,1),

E3i(ro,r1,r2) = { rotl=iTir,
k if (ro,r2) =(0,1),

which defines an expected value function frinl]2 to [0, 1]. From (1) (withn = 3)
it follows that

1- P(fo)—P(@an fo) if P(fo) #0,
Pgy(al fo, f1) = { P(jo)=Parfo(P(f)=P (o)) i P(;O) . 0
[ 0=

(not forgetting the conditionsfy < f1 anda A fo =a A f1). This formula can be
considered as a generalization of the usual conditional probability.
Next, for (rg, r1, 2, r3) € [0, 1]* (with ro < ... <r3) andk € [0, 1], consider

. iflangle ro, r3) # (0, 1),
rotl-———m—
Eg4(ro,r1,r2,r3) = 1
k if (rg,r3) = (0, 1).

It is evident that this quantity defines an expected value function ffpdi* to [0, 1].
From this we obtain that

Pg, (al fo, f1, f2)
1 P(fo)—P(an fo) if P(f0)7éo,

_ 1 PG P@A PO PUo)A- P T P@rfoN T P72~ P (o))
k if P(fo)=0

(with the conditions thafp < f1 < f2 anda A fo=a A fi=a A f2), which can be
considered as an another (more high level) generalization of the traditional conditional
probability.

Similarly, one can consider the case- 5 etc.
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REZIUME
R.P. Gylys. Daugiasalyginéstikimybes

Pristatoma ir pailiustruojama pavyzdziais nauja daugiagniu tikimybiy savoka.



