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Abstract. Normal aproximation of surid, = Zf\’:'l X; ofi.i.d. randomvariables (r.vy;, i =1, 2, ...with
meanEX; = u and varianc®X; = o2 > 0 is analyzed taking into consideration large deviations. Agre
is non-negative integer-valued random variable, which dependsboit not depends &;,i =1, 2, ....
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1. Introduction

Let{X;, i =1,2,...} be a family of independent and identically distributed random
variables (r.v.) with meangX; = x and dispersionBX; = ¢ > 0. Denote

N;
Z =YX, (1)
i=1

where integer-valued r.w,, depending on parameter ¢ > 0, is independent ok,
i=12,....

For instance, in the continuous time dynamic model of insurance stock the surplus
R, at the moment we can express by equation (see [2])

Rt:RO+Pt_Zt7 t}o

Here Rg — initial reserves P, — premiums obtained up to timeand r.v.Z; defined by
(1), whereX; is theith claim andN; denotes the number of claims by timeexpress
the total claims in thetime interval [0, ¢].

If Ny, t > 0is aPoisson process with intensitythenZ; defined by (1) i<ompound
Poisson process. The mean and the variance of are

EZ, =uirxt, DZ,= (pLZ —i—az)kt.

Analysis of the distribution o, is of great significance not only in insurance and
finance mathematics, but also in other fields of mathematics. This problem becomes
more complicated if r.vN; is not a homogenious Poisson process.

Further, denote;, = EN,, B2 =DN,. Obviously,

EZ; = EX]_ . ENt = U0y,

DZ, = DX1EN; + (EX1)?DX, = 0%, + 2B ()
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We denote
Z,=(VDPZ) Nz, —EZ), Fz(x)=P(Z <x),

®(x) = exp } dy. 3)

=1

The characteristic function aridh order cumulant of a r.\X will be denote by
fx(u) = Eexp{iuX}, —00 < U < 00,

k

% duk

Note thatl'1(X) = EX andI';(X) =

In what follows, we assume that the rN; satisfies the condition: exists constants
K> > 0 andg > 0 such that

T (X) =

Infxw)| , k=1,2.... (4)

u=0

0N < —l'Ké 2(p2) S 0-29/ 0 _p3 . L

It is easy to show, that by virtue of condition (L) with<Qg < 1 the cumulants
Tx(N,), k = 3,4,... of the normalized r.vN, = (~/DN,)71NI decrease gradually
if By =+/DN; — o0.

In the case of homogenious Poisson process with intenasity, (N;) = At, k =
1,2,... .So, condition (L) holds witly =0 andK, =1

In this paper, the accuracy of approximation of distribution funciign(x) by a
normal law ®(x) is evaluated, a large deviation theorem is proved and exponential
inequalities forP(+ 7, > x) are obtained.

2. Largedeviations theorems and exponential inequalities

All the results of this work have been obtained by the cumulant methods proposed
by V. Statulevgius [4] and developed by R. Rudzkis, L. Saulis and V. Statolesi”
in [3]. To use the lemmas obtained in these papers, we estimate the decreasing of the
cumulant of r.v.Z;.

We assume that fori.i.d. variablés, i =1, 2, .. ., with meanu = EX; and disper-
siono? = DX > 0 the following inequalities hold:

[EXY|<k!K*2EXZ, k=3,4,.... (B)

First, we estimate thith order cumulant of the r.\Z, = Zf\’:’l X;.DenoteS; = X1 +
..+ X;,1 > 1. SincervXi, Xo,... andN; are independent, and;,i = 1,2, ... are
i.i.d., then

EZ =) ESPWN,=0)=EX1) IP(N,=1)=EX1-EN, =pa; (5
l l



Normal approximation for sum of random number of summands 533

and

EZ? =) ES/P(N, =)
l

—ZE X+ X7+ D XiX))P(N; =)
l/

i#j=

—EX?Y IP(N,=1)+ (EXl)ZZl(l — 1PN, =1)
l l

=EXZEN, + (EX1)°(EN? — EN,) = DX1EN, + (EX1)°EN?.
In view of (5), we obtain
DZ, = DX1EN, + (EX1)°DN; = 0%, + 2B, (6)

If N, is homogenious Poisson process, theg- EN;, = DN, = ﬂtz = At. Then, we
have

DZ = (u®+0?)rt, Tu(Z)=MEXS, k=12... )
The moments generating function f

oo
9z7,(2) == Eet = ZEeZS’P )= (EeX) P(N, =1)
=1 =1

pqu

exp{l - Ingx, (2)}P(N; =1) = Eexp{N; Inpx, ()} (8)
!

Il
N

Let X1 = X1 —pu, andZ, = Z; — pay. Itis clear that Inpy, (z) = pz + Ingy %, (0
Note that in applications usually = EX; > 0,i =1,2,... . Therefore, we can as-
sume thaj # 0.

Let 6 denote a quantity that does not exceed one in absolute value.

Using Lemma 3.1 [3] and conditiofB), we get

ITe(X0)| <kM*262, k=3,4,..., 9)

with M =2max{K, o} =2(K v o).
In view of (9), we obtain

n%(z)zzk‘ T (X1)Z* =50%* +0(02) > (Miz)
k=2 k=3

3
_ é9(a|z|)2, 2l < @M) L. (10)
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This equality, in view of (8) and condition (L), we get
Ing7 (2) = —a;puz + Nz, (2) = —aruz + INEexp{ N, (uz + Ingx () }
00 1 ;
= —apz+) S TN (12 +Iney, (2)
=1
= —a;puz +ar(nz +Ingy, (2))

© 4 3
+ (nz +In g, ()2 Y Z TN (nz + Ingg, ()~
=2 "

1 ° 29\ ]-2
=aingy, () + 3 B2O(nz + Infpyl(z))zz (K2|MZ + Infpyl(z)|ﬂtl+">
=2
= Ingy, () +0(1+ | (12) gy, @) ) BA(12)? (12)

for Kol uz +Iney (2)| ﬂtzquw)fl < 1/2. Clearly that

1

| tngg, (| <1/5, 12l < (AV[ul"to)am)

-1
and K| uz +Ingy, (2)| pAMD T < 1/2 121 < A, where

-1
A= (max{(lv 1l 0)aM, 3|M|K2ﬂ,2"/(”"’}) . (12)
By virtue of (10)—(12), we obtain
3
Ingz,@) =05 (eo®+ 7)1zl lal < A. (13)

Using the Cauchy formula, (13) implies that
— 3
ITk(Z:)| < ék!(a,az—i—ﬂtzuz) AT k=3,4,.... (14)

SinceZ,, defined by (3), we havgy(Z;) = (~/DZI)*ka (Z,). There for

5 3/2) k!
re(Z) <BPE s (15)
N
where
2 2 21/2
+
A, =AYDZ, = (o + 511%) (16)

2q/(1 ’
max{(1v [u|-10)aM ,3ul K 1/}
It is evident, that

A > C(pL, o, K, Kz) ,Bt(l Vv ,Btzq/(l+q))7l'
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whereC (i, o, K, K2) = |u|<max{(1v ul~to)aM, 3|M|K2}>71. If B, — oo, then

A= C(w,0, K, Ka) - /D Thus, 0< g < 1, A, — o0, of B — oo.
Using the estimate (15) of thgh order cumulant of r.vZ,, we can get the results
of the distribution functiorFZ (x).

THEOREM 1. Leti.i.d. randomvariables X;,i =1, 2, ... withmean x =EX; and
variance o2 = DX; satisfy condition (B), and non-negativeinteger-valued r.v. N, with
mean «, = EN; and variance ﬂtz = DN; satisfy condition (L). Random variables N,
and X;,i =1, 2, ..., areindependent. Then, for the distribution function Fz (x) of r.v.

Z,, defined by (3), inequality

.
sup|F, (x) = @) <
X t

hold, where A, defined by equality (16).

THEOREM 2. Letrv. X;, i =0,1,2,... satisfy the condition (B) and the r.v. N,
is independent of X;, satisfy the condition (L). Then for x, x > 0, x = o(Atl/g) the

gualities
im 1-— Fz(x) _1 i th(—x) _
Bi—oo 1— D (x) pi—~oo P(—x)
holds.

THEOREM 3. Iftherv. X;,i =1,2,... and N, satisfy the condition of the Theo-
rem 1, then

exp{ — &x2}, 0<x <34,
P(:l:?t2x)< p{ 12x } X t
exp{ —3(xA)}, x>3A,.

Proof of Theorem 1, on the strength of (16), follows from Corollary 2.1 in [3], using
the estimate (15).

The proposition of thEheorem 2 follows from the Lemma 2.3 at [3] on large de-
viations andkth order estimaté&’; (Z;) (15). _ ~

The exponential inequalities of probability P( + Z; > x) of the r.v. Z;, defined
by (3), can be obtained using Lemma 2.4 at [3] or [1] and (15).
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REZIUME

L. Saulis, D. Deltuviene. Atsitiktinio demenu skaiCiaus sumos skirstinio aproksimacija normaliuoju
desniu

Darbe nagriejama nepriklausomvienodai pasiskii@usiy atsitiktiniu dydziy X;, i =1, 2, ... su vidur-
kiaisEX; = y ir dispersijomiDX; = 02> 0 sumosZ; = Zf\’:'l X; skirstinio aproksimacija normaliuoju
désniu didziju nuokrypid zonoje. Laikoma, kad neneigiamas sveikareikSmis atsitiktinis dydipriklau-
S0 nuo parametrg bet nepriklausonuo at. &;,i=1,2,....



