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On the argument of zeta-functions of certain cusp forms

Rita IVANAUSKAITE (VU, VTVK)

e-mail: iv.ruta@gmail.com

Let N, Z, R and C denote the sets of all positive integers, integers, real and complex
numbers, respectively. The set

SL(z,Z):{(j Z): a,b,c,deZ,ad—bc:l}

is called the full modular group. Suppose that the function F(z) is holomorphic in the
upper half — plane Im z > 0, with some «, for all elements (Z 2) of SL(2, Z) satisfies
the functional equation

az+b «
F(Cz+d>:(cz+d) F(z)

and limpy, ;00 F(z) = 0. Then F(z) is called a cusp form of weight « for the full
modular group. We also suppose that F(z) is a normalized eigenform for all Hecke
operators. In this case, F(z) has the following Fourier series expansion

o0

F(z) = Z c(m)e ™ (1) =1.

m=1

Let s =0 + it be a complex variable. Then the function

o F)= C;’")

s
m=1

is called the zeta-function attached to the cusp form F(z). The arithmetical function
c(m) is multiplicative. Therefore, ¢ (s, F') has the Euler product expansion over primes

eI (-2

where c(p) = a(p) + B(p). In view of Deligne’s estimates [1]

k=1 k=1

le(p)I<p 2, 1B(PI<p?T
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it is easily seen that both the Euler product and the Dirichlet series for ¢ (s, F') converge
absolutely for o > (k + 1)/2, and in this region ¢(s, F') is a non-vanishing holomor-
phic function. Moreover, ¢(s, F) is analytically continuable to an entire function and
satisfies the following functional equation

Q)T ()g(s, F) = (=D)>2n) T (k — $)p(k — s, F),

where, as usual, ['(s) denotes the Euler gamma-function. The nontrivial zeros of
(s, F) lie in the critical strip {s € C: (¢« — 1)/2 <o < (k + 1)/2}. The analogue
of the Riemann hypothesis says that all nonntrivial zeros of ¢(s, F') lie on the critical
line 0 =«/2.

The aim of this note is to obtain a formula for arg(¢ (s, F)) near the critical line. We
will use the notation

K+1
oy =—+ —,
=271

where [ — oo as T — o0.
Taking logarithms and differentiating both sides of the Euler product with respect
to s, we find that, foro > (¢ + 1)/2,

—%(s,mzzz (@"(p) + B"(p)) p~" log p. (1)

p m=1
Now we define
(@™ (p) + B™(p))logp, if n=p™,

0, otherwise.

Ap(n) =

Then in view of (1)

¢’ > _ k+1
——(s,F):ZAF(n)n , 0> .
© 2
n=2
Let forx > 1,

Afp(n), if 1<n<x,

(og(x?/m)?—2(og(x?/n))* 2
Avp(n) =4 AF0) 200 1)? oSS 2
3 2
Ap(nylee /) if x2<n<ad,

2(logx)?

THEOREM. Fort >?2,2<x <12, we have

Ay r(n)sin(tlogn)

argp(or +it, F) =— Z

. n°r.x.ilogn

n<x

Z Ax,F(”)
nUT,x,t

n<x3

+ O((UT,x,t —or)

) + O((o7,x,s — o) logt),
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where
or.xr=o0r +2max(B —«/2, 2/logx) 3)
with p = B + iy running over those zeros ¢(s, F) for which
=y <Pl log )7, @)

and Ay r(n) is as in (2).
For the proof of the theorem we will apply two following lemmas.

LEMMA 1. Ifs#p,t =2, then

%@, Fy=Y " (s=p)~"+p7") +0dogn)

P
uniformly for k /2 <o <«k/2+ 10.

Proof of this lemma can be found in [3].

LEMMA 2. Lett 22 and2 < x < 2. Then we have that

+ O(log?)

OT.xt — Ay F( )
Z (Orx — B+ (l — ,3)2 ‘ Z NOTxa il

and

% Ax r(n)
Z (s, F)=— 2, P
A Y.
n<x3

Ay r(n
ro( o] 3 B

l’l<)C3

) + 027 210gt)  (5)

foro > or 5.
Proof of this lemma is similar to the proof of Theorem 3.5.2 from [2].

Proof of the Theorem. Clearly,

oo /

argo(or +it) = —/ Img(a +it)do
@

or

o0 (p/ (p/
:/ Im—(o +it)do + (o7 x ¢ —UT)Im;(UT,x,M—it)
(o}

T,x,t

OT x,t (pl (p/
+/ Im{—(UT,x,;—l—it)——(a—l—it)}da
o ¢ ¢

T

=L+ 5L+ (6)
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In view of estimate (5)
Ax r(n) 1
I =1 — +0
p=m 23 nor.xitil Jogn logx
n<x

Similarly as in the proof of Lemma 3.6.3 from [2], we find that

Z Ax,F(n)
nUT,X,l+it

m<x3

Z Ax,F(n)
nUT,X,l+it

l’l<)C3

) ol @

L= O((UT,x,t —or)

) + O((o7,x, —o7) Int). (8)

From Lemma 1, taking the imaginary part of both sides, it follows that (we suppose
for simplicity that ¢ # y)

/ /

Im ("L(UT,X,I +in-Lo+ it))
¢ ¢

:Zlm< 1 _ 1
p orx:—B+i(t—y) o—B+ilt—y)

) + O(log?)

+ O(log?)

_ Z (UT,x,t —o)(o+ OT x,t — 28)(t — V)
> (07,5, = B+t —y)) (e =B+ —y)?

fork/2 < o < or x . Therefore,

OTx.8 ©OT.x,t —0)|o +o7x, — 28]t — ¥
;| < = —
5l Z/;T (o750 =B+ =) (0 =)+ —y)?

P

+O((o7,x,r — o7)log?)

< Z OT x,t —OT /UT"” lo + OT,x,t — 2811t — y|
I G N e O e R e 28
—I—O((UT,“ —UT)logt). 9
First, let
1
1B — /2] < E(UT,x,t —«/2).
Then

lo +orx:—2Bl< (0 —k/2) + (o7x0 —&/2) + 2| — k/2] <3(0Tx,t —K/2)
foror <o <or;. Thus

/UT,.x,t |o +orx:— 2,3||t — V'
oo @B H—y)

It — vyl .
B2+t —y)?

o0
do < 30700 — K/2) /
—oo (0 —

[t =yl

V= pr &3O =K/, (10)

= 3(o7as —/2) /
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If
Orxt—K/2 _Orx1—0T
- 2 - - 2 - - b
1B —K/2| > 3 3
then if follows from (3) and (4) that
x31B—k/2]|
It —yl> 1 > 3| —«/2],
ogx

and
lo +orx:—2Bl< (0 —«/2) + (o7.xt —k/2) + 2| — k| <6| — /2|
for or < o < or ;. Therefore, in this case, too

/”“*’ lo + o7 x, —2BlIt — 7| do < /"“«t lo + o075, —2B|do
[ex [ex

_ 2 OT x,t
1B —x/2 do < 10075 — 07) < 10(07.2.1 — k/2).
1B —«/2| Jor

This, (7), (8) and Lemma 2 yield
OT x,t — IC/2
(10— B+t —y)?

Z Ax,F(”)
nUTq_xqfl“lbf
n

<x3

1131 < 10(0o7.2 —0) ) +0((o7.1 — o7) log?)
P

= O((UT,x,t —or)

)+O((UT,x,t —or)logt). (1)

Now, substituting the estimates (7), (8) and (11), we obtain the assertion of the theo-
rem.
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