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Nagrinėsime vienamačius apibendrintus z-skirstinius [1], kuri
↪

u charkteringoji
funkcija yra

f2δ(t) =
(B

(
β1 + itα

2π
,β2 − itα

2π

)
B(β1,β2)

)2δ
eitµ,

kur α, β1, β2 ir δ > 0, µ ∈ R1, B(β1,β2) – β-funkcija.
Toki

↪
u skirstini

↪
u klas

↪
e žymėsime

P {ξG(2δ) < x} ∼ GZD(α,β1,β2, δ,µ).

Atsitiktinis dydis ξG(2δ) yra be galo dalus ir jo semiinvariantai yra

κ1 = αδ

π
ν1(β1,β2) + µ,

κm = 2αmδ

(2π)m
νm(β1,β2), m = 2,3, . . . .

Čia

νm(β1,β2) =
∫ ∞

0
xm−1 e−β2x + (−1)me−β1x

1 − e−x
dx, m = 1,2, . . . .

Yra žinoma [1,2], kad atsitiktinis dydis ξG(2δ) turi tank
↪
i p(u) „su sunkia uodega“:

p(x) ∼ C±|x|	±e−σ±|x|,

kai x → ±∞, kur 	+,	− ∈ R1, C+, C−, σ+ ir σ− > 0.
Aišku, kad Gauso dėsnis klasei GZD(α,β1,β2, δ,µ) nepriklauso.
Mus domina lygties

P {ξG(2δ) < x} = p

sprendinys x = xp , 0 < p < 1.
Ši

↪
a lygt

↪
i lengva išspr

↪
esti, kai 2δ = 1, nes

P {ξG(1) < x} = P
{ α

2π
ln

1 − Y

Y
+ µ < x

}
,
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kur

P {Y < x} = 1
B(β1,β2)

∫ x

0
tβ1−1(1 − t)β2−1dt.

Mes atsitiktin ↪i dyd ↪i

ξG(2δ) ∼ GZD(α,β1,β2, δ,µ),

kai 2δ �= 1 aproksimuosime atsiktiniais dydžiais

ξGn(1) ∼ GZD
(
α(n),β1(n),β2(n),1/2,µ(n)

)
,

kur α(n), β1(n), β2(n), µ(n) priklauso nuo 2δ, α, n = 1,2, . . ., t.y.

ξG(2δ) = ξGn(1) + . . .

Kadangi atsitiktiniai dydžiai ξG(2δ) ir ξGn(1) yra be galo dalūs, tai

P (x) = P
{
ξG(2δ) < x

} = P ∗n
n (x)

ir

G(x) = P {ξGn(1) < x} = G∗n
n (x),

kai n = 1,2, . . ..
Pasinaudodami H. Bergström [3] tapatybe gauname

P (x) = G(x) +
s∑

ν=1

∞∑
m=0

(1

n

)m(−ν)m

m!ν!
dm

dτm

[
G∗τ ∗ (

n(Pn − Gn)
)∗ν

(x)
]
τ=1

+
s−1∑
j=1

∞∑
m=0

(
− 1

n

)j+m
(j−1)∧(s−j−1)∑

k=0

qjk

s−j−k−1∑
l=0

1

l!
(j + k + l + 1)m

m!

× dm

dτm

[
G∗τ ∗ (

n(Pn − Gn)
)∗(j+k+l+1)(x)

]
τ=1

+ r(s+1)
n (x), (1)

kur s = 1,2, . . ., n > s, x ∈ R1,

r(s+1)
n (x) =

n∑
µ=s+1

Cs
µ−1P

∗(n−µ)
n ∗ (Pn − Gn)

∗(s+1) ∗ G∗(µ−s−1)
n (x).

Čia G∗τ (x) yra tikimybinis skirstinys, kurio charakteringoji funkcija yra

gτ (t) =
(∫ ∞

−∞
eitxdG(x)

)τ

,

kai τ > 0 (žiūr. B. Grigelionis [1]).
Formalioje tapatybėje (1) vietoje x galime

↪
istatyti y(xp) toki

↪
a, kad

P
{
ξG(2δ) < y(xp)

} = p + r(s+1)
n (y(xp)).
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Čia

G(xp) = p, 0 < p < 1.

y(xp) parinkimui panaudosime lygyb
↪
e

G(xp) = G(y(xp))+
s∑

ν=1

s∑
m=0

(1
n

)m
(−ν)m

1
m!ν!

dm

dτm

[
G∗τ ∗(

n(Pn−Gn)
)∗ν

(y(xp))
]
τ=1

+
s∑

j=1

s∑
m=0

(
− 1

n

)j+m
(j−1)∧(s−j−1)∑

k=0

qjk

×
s−j−k−1∑

l=0

1

l!
(j + k + l + 1)m

m!
dm

dτm

[
G∗τ ∗ (

n(Pn − Gn)
)∗(j+k+l+1)

(y(xp))
]
τ=1

.

Toliau žymėsime

G(xp) = G(y(xp)) + As
1(y(xp)).

Dešini
↪

aj
↪

a lygybės

G(xp) = G
(
xp + y(xp) − xp

) + As
1

(
xp + y(xp) − xp

)
pus

↪
e skleidžiame Teiloro eilute y(xp) − xp laipsniais ir gauname

−As
1(xp) =

∞∑
l=1

bl

(
y(xp) − xp

)l
, (2)

kur

bl = 1
l!

dl

dul

[
G(u) + A

(s)
1 (u)

]
u=xp

.

Apvertus (2) gauname

y(xp) = xp +
∞∑

k=1

ak

( − As
1(xp)

)k
, (3)

kur

ak =
∑

ν1+2ν2+···+(k−1)νk−1 =k−1
ν1+···+νk−1 =s

(−1)sk(k + 1) . . . (k + s − 1)

ν1!ν2! . . . νk−1!
( d

du

[
G(u) + As

1(u)
]
u=xp

)−k−s

×
k−1∏
i=1

( 1

i + 1

di+1

dui+1

[
G(u) + As

1(u)
])

u=xp

.
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Iš (3) seka, kad

y(xp) = xp +
∞∑

m=0

(1

n

)m
Jm(xp).

Koeficientus Jm(xp) prie
( 1

n

)m randame tradiciniu būdu:

Jm(xp) =
∞∑

k=1

dm

dεm

[
ak(ε)

( − As
1(xp,ε)

)k
]
ε=0

.

Čia

As
1(xp,ε) =

s∑
ν=1

s∑
m=0

εm (−ν)m

m!ν!
dm

dτm

[
G∗τ ∗ (

n(Pn − Gn)
)∗ν

(xp)
]
τ=1

+
s−1∑
j=1

s∑
m=0

(−ε)j+m

(j−1)∧(s−j−1)∑
k=0

qjkj

×
s−j−k−1∑

l=0

1
l!

(j + k + l + 1)m

m!
dm

dτm

[
G∗τ ∗ (

n(Pn − Gn)
)∗(j+k+l+1)

(xp)
]
τ=1

ak(ε) =
∑

ν1+2ν2+···+(k−1)νk−1=k−1
ν1+···+νk−1=s

(−1)sk(k+1) . . . (k+s−1)

ν1!ν2! . . . νk−1!
[ d

du

[
G(u)+As

1(u,ε)
]
u=xp

]−k−s

×
k−1∏
i=1

( 1
i + 1

di+1

dui+1

[
G(u) + As

1(u,ε)
]
u=xp

)νi

.

Tikimybinio skirstinio

P ∗n
n ∈ GZD(α,β1,β2, δ,µ)

momentai yra žinomi, o tikimybinio skirstinio

G∗n
n ∈ GZD

(
α(n),β1(n),β2(n),1/2,µ(n)

)
parametrus parenkame taip, kad galiot

↪
u lygybės∫ ∞

−∞
xldPn(x) =

∫ ∞

−∞
xldGn(x),

kai l = 1,2,3,4. Tuomet

y(xp) = xp − n

5!
d5G(y)

dy5 |y=xp

κ5,n + . . . ,
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kur

κ5,n =
∫ ∞

−∞
u5d(Pn − Gn)(u).
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SUMMARY

J. Turkuvienė, A. Bikelis. Cornish–Fisher expansions of generalized z-distribution

The article presents Cornish–Fisher expansions of generalized z-distribution.

Keywords: generalized z-distribution, Cornish–Fisher expansion.


