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Abstract. In this report, we present the estimates of the difference |Eh(Z,) — Eh(N)|, where Z,, is a sum of
n centered and normalized random variables which satisfy the strong mixing condition (without assuming
a stationarity), and N is a standard normal random variable for the function 4: R — R which is finite and
satisfies the Lipschitz condition. In a particular case, the obtained upper bounds are of order O(n~1/2).

1. Introduction

Consider a sequence of real random variables (r.v.’s) X1, X», .. ..

For a subset U C {1,2,...}, let Fy be the minimal o-algebra such that all r.v.’s
X; with i € U are measurable. For any subsets U,V C {1,2,...}, let d(U, V) be the
distance between U and V,i.e.,d(U,V)=inf{|li — j|: i e U, j € V}.

We say that the sequence of r.v.’s X1, X», ... satisfies the strong mixing condition,
if for any subsets U, V C {1, 2, ...}

sup  |P(AB) —P(A)P(B)|<a(dU,V)) -0, (1)
AeFy,BeFy
asd(U, V) — oo.
In what follows, N is a standard normal r.v. with the distribution function ® (x) and
the density ¢(x) = ®'(x).
Consider a space BL(R) of bounded functions #: R — R (R is the real line) satis-
fying the Lipschitz condition, that is, such that

|h(x) —h(y)|
hlloo = sup |h(x)| <00 and ||A|[z = sup ————— < o0
xeR XF#y |x —Y|

Denote ||k|| gz, = ||hlloo + ||2]| 1 for the function & € BL(R).
Write

n n 2 n
Zn= Ai, Ai=Xi/Bu, BizE(in), Ly=) ElA;.
i=1 i=1 i=1

It is assumed that B,, > 0.
‘We estimate here the difference

|Eh(Z,) — Eh(N)|
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for the sequences of r.v.’s X1, X», ..., satisfying the strong mixing condition (1), and
for the functions 2 € BL(R).
Our main results of this report are the following two statements.

THEOREM 1. Assume that a sequence of real rv.’s X1, X, ... satisfies the strong
mixing condition (1) and the following conditions: EX; = 0 and P{|X;| < M} =1,

i=1,...,n, where M > 0 is a non-random constant. Then, for any function h €
BL(R),
nM3 n—1
[ER(Z,) — ER(N)| <C||h||BL(L3+ = Zra(r)), )
=1

where C is an absolute positive constant.

THEOREM 2. Assume that a sequence of real rv.’s X1, X, ... satisfies the strong
mixing condition (1) and the following conditions: EX; =0,i=1,...,n, and dy15 =
max ;< Kl X; |2t8 < 00, where § > 1. Then, for any function h € BL(R),

3
nd2+s n=1 %
|ER(Z,) — ER(N)| <C||h||BL(L3+—]§§‘S > r(a) ) 3)
n

r=1

where C is an absolute positive constant.

Note that the stationarity of the approached sequence of r.v.’s is not requested. In
the special cases (i.e., B,% > con, where ¢ is a positive constant, and Zf‘;l ra(r) < oo
8—1
in Theorem 1, and Zfil r(a (r))zJ”S < o0 in Theorem 2), the obtained bounds of
|ER(Z,) — Eh(N)| are of optimal order On~1/?).

Barbour and Eagleson (1985) obtained the estimate of the bounded Lipschitz metric
for dissociated r.v.’sin [1].

Sunklodas (1989, see also (2000)) obtained the estimates of the bounded Lipschitz
metric for m-dependent r.v.’s, and for that satisfying 1/-mixing, and -mixing (absolute
regularity) conditions defined between the “past” and the “future”.

The proof of Theorems 1 and 2 in this report is based on the method of Stein [6]
and Equality (6), using Inequality (5).

2. Auxiliary lemmas

Recall that N is a standard normal r.v. with the distribution function ®(x) and the
density p(x) = ®'(x).
Consider the linear differential equation proposed by Stein [6]

') = yf(y) =h(y) —Eh(N). 4)
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LEMMA 3 (see [1]). Let f and f' be given by (4), and let the function h: R — R
satisfy the condition h € BL(R). Then, for any y,z € R,

|+ = D] <[(c1 +eDllholloe +2lIR1L] - |2] = DIzl (%)
where hy(y) = h(y) — Eh(N), ¢; = SUPy >0 E(x), co = supx>ox(1 — xE(x)), and

E(x):l;a(f) Moreover, ¢y < A/7/2 and ¢y <1/2.

To present Equality (6) for the estimation of the difference Eh(Z,) — Eh(N), we
introduce additional notation

0
=3 A, V=4, T=31" T=2z,,

p: |p—il=r r20
m
-1
Tl.(m) =T — Zti(r) (Ti( ) =T), u?r) = Aiti(r) — EAiti(r).
r=0
Note that in Lemma 4 below no conditions are proposed on the dependence of r.v.’s

X1, X2,... (e, ther.v’s X, Xo, ... may be anyhow dependent, or independent, too).

LEMMA 4. Let X1, X», ... be a sequence of real rv.'s with EX; =0,i=1,...,n,
and the function f: R — C (C is the complex plane) has a continuous derivative of
the first order f’. Then

Y EA; f(Z)) =B f'(Zy)+ E1 + -+ E7, (6)
i=1
where

/)
ZZE{ / ’ f(T}”+y>—f’<T}”>]dy},

i=1r>1

Ez—ZE{ / [F/@® +y) - f’(T}‘”)]dy},
E3 ZZ Z { (r) f(T(q 1) f/(Tl(fI))]}’

i=lr>lg=r+l

B=YY X Rt - ra)

i=1r>1g>2r+1

ZZEA t(r)ZE f (T(q 1) f,(Ti(Q))]v

i=1r>1
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Eg = i ZE{L{EO) [f’(Tl.(qfl)) _ f’(Ti(Q))]}a

i=1g>1

E;=— Y BAFE[f'(T) - £ (1],
i=1

if the moments of both sides of (6) are finite.
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REZIUME

J. Sunklodas. Apie normalyji aproksimavimaq stipriai susimaisiusiems atsitiktiniams dydZiams

Siame praneSime pateikiame skirtumo |Ei(Z,) — Eh(N)| iverCius, kur Z, yra centruoty ir normuoty at-
sitiktiniy dydZiy, tenkinanciu stipraus susimai§ymo salyga, suma (nereikalaujant stacionarumo), N yra
standartinis normalusis a.d., o funkcija 2: R — R yra baigtiné ir tenkina LipSico salyga. Atskiru atveju,
gauti virSutiniai iver¢iai yra eiles O(n~1/2).



