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Abstract. We analyze the initial value problem and get asymptotic expansions for solution.
We investigate the characteristic equation for Sturm-—Liouville problem with one classical
Robin type boundary condition and another two-point nonlocal boundary condition. Finally,
we obtain asymptotic expansions for eigenvalues and eigenfunctions.
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Introduction

Consider the following one-dimensional Sturm—Liouville equation

—"(t) + q(Du(t) = M(t), € [0,1] (1)

where the real-valued function ¢ € C[0,1]; A = s? is a complex spectral parameter

and s = z 4 1wy; z,y € R. We will use the notation Q(t) = 3 fot q(r)dr.

In this article s € C4 := R, UCH UC;, where R, := Ry URF URY, Ry := {s =
r+weC:x=0,y >0}, Rf =={s=a2+weC:2>0y=0} R :={s=0},
ClHi={s=z+weC:2>0,y>0tand C; :={s=z+weC: z>0, y <0}
Then a map A = s2 is the bijection between C, and Cy := C.

We shall investigate Sturm-Liouville Problem (SLP) which consist of equation (1)

on [0, 1] with one classical (local) Robin type Boundary Condition (BC)
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10 A. Stikonas

cosa u(0) +sina v'(0) =0, a€(0,7), (2)
and another two-point Nonlocal Boundary Condition (NBC)

(Case 1) u'(1) = yu(§), ¢ €[0,1], (31)
(Case 2) u'(1) = 7/ (8), §€[0,1), (32)
(Case 3) u(l) = 7“‘(5)7 §€ [Ov 1)’ (33)

where v € R. We consider the Dirichlet and the Neumann BC:
(Case d) u(0) = 0, (4q)
(Case n) u'(0) =0, (4,)

too. The Sturm-Liouville problem (1), (44), (33) was investigated in [2], the Sturm—
Liouville problem (1), (45,), (3) was investigated in [4].

1 Asymptotic expansions for Initial Value Problem

In this section we present some statements about solution of IVP. These statements
were proved in [3]. We will use them for investigation asymptotic expansions for
SLP (1)—(3). Additionally, we introduce some notation related to our asymptotical
analysis of this problem.

Let A = 5%, s € Cs and w,s(t) be a solution of equation (1) satisfying the initial
conditions

Was(0) = sina, W’ (0) = —cosa. (5)

The function w(t, s,a) = was(t) is an analytic (holomorphic) function of s and this
function satisfies boudary condition (2). We denote ¢;(t) := wos(t) = w(t,s,0) and
Ys(t) = wr /o s(t) = w(t, s, m/2).

Under the condition that ¢ € C"[0,1], r € Ny := NU {0}, asymptotic expansions
may be obtained for ¢4 (t) [3] and () [4]. We will use recursive formula

1t i (qpY_ )(i—j)(t) + (=1)i(gp°_ )(i—j)(o)
) =3 [atrptinyar - 30 Wl SO ETe 0
0 Jj=2+e¢
Lemma 1. (See [3, Lemma 7]) Let s € Cy and q € C"[0,1]. Then for |s| = qo we

have the asymptotic expansions

r+1
(p5)¢ (z) (t,s) ZPJ cos<5t+ g(j —l))s_j +O(s—(r+2)e(r+2)\y|t)’ (7)

() D(t, ) Zp] ) cos (st + g(] - l)) s+ O(s_(T+1)e(r+2)‘y|t) (8)

for 1 € Ny, where p§(t) = —tpF=1(t), pi(t) = 1 — i)pF =L (t) —tpF (1), i = 2,7 + 1,
pg(t) = ~tpy (1), D! () = (1= p/5 () —tp!7'(1), i = Tr, k € N, pP(t) =
Py (t) = P (t), i = T,r, po(t) = 1, and p}(t) is calculated by (6) for i = 1,7 with

pd(t) = —1 and 9o = 0.

http://www.journals.vu.lt/LMR
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Lemma 2. (See [4, Lemma 9].) Let s € Cs and ¢ € C"[0,1]. Then for |s| > qo we
have the asymptotic expansions

T, . —7 —(r T
(). (l) (t,s) ij cos<5t+2(]—l))s J+O(s (r+1) o( +2)\y|t)’ (9)

(10 (l) (t,s) Z pj ) cos (St + g(J _ l))s_j + O(S—re(r-&-Z)ly\t) (10)

j=—1

for 1 € No, where po(t) = —tpp (1), PE(t) = (1 —d)pi =) (t) — tpy ' (t), i
pfl(t) = —tp_1 ( ), P ( )=(1- Z)pik:11(t) _tﬁik_ (t),i=0,r =1, k €N, p; (
Y (t) —p?+1(t), 1= 0,r —1,p%(t) =1, and pg(t) is calculated by (6) fori=0,r — 1
with p(t) = —1 and o = —1.

)—ull

Remark 1. (See [3, Lemma 7], [4, Lemma 7].) In the case ¢ € C[0,1] and | = 0 we
have the asymptotic expansions:

@s(t) = —sin(st)s~! + O(s7Zelvlt), Ys(t) = cos(st) + O(sLelVt),
@l (t) = —cos(st) + O(S_le‘y“), PlL(t) = —ssin(st) + O(ely‘t).

Remark 2. In the case ¢ € C1[0,1] and | = 0 we have the asymptotic expansions

@s(t) = —sin(st)s ™! + Q(t) cos(st)s 2 + O(s 33V,
Vs(t) = cos(st) + Q(t)sin(st)s ' + (’)(3—263|y|t)’
QL(t) = —cos(st) — Q(t)sin(st)s ! + O (s~ 23,
YL(t) = —ssin(st) + Q(t) cos(st) + O(s~ 1Vl

where Q(t) = 5 fo

We can calculate the first functions pé and pé in Case d (for function ¢):

pr =—1, ps = Q(1), ps = —3(Q()? + 1a(t) + 14(0),
pi =t py =1—1tQ(t), pi =—t%,

Do =1, pr = —Q(t), ps = 3(Q())* + 14(t) — 14(0),
Py = —t, pi=1Q(1), by =%

and in Case n (for function v):

po = -1, pi = Q(1), ps = —3(Q(1)* + 1a(t) — 14(0),
po =t pi = —tQ(t), Py = —t?,

Pl =1, Py = —Q(1), P = 3(Q(t)* + a(t) + 14(0),
ply=—t, Py = 1+1tQ(1), P2 =1

We will use an additional index to distinguish cases: p(;’l (1), 1‘)(; '(t) (in Case d), p?’l (1),
ﬁ?’l(t) (in Case n).

Liet. matem. rink. Proc. LMS, Ser. A, 63:9-18, 2022
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The following integral equation holds [1,5]:

Was(t) — é /0 q(7)sin (s(t — 7)) was(7)dr = sin a cos(st) — cos aw. (11)

If & = 0, then the solution of this integral equation is ¢, if & = 7/2, then the solution
of this integral equation is 1. By superposition principle we have

was(t) = cosa - ps(t) +sina - s (t). (12)
So, we get asymptotic expansions for function wegs.

Lemma 3. Let s € C,; and ¢ € C"[0,1]. Then for |s| = qo we have the asymptotic
expansions

(was) P (t,5) = = > pli(t) cos (st + g(j — l)>sj + O (s el 2ty - (13)
j=0

(whs) P (t,s) = — Z_: Pi(t) cos (st + g(j - l))sj +O(s7melr v (14)

j=—1

for 1 € Ny, where

. N dl . N
ph(t) = sina - pg(t), pé-(t) = cosa-pj”(t) +sina - pjr(t),

J
ik (t) =sina- ! (t) ’l-(t) =cosa - 41’l(t) +sino - ’I}’l(t) j
—1 pfl ) p] pj p] 9 .7

Remark 3. Formulas (15)—(16) are valid for @ = 0, but in (7)—(8) we have more
accurate the asymptotic expansions with

p;l’l(t) cos (st + g(r +1- l))s_(H'l) + O (s~ er ity

pj,l(t) cos (St + g(r _ Z))S—T‘ + (9(S—(T'-i-l)e(T‘-‘rl)ly|t)7

instead O (s~ (T e +2lt) and O (s7e(r+2I¥It) in (13)-(14).
Corollary 1. If g € C[0,1] and « € (0,7), then we have asymptotic expansions:
was(t) = sina - cos(st) + O (s TelVt), Wl (t) = —sina - sin(st) s + O(elV!").
Corollary 2. If ¢ € C1[0,1] and « € (0,7), then we have asymptotic expansions:
Was(t) = sina - cos(st) + (— cosa + sinaQ(t)) sin(st)s ' + O(s~2e%vIY),

wh(t) = —sina - sin(st) s + ( — cosa + sinaQ(t)) cos(st) + (’)(5_163'3’“).

s

Lemma 4. Let z € R}, § € R, ¢ € C"[0,1], Q;(z), j = 1,7 are bounded functions.
Ifs=xz+6,

§= ZQj(ac)a?_j + Oz~ ),
j=1

http://www.journals.vu.lt/LMR
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then we have the following asymptotic expansions

=

r—

Was(t ZR tijJrO( T“)), Z thsc3+(9( )

7=0 -

where

Ro(t,z) =sina - Ry (¢, x),
R_i(t,z) =sina - R*(t,z),

R;(t,z) = cosa - R;-i(t,x) +sina - R} (t,x), j=1,r,
Rj(t,z) = cosa - R?(t,x) +sina - Ri(t,x), j

and functions

d,l m
Ry a(te)=— Y ki (8 cos(at + 5 — D)@Y (2) -+~ Q (x),
nytoAnm=l, j>1,
JH+ni+2ng+...+mnm=m-+1

Re(ta)=— 3 sk (t) cos(at + 2(j — D)Q (z) - Qi (),
ny+...+nm=1L, j=0,
jtni+2ng+.. . dmngy=m

Ri(ta)=— > s (f) cos(at + T (j — D)QY (2) - QL (w),

ni+...4+nm=L, j=0,
Jtni+2ngt.. . tmngm=m

Ry _i(ta)=— D apkapy () cos(at + 5(j — 1)QT (z) --- Qi (),

nit...+nm=1L, j=-1,
Jjtni+2no+...+mnm=m—1

m=0,r.

Proof. The proof follows from (12) and asymptotic expansions for ¢4(t) [3, Corollary
2] and v¥4(t) [4, Corollary 2|. O

Remark 4. In the case a = 0 we have more accurate the asymptotic expansions

r+1
:ZR?(t,x)x_j + O(x_(TJ“?)), ZRd t,x)z ™ + Oz~ T'H))
j=1 j=0

Corollary 3. If ¢ € C[0,1] and « € (0,7), then we have asymptotic expansions:
1), wh,(t) = —sina-sin(zt) z + O(1).

as

was(t) = sina - cos(at) + O(x
Corollary 4. If g € C1[0,1] and o € (0,7), then we have asymptotic expansions:

Was(t) = sina - cos(zt) + (— cosa + sina(Q(t) — tQ1(x))) sin(zt)z™" + O(z7?),

Ls(t) = —sina -sin(zt) 2 + (= cos o + sina(Q(t) — tQ1(x))) cos(xt) + O(z ™).

was

2 Asymptotic expansions for characteristic equations

Substituting wqs(t) into (3) we get the characteristic equation

ha(s) = wys(1) = was(£) =0, (171)
hOt(S) = w(l)zs(l) - ’thl)zs(g) = 0’ (172)
ha(8) := was(1) — ywas(€) = 0. (175)

Liet. matem. rink. Proc. LMS, Ser. A, 63:9-18, 2022


https://doi.org/10.15388/LMR.2022.29692

14 A. Stikonas

Let’s define functions:
Rl | (s) :=—p',(1)sin (s—21)=(— 1! sinasin (s —Z1),
h(s) == pj(€) cos (€5 + 5 (i — 1) —pj (1) cos (s + 5(i —1)), §=0,r =1, (18))
hé(s) = 'yﬁ}(f)cos (§8+ (j —l)) ( ) cos (s—|— (j —l)) =—-1,r—1,(189)
hl»(s) = Wpé»(f) coS (58 + 50— l)) ( )cos( + 50— l)) 0,r, (183)

¥
where functions pj and pj are defined by formulas (15)—(16). For example,

ol

NI

J
J

hY,(s) = —sinasins, h',(s) = —sinacoss,
hy(s) = (sinaQ(1) — cosa) cos s — sin oy cos(€s), (191)
h? 1 (s) = —sina(sins — ysin(€s)), Al (s) = —sina(coss — € cos(s)),
ho(s) = (sinaQ(1) — cosa) cos s — (sina Q(€) — cosa)y cos(€s), (192)
h(s) = sina(coss — ycos(és)), hj(s) = —sina(sins —y¢sin(s)),
h?1(s) = (sinaQ(1) — cosa) sins — (sina Q(&) — cosa)ysin(¢s). (195)
We will use the notation: p = —1, ar := (k — 1/2)7 in Cases 1, 2; p = 0,

ay = (k — 1)m in Case 3, k € N.
Lemma 5. Suppose |y| <1 in Cases 2 and 3. Then |h(ay, + )| > sel¥l ) 50> 0.
Proof. In Case 1 we have
|hY | (ax + 1y)| =sin a|sin(ax + 2y)| = sin a| sin ay, cosh y + 2 cos ay, sinh y)|
=sinacoshy > sin ae‘yl/Q.

From inequalities

[sins — ysin(€s)| = (|sinz| — |y| |sin(§z)|) coshy > (|sinz| — |y]) coshy,  (202)

|coss —ycos(€s)| = (Jcosz| — |y| | cos(§x)|) coshy > (| cosz| — |y]) coshy  (203)
we get (in Cases 2 and 3)

|h0(ak +1y)| = sina(l — |y|) coshy > sina(1 — |y|)elv! /2. |

Lemma 6. Suppose |y| < 1 in Cases 2 and 3. There exists B > 0 such that |hj)(s)| >
kel k>0 for |yl > B
Proof. We estimate

sinh |y| — || cosh(&y),
sinh |y| — || cosh(&y).

sin s| — ]| sin(¢s)|
cos s| — ||| cos(és)|

|sins — ysin(&s)
| cos s — v cos(&s)

\VAR\%

For || <1 we have
i (sinhy — ] cosh(€))e ™ = 31~ 1] [€]) > 31— ) > 0
So, in Cases 2 and 3 there exists B > 0 such that
\h0(3)| > Lsina(l - Iv)el¥l.

for |y| > B. The proof in Case 1 repeats the proof in Case 2 with y=0. O

http://www.journals.vu.lt/LMR
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Lemma 7. Let s € C5 and g € C[0,1]. Then for |s| = qo the asymptotic expansion

hV(s) = iphé(s)sfj + O(sf(HHp)e(TH)'y‘) (21)
Jj=p
1s valid, | € Ny.
Proof. The proof for o € (0, 7) is the same as in case a = 7/2 [4, see Lemma 11]. O
Remark 5. In the case ¢ € C[0, 1] we have (see Corollary 1) the asymptotic expansion
ha(s) = hg(s)s_” + O(s_(l'“’)ely‘). (22)

Remark 6. If o = 0 (the problem (1), (44), (3)) formula (21) is valid with p = 0 in
Cases 1, 2; p =1 in Case 3, and

hY(s) = —coss, hy(s) = —sins, (231)
hd(s) = ycos(£s) —coss, hj(s) =sins —yEsin(Es), (232)
h{(s) = ysin(&s) —sins, hi(s) = v€cos(€s) — coss. (233)

So, if & = 0, then Lemma 5 and Lemma 6 are valid for the problem (1), (44), (3) with
p=0,a,=Fkm, k€N, in Cases 1 and 2, p=1, ax, = (k— 1/2)7, k € N, in Case 3.

Let us consider positive s = 2 > 0, ¢ € C"[0,1], » > 1. We investigate equation
ho(x 4+ 0) =0, 6 € R, with additional condition

Bl ()| > 3> 0. (24)

Lemma 8. Suppose |y| < 1 in Cases 2 and 3. If h(x) = 0, then (24) is valid. The
constant s is the same for all such x.

Proof. In Case 1 if h% (z) = —sinasinz = 0, then * = z, = km, k € N and
|hl ) (zk)| = | — sinacoszg| = sina > 0.

In Case 2 we have equation k%, (z) = —sina(sinz —ysin(éz)). If zy, are the root
of equation sinz — ysin(§x) = 0, then we get [2, see Lemma 4 and Corollary 3| that
|hty (k)| = | —sina( cos zp —vE cos(Eak)) | = sina| cos wp — € cos(Eax)| = sina-k =
7> 0.

In Case 3 we have equation h§(z) = sina(cosz — ycos(x)). If zy are the root
of equation cosz — ycos(éx) = 0, then we get |2, see Lemma 5| that |hd(zy)| >
sin | sinz, — YE sin(éxy)| = sina(|sinay| — [v] - [sin(€xg)|) = sina-k=3>0. O

Remark 7. Lemma 4 and Lemma 5 in [2] were proved for £ € (0,1), but it is easy to
see, that they are valid for £ = 0, too. So, Lemma 8 is proved for all £ (see (3)).

Remark 8. If « = 0, then Lemma 8 is valid with p = 0 in Cases 1 and 2, p = 1 in
Case 3. The proof is the same.

Let’s denote the function
—1
Qi(z) = =hiy,(x) (hy(x))

Liet. matem. rink. Proc. LMS, Ser. A, 63:9-18, 2022
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If functions @1, ...,Qk_1 are defined, then we can find functions
i S1Q7 (@)@ (@)
a(z) = Y. @) e

nydoAng_q1=i, j>0,
Jtni+2ng4.. .+ (k—1)ng_ =1

=1,k —1 and function
ny ME—1
N 0 1 _q itz (x)---zk71 (z)
Qr(r) = > —hi (@) (hy(2) — i
ni4edng_q=l, §>0,
jtni42ngt. A (k—1)ng_ 1=k

If ¢ € C10, 1], then

B (sinaQ(1) — cosa) cosx — sin a7y cos({x)

@) sina cosx ’ (251)
o) = (sinaQ(1) — cosa) cosx — (sina Q(&) — cos o)y cos(Ex)

Qo) = sina( cosx — Y& cos(fx)) J (252)

Ou(e) = (@) —cosa)sine — (snaQ(f) —cosa)ysiniez)

sina( sinx — & sin({x))

Lemma 9. If g € C"[0,1] and § = o(1), hg(x) = 0, then asymptotic expansion
6= Q(x)r ™ + Oz +D)
j=1

is valid, where Q;(z), j = 1,7, are bounded functions.

Proof. The proof can be found in [4, see proof of Lemma 14]. O

3 Spectral asymptotics for eigenvalues and eigenfunctions

In this section we assume, that |y| < 1 in Cases 2, 3. Let us denote domains Dy, =
{s € C: |z| < ak, ly| < ar}, Dsp = CsN Dy, k € N (k > 1 in Case 3), contours
I, = C4,N 0Dy, and intervals Iy, := (ak, ak.+1) C Dy jy1 N Dy, k€ N.

Lemma 10. Suppose |y| < 1 in Cases 2 and 3. If g € C|0,1], then it follows that the
number of zeros of functions hy(s) and hg(s)s’p is the same inside sy, for sufficiently
large k.

Proof. We have (see (22)) ha(s) = h9(s)s™* + O(s~17?el¥l). Using Lemma 5 and
Lemma 6 we estimate |O (s 72 77el¥!)| < ¢ |s| 72 7Pel! < min{k, sc}[s|~Pel¥! < |h)(s)s™*|
on the contours Iy for sufficiently large k. Therefore, by Rouché theorem it follows
that the number of zeros of hq(s) and h))(s)s™” are the same inside I'y;, for sufficiently
large k. O

Corollary 5. If g € C[0,1], then it follows that the number of zeros of functions hq(s)
and hg(s) is the same between s, and I's 11 for sufficiently large k.

http://www.journals.vu.lt/LMR
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Remark 9. If o = 0, then Lemma 10 and Corollary 5 are valid. The proof is the same.
In Case 3 s = 0 isn’t zero of the function h{(s)s™! = s 1sin(¢s) — s~tsins for
Iyl <1

From (19) (and (23) for a = 0) we have that function 29 has only one positive root
xy, € I, k € N. For example, x,, = 7k (and 2 = 7w(k 4+ 1/2) for « = 0) in Case 1. In
Cases 2 and 3 existence of such root follows from [4, Lemma 4 and Lemma 5]. Thus,
function h(s) has only one root si between Iy, and Is 11 for sufficiently large k.

In Case 2 (sina # 0) ar, = (K — 1/2)7 and

ho(ar) = — sina(sinag—7ysin(ay))ar+O(1) = ax sina((fl)k+'y sin(€ag)+O(k™1)).
If |y < 1, then sign((—1)* + vsin(¢ay) + O(k~1)) = (—1)*. So, we have

Sign(hoz (ak)hoz (ak+1)) =-1

for sufficiently large k. This formula is valid in Cases 1 and 3. Moreover, it is valid
for « = 0. Then from Intermediate Value Theorem at least one root of the function
ha(8) lies in I, for sufficiently large k. So, sy is real root for such k.

We have si ~ xp ~ 7k (as k — 00). Then hq(sy) - s, = h9(s) + O(k~') = 0 and
limy o0 hg(sk) = 0. The function hg is analytic and has one root in . Additionally,
|hy(2x)| = K > 0 (see Lemma 8). Therefore, s, — ) as k — oo or

sp=2xr+o(l) (as k— 00). (26)

Now we will investigate the distribution of these positive eigenvalues of problem
(1)—(3), and we leave out the note about sufficiently large k.
Let us denote 0 = s — x,. We have that §; = o(1).

Theorem 1. Let ¢ € C"[0,1]. For eigenvalues N\, = si and eigenfunctions uy of
problem (1)—(3), we have the asymptotic expansions

sk =ap+ Y Qjxn)z,? + Ok~ ), (27)
j=1
uk(t) =Y Rj(t,zp)z” + O (k™) (28)
j=0

for sufficiently large k.

Proof. We have 0, = o(1). So, all conditions of Lemma 9 are valid, and it follows
(27). Then we apply Corollary 1 and get (28). O

Corollary 6. Let g€ C[0, 1]. For eigenvalues A\, = si and eigenfunctions uy, of problem
(1)—(3), the asymptotic expansions

SL = X + (’)(k_l), ug(t) = Ro(t,xx) + O(k_l)

are valid for sufficiently large k, where Ry(t,z) = sin a cos(zt).

Liet. matem. rink. Proc. LMS, Ser. A, 63:9-18, 2022
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Corollary 7. If ¢ € C1[0,1], then the asymptotic expansions
S = Tk + Ql(xk)llilzl + O(kiQ),
up(t) = Ro(t,z) + R (t, zp)zy ' + O(k™?)

are valid for sufficiently large k, where Q1(x) is defined by (25), Ro(t, z) = sin a cos(zt),
Ri(t,z) = (—cosa +sina(Q(t) — tQ1(x))) sin(at).

Remark 10. (See [2].) If a = 0, then formula (27) and asymptotic expansion

r+1
ur(t) = Rj(t,zp)z,? + Ok~ ) (29)
j=1
are valid for sufficiently large k. If ¢ € C[0,1], then R;(t,z) = —sin(xzt). If ¢ €

C1[0,1], then Ry(t,z) = (Q(t) — tQ1(x))) cos(at) and
Q(1)sinz — ysin(&x)

Q1(z) = pr ; (301)
_ Q) sinz —4Q(§) sin(§x)

@) = sinz — € sin(€x) ’ (30)

Ql(x) _ Q(l) COST — 'YQ(g) COS(&L‘). (303)

cosz — € cos(&x)
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REZIUME

Sturmo ir Liuvilio uzdavinio su Robino ir dvitaske krastinémis salygomis asimp-
totiné analizé

A. Stikonas

Mes analizuojame pradinj uZzdavinj ir gauname jo sprendinio asimptotinius skleidinius. Mes tiriame
Sturmo ir Liuvilio uzdavinj su su viena klasikine Robino tipo krastine salyga ir kita dvitaske nelokalia
krastine salyga. Galiausiai gauname tikriniy reikSmiy ir tikriniy funkcijy asimptotinius skleidinius.
Raktiniai Fod%ai: Sturmo ir Liuvilio uzdavinys; Robino salyga, dvitaskés nelokaliosios salygos,
tikriniy reikSmiy ir tikriniy funkcijy asimptotika
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