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Santrauka. Straipsnyje nagriné¢jamos tolygiuyju skaiciy laipsniy formulés jvairiose skaicia-
vimo sistemose. Sio tipo uZdaviniai padeda jvaldyti atitinkama matematinj aparata, tad
gali buti naudojami kaip pratimai informatikos ir informatikos inzinerijos kryp¢iy bakalauro
studijy studentams.

Raktiniai Zodziai: tolygieji skaiciai, skai¢iavimo sistemos

AMS: 97F99; 97P99

1 Ivadas

Tolygieji skaiciai (angl. repdigits; vok. Schnapszahlen; pranc. nombres uniformes) —
is vienody skaitmeny sudaryti naturalieji skaiciai, t.y., jei 8 yra skai¢iavimo sistemos
pagrindas, tai tolygusis skai¢ius yra isreiSkiamas formule (8" — 1)/(8 — 1), kur
0 < a < (8 yra pasikartojantis skaitmuo, o n — pasikartojimy skaicius.

Su tolygiaisiais skai¢iais yra susijusios nemazai jdomiy matematiniy problemuy.
Siuo mety aktyviai tyrinéjami jvairiy kombinatoriniy skai¢iy (Fibonaéio, Pelio, Liu-
ko, Padovos, Pereno ir kt.) skaidiniai tolygiujy skai¢iy sumomis [2, 3], sandaugo-
mis [1, 12, 10, 11] ir skirtumais [6] jvairiose skaiCiavimo sistemose, bei Siy uzdaviniy
atvirkstiniai (t.y., kaip iSreiksti tolygiuosius skai¢ius per tam tikry kombinatoriniy
skaiciy sumas [14], sandaugas [7, 5] ir skirtumus [13]). Taip pat nagrinéjami fak-
torialai kaip tolygieji skaiciai S-tainéje skaiCiavimo sistemoje [9], sprendZiami ir kiti
uzdaviniai.

Idomiy savybiy turi tolygiyju skaic¢iy laipsniai. Irodyta, kad desimtainéje siste-
moje galioja Sios laipsniy formulés [4]:
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99...9°= 99...9800...01,
~—— ——

n n—1 n—1

99...9" = 99...9700...0299...99,
—— —— Y —
n n—1 n—1 n—1 (1)
99...9' = 99...9600...0599...9600...01,
— —— Y ] N——
n n—1 n—1 n—1 n—1

99...9" = 99...9500...0999...9000...0499...99.
S—— —— Y~ Y~ Y~ Y~——

n n—1 n—1 n—1 n—1 n—1

Ar analogiskus désningumus tolygiyju skaic¢iy naturaliesiems laipsniams galima
nustatyti -tainéje skaiiavimo sistemoje? Sio tipo uzdaviniy nagrinéjimas gali biti
panaudotas kaip jrankis, padedantis informatikos ir informatikos inzinerijos kryp¢iy
bakalauro studiju studentams jvaldyti darbo skirtingose skai¢iavimo sistemose ma-
tematine technika. Uzdaviniy apibendrinimai gali buti pasiulyti ir kaip baigiamujy
darby temos (pl. [8]).

Toliau straipsnyje simboliu C¥ Zymésime binominius koeficientus, Aiversono sim-
bolis |2| Zymi apvalinimo su trukumu funkcija,

|z] = max{r € Z|r < z},
skaiciai k,n,m,p,s € N. Formulés, jei nenurodyta kitaip, yra deSimtainéje skaiciavi-
mo sistemoje.
2 Tolygiyjy skaiciy laipsniy formulés
Tegu S yra skaiCiavimo sistemos pagrindas, o skaitmuo o = 5 — 1. Galima pastebéti,
kad (1) tipo taisyklés laipsniams m € [2, 5], kai skaitmeny a«. ..« ir 00...0 grupés

irasomos pakaitomis tarp skaiciaus o™ skaitmeny,

(a) galioja, kai § > 10; pavyzdziui, Sesioliktaingje skai¢iavimo sistemoje turime

2

FF...F = FF...FFE00...01,
——

——
n n—1 n—1

FF. . F =FF.. .FD00...02FF...F F,

—_—— —_—— N —
n n—1 n—1 n—1

FF.. F = FF...FC00...05FF...FC00...01,

—_——— —— —— ——

n n—1 n—1 n—1 n—1

FF.. F' = FF. . FB00.. 09FF.. .F600... 0AFF..  FF;

—— ——— T e S N S —
n n—1 n—1 n—1 n—1 n—1

(b) negalioja aukstesniems laipsniams, m > 5, kol skai¢iavimo sistemos pagrindas
néra pakankamai didelis. Taip, pavyzdziui, 20-tainéje (o = J), 29-tainéje (o = S)
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ir 36-tainéje (o = Z) skai¢iavimo sistemose turime

6

JJ...J =JJ...JE00...0FJJ...J000... 0FJJ...JEQ00...01,
N—— —_— = Y = Y= =
n n—1 n—1 n—1 n—1 n—1 n—1

SS’...5’6=SS...SNOO...OESS...S9OO...OESS...SNOO...Ol,
N—— —— | e e N S N~

n n—1 n—1 n—1 n—1 n—1 n—1

77...7 =2Z...ZT0..0KZZ...Z100...0Y ZZ...ZF00...06
-1 -1 -1 -1 -1 -1
Z7Z...2 7.
—_—

n—1

Kokiomis salygomis tokio tipo formulés galioja S-tainéje skai¢iavimo sistemoje? At-
sakyma j sj klausima pateikia toliau nurodoma teorema.

1 teorema. Tegu (3 yra skaiciavimo sistemos pagrindas, Bx — skaitmenys. Tuomet, jei

(a=B-1 ir o™ =Bm 1Bma...Po= S0 BB,
N——

m>1

(i) B> CR?,

tas

ac...oBm-100...08,_2...00...01, m — lyginis,

m n—1 n—1 n—1

N ao ... — —2...00...0Cx m — ne 1M1S.
n>1 . ,Bm 1 Bm 2 ) Yg
n—1 n—1 n—1

Irodymas. Pasinaudoje Niutono formule, gauname
g g = (8" )" =Y O (1)
k=0

— (ﬁn—l _ 1) 5(m—1)n+1 + (ﬁ _ C:n) 6(771—1)71 + (ng _ 1) B(m—2)n
—— ———

—_——
=ao..a =Bm-1 =Bm—2
+ (ﬁn—l _ 1) ﬁ(m—S)n+1 + (ﬁ _ 0713”) ﬁ(m—S)n + (C«;l% _ 1) B(m—4)n
—_——— —_——— ——
=aa..a =Bm_3 =Bm—4

kur liekana lygi

(Bn—l _ 1) 5(771—(177,—1))77,—‘,—1 4 (ﬂ _ C:yrlz—l) B(m—(m—l))n 4 077727
=aa..a =p1 :,g:
m — lyginis,

(C:;’:_l _ 1) B(m—(m—l))n + Bn -1,

—_——— ~———

=p1 =aa...a

m — nelyginis.

Rn,m (6) -
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Pastebéje, kad
67717(2371) =pB- 0727;9717 Bm—2s = C,%qs -1
gauname teoremos teiginj. 0O
3 Uzdaviniai studentams
I Jrodykite Teiginius 1-3.

1 teiginys. Kai m € [6,8] ir n > 2, formulés (3) gaunamos jrasant pakaitomis
skaitmeny 99...9 ¢r 00...0 grupes tarp skaiciaus 99™ skaitmeny,

99...96:99...99400...01499,,.98000...01499...99400...001,
N—— N—— N = = Y= =

n n—2 n—2 n—2 n—2 n—2 n—2
99...9' =99...99300...02099...96500...03499...97900...006
—— —— N N N N N —

n n—2 n—2 n—2 n—2 n—2 n—2

99...999,
——
n—2

99...9° =99...99200...02799...94400...06999...94400...027
N—— S—— N~ = Y= Y= =

n n—2 n—2 n—2 n—2 n—2 n—2

99...99200...001.
—_—— ==

n—2 n—2

2 teiginys. Kai m € [9,12] ir n > 3, formulés (4) gaunamos jrasant pakaitomis
skaitmeny 99...9 ir 00...0 grupes tarp skaiciaus 999™ skaitmeny,

99...9°=099...999100...003599...991600...012599...9874
N—— N—— N—_—— N—— N—_—— N——
n n—3 n—3 n—3 n—3 n—3

00...008399...996400...000899...9999,
N—— N—— SN—— N——

n—3 n—3 n—3 n—3
99...9" =199...999000...004499...988000...020999...9748
N—— N—— N—— N—— N—— N——
n n—3 n—3 n—3 n—3 n—3

00...020999...988000...004499...999000...0001,
N—— N—— S—— S—— S——

n—3 n—3 n—3 n—3 n—3

99...9"' =99...998900...005499...983500...032999...9358
~—— ~—— ~—— ~—— ~—— ~——

n n—3 n—3 n—3 n—3 n—3 4)
00...046199...967000...016499...994500...0010
— — ~—— — ——
n—3 n—3 n—3 n—3 n—3
99...9999,
——
n—3

99...9=199...998800...006599...978000...049499...9208
N—— ~—— ~—— ~—— ~—— ~——

n n—3 n—3 n—3 n—3 n—3
00...092399...920800...049499...978000...0065
N—— N—— N—— N—— N——
n—3 n—3 n—3 n—3 n—3

99...998800...0001.
~— ——

n—3 n—3
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3 teiginys. Kai m € [13,15] ir n > 4, formulés (5)—(6) gaunamos grasant pakai-
tomis skaitmeny 99...9 ir 00...0 grupes tarp skaiciaus 9999™ skaitmeny,

99...9° =199...9998700...0007799...9971400...0071499...98713
~—— ~—— ~—— ~—— ~—— ~——

n n—4 n—4 n—4 n—4 n—4
00...0171599...9828400...0128699...9928500...00285
N—— N—— N—— N—— N——
n—4 n—4 n—4 n—4 n—4
99...9992200...0001299...99999,
~—— ~—— ~——
n—4 n—4 n—4 (5)
99...9" =99...9998600...0009099...9963600...0100099...97998
N—— N—— N—— N—— N—— N——
n n—4 n—4 n—4 n—4 n—4
00...0300299...9656800...0300299...9799800...01000
N—— S—— N—— N—— N——
n—4 n—4 n—4 n—4 n—4
99...9963600...0009099...9998600...00001,
~—— ~—— ~—— ~——
n—4 n—4 n—4 n—4
99...9° =199...9998500...0010499...9954500...0136499...96997
N—— N—— N—— N—— N—— N——
n n—4 n—4 n—4 n—4 n—4
00...0500499...9356500...0643499...9499500...03002
S—— S—— S—— N—— ~—— (6)
n—4 n—4 n—4 n—4 n—4
99...9863500...0045499...9989500...0001499...99999.
~—— ~—— ~—— ~—— ~——
n—4 n—4 n—4 n—4 n—4

II Apibendrinkite Teiginius 1-3
(a) laipsniams m > 15,
(b) B-taingje skai¢iavimo sistemoje, 5 # 10.
IIT Irodykite arba paneikite sekantj teiginj.
4 teiginys. Kaim > 2 irn > 1, laipsniy 99...9 " formulés yra gaunamos jrasant

n
pakaitomis skaitmeny 99...9 ir00...0 grupes tarp skaiciaus99...9 " skaitmeniy.
—— = N——

n—p n—p p

p_{?m—kl, Ko < 9, fur {/ﬁ:L(m—Q)/ﬂ,

2Kk1 + 2, kg > 5, Ko =m — TK1.

Cia

IV Trodykite formules

1. 1°=12...n...21, n<9,
N—— N——

n n n—1
33...3° =11...1088...809,

n n—1 n—1
66...6.=44...4355...56.

n n—1 n—1

http://www.journals.vu.lt/LMR
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V Irodykite formule

9
=1 e n—1
A=aa~a t=0,00...0 (am ) A ¢ {44,88,888}, a ¢ {0,7}.
n>1 n—1 Se——- —
periodas

1 pastaba. Panaudokite formule P/(10" — 1) = 0, (P), kur P yra n skaitmeny
periodas.

VI Apibendrinkite V uzd. teiginj S-taingje skaiciavimo sistemoje, 5 # 10.

VII Parasykite algoritma (ir programinj koda) tolygiuju skai¢iy laipsniy formuliy

[-tainéje skaiciavimo sistemoje paieskai bei patikrinimui. Kaip organizuoti skai-
¢lavimus, kai skaic¢iavimo sistemos pagrindas 8 > 367

VIIT Apibendrinkite Teorema 1. Kaip pasikeis salyga (ii), kai a < § — 17
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SUMMARY
On repdigits powers in base 8

1. Belovas

The article presents formulas for powers of repdigits in the different n umerals ystems. T his task
can be used as an exercise for computer science students to help them master the corresponding
mathematical apparatus.

Keywords: repdigits, numeral systems
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