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On the Mellin transforms of the fourth power
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Let {(s),s = o + it, denote the Riemann zeta-function. In the theory of ¢(s), the
modified Mellin transforms

Zi(s) = /100‘{(% + ix)‘kaﬂ dx,

o 2 ogk) > 1, k > 0, play an important role. They were introduced and studied by
Y. Motohashi [8], and A. Ivi¢, M. Jutila and Y. Motohashi [3]. The functions Z(s) are
applied in the investigations of the moments

/OT‘g(%Jrir)‘det.

In [4], [5] and [6] the first limit theorems in the sense of weak convergence of probabil-

ity measures for the functions Z(s) and Z;(s) were proved. The mentioned theorems

are continuous because they deal with probability measures defined by continuous

shifts of Z;(s), k =1, 2. The aim of this note are discrete limit theorems for Z,(s). In

these theorems, the probability measures are defined by discrete shifts Z,(s + imh).
Let, for N e NU {0},

1
)= — 1,
un(..) N1

o<m<N

where in place of dots a condition satisfied by m is to be written. Denote by B(S) the
class of Borel sets of the space S. Let, as usual, C denote the complex plane, and let /
be an arbitrary fixed positive number. Then we have the following statements.

THEOREM 1. Suppose that % <o < 1. Then on (C, B(C)) there exists a probabil-
ity measure P, such that the probability measure

N (Zz(a +imh) € A), A e B(C),

converges weakly to Py as N — o0.

Now let D = {s € C: % < o < 1}, and H(D) be the space of analytic on D func-
tions equipped with the topology of uniform convergence on compacta.
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THEOREM 2. On (H (D), B(H(D))) there exists a probability measure P such
that the probability measure

un (Z2(s +imh) € A), AeB(H(D)),

converges weakly to P as N — o0.

In this short paper we give only a sketch of the proof of Theorems 1 and 2. Their
full proof will be given elsewhere.
First we consider an integral over a finite interval. Let o] > % be fixed, and, for

y =1,
v(x,y) :exp{ — (g)}m

For oo > a > 1, consider the function

a
ZZ,a,y(s) = ‘/1

LEMMA 3. On (C, B(C)) there exists a probability measure P, 4, such that the
probability measure

{(% —I—it)rv(x, y)x *dx.

def .
PN.o.a.y(A) = un(Z2.ay(0 +imh) € A), A eB(C),

converges weakly to Py 4y as N — 00.

LEMMA 4. On (H(D), B(H(D))) there exists a probability measure P, , such
that the probability measure

Py.ay(A) E 1y (220, (s +imh) € A), A eB(H(D)),

converges weakly to P,y as N — o0.

Lemmas 3 and 4 follow easily from Theorem 5.1 of [1] and the following assertion.
Lety ={se€C: |s|=1}and
Q= 1_[ Yu>

ue(l,al

where y, =y for all u € [1, a]. By the Tikhonov theorem the torus €2, is a compact
topological Abelian group. On (2, B(£2,)) define the probability measure Qy , by

On.a(A) = MN((uimh: uell,al)e A).

PROPOSITION 5. On (2., B(R2,)) there exists a probability measure Q, such that
the probability measure Qy , converges weakly to Q, as N — oo.
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Proof. The dual group of Q2 is @ye[1,41Zy, Where Z,, = Z for all u € [1, a]. Hence
it follows that the Fourier transform g (k) of the probability measure Qy , is

on ) = / [T xkdon.

@ uell,al

N—I—l Zexp{zmh Z k logu}

uell,al
where only a finite number of integers k, are non-zero. Therefore, we find without
difficult that

1 2
lim gy (k)= { Lif 37, cqy o kulog u = == for some r € Z,
N=eo 0 otherwise.
This and Theorem 1.4.2 of [2] prove the proposition.

Now define the function
Z5(s) = / ‘{(E + ix)‘ v(x, y)x *dx
1

A simple application of the Mellin formula

1 b+ioo
— I'(s)a*ds=e"% a,b>0,
271 Jp—ioo

shows that the integral for Z, ,(s) converges absolutely for o > %

LEMMA 6. Suppose that o > % Then on (C, B(C)) there exists a probability mea-
sure Py y such that the probability measure

un(Za,y(o +it) € A), AeB(),

converges weakly to Py y as N — o0.

Proof. First we observe that the family of probability measures {Py 4 ,} is tight
for fixed o and y. Therefore, it is relative compact, and there exists a subsequence
{Ps.a,,y} C{Psa,y} such that P, , converges weakly to some measure Pj, on
(C, B(C)) as a; — oo. Hence,

D
Xal,y(a) a::o Po,y, (1)

where X, (o) is a complex-valued random variable having the distribution Py 4 y.
Let Oy be a random variable defined on a certain probability space (2, B(R2), P)
and having the distribution

|
POy = hm)= ——. m=0.1.....N.
On =hm) =3 m
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We set Xy 4,y(0) = Z3,4,y(0 +i6y). Then in view of Lemma 3
X P, ox
N,a,y(U) Njgo a,y(U)-

Since

lim ZZ,a,y (s) = ZZ,y ()
a—>o0
uniformly in ¢, we find that, for o > % and every ¢ > 0,

lim hmsup/LN(|Zz y(o+imh) — 25 4 y(0 + imh)| > 8)

a— o0 N—00

oo
< lim limsup ——— (N+ 7 2 Z |25,y(0 +imh) — 23 4 (0 +imh)| =0.

a— o0 N—00

Thus, denoting Xy (o) = 23 y(0 +i6y), we have the relation

lim 11msup]P’<|XN y(0) — XN,a,y(U)D >¢e)=0.

a=>0 N0

This, (1), (2) and Theorem 4.2 of [1] prove the lemma.

2

LEMMA 7. On (H(D), B(H(D))) there exists a probability measure Py such that

the probability measure
un(Z2,y(s +imh) € A), A e€B(H(D)),

converges weakly to Py as N — oQ.

Proof. We apply the same way as in the proof Lemma 6, only in place of the Eu-
clidean metric we use the metric which induces the topology of uniform convergence

on compacta.

To prove Theorems 1 and 2 it remains to pass from function 2, ,(s) to Z(s) and
apply Lemmas 6 and 7. For this, we need the approximation in the mean of the function

Z(s) by 23 y(s).

LEMMA 8. Let K be a compact subset of the strip D. Then

lim limsup sup | Zy(s +imh) — Zp (s +imh)| =
Y= N oo N+ stEK| ! |

The proof of Lemma 8 is based on the mean square estimate

T
/ |Z2(0 +i0)| dt =O(T), T — oo,
0
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which is valid for % < o0 < 1 and follows from [8]. This and the Gallagher lemma, see,
for example, [7], for the same o, imply the estimate

N
> |Za(o +imh)|P =0(N), N - .
m=0

Now the later bound and application of the contour integration complete the proof
of the lemma.

Proof of Theorem 1. We argue similarly to the proof of Lemma 6. We start with the
proof that the family of probability measures { P ,} is tight for a fixed o. Hence it is
relatively compact, and we obtain that on (C, B(C)) there exists a probability measure
P, and y; — oo such that

D
Xy, (o) — Ps. 3)
Y1 —>00

Here X (o) is a complex-valued random element with the distribution Py y, defined in
Lemma 6. Moreover, in view of Lemma 6

D
Xy (o) N? Ps, “)
o.¢]

where Xy (o) is defined in the proof of Lemma 6. Let Xy (o) = Z5(0 +i60y). Then
from Lemma 8 we deduce that, for o > % and every ¢ > 0,

lim limsupIF’(|XN(U) — XN’},(U)| > 8) =0.

Y70 Nooo

This, (3), (4) and Theorem 4.2 of [1] prove the theorem.
Proof of Theorem 2 is similar to that of Theorem 1.

References

1. P. Billingsley, Convergence of Probability Measures, John Wily and Sons, New York (1968).

2. H. Heyer, Probability Measures on Locally Compact Groups, Springer-Verlag, Berlin (1977).

3. A.lvi¢, M. Jutila, Y. Motohashi, The Mellin transform of powers of the zeta-function, Acta Arith., 95,
305-342(2002).

4. A. Laurincikas, Limit theorems for the Mellin transforms of |¢ (% + it |4, Preprintas 2005-30, Vil-

niaus universitetas, Matematikos ir informatikos fakultetas (2005).

5. A. Laurincikas, Limit theorems for the Mellin transform of the square of the Riemann zeta-function,
Acta Arith.,122.2, 173-184 (2006).

6. A. Laurincikas, Limit theorems for the Mellin transform of the square of the Riemann zeta-function,
in: International Conf. Prob. and Number Theory (Kanazawa, 2005), Advanced Studies in Pure Math.,
43 (2006) (to appear).

7. H.L. Montgomery, Topics in Multiplicative Number Theory, Springer-Verlag, Berlin (1971).

8. Y. Motohashi, A relation between the Riemann zeta-function and the hyperbolic Laplacian, Ann.
Scuola Norm. Sup. Pisa, Cl. Sci., 22(4),299-313 (1995).



16 V. Balinskaite

REZIUME

V. Balinskaité. Diskrecios ribinés teoremos Rymano dzeta funkcijos ketvirtojo laipsnio Melino
transformacijai

Gautos diskrecios ribinés teoremos silpnojo tikimybiniy maty konvergavimo prasme Rymano dzeta funkci-

jos ketvirtojo laipsnio Melino transformacijai.



