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Abstract. We study Dirichlet L-functions with shifted characters L(s, x, H) = 3.5° | X2 ' where H is
an integer. Here we obtain a joint universality theorem for such functions.
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1. Introduction

For Dirichlet L-functions we have the joint universality theorem (Lemma 2, see be-
low) which says that a finite collection of Dirichlet L-functions with nonequivalent
characters can approximate a finite collection of any analytic nonvanishing functions.
In [1] we considered Dirichlet L-functions with shifted characters
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where x is a Dirichlet character and H is an integer. Note that this function can be
expressed by Hurwitz zeta-functions, also by Dirichlet L-functions:
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where x,,n=1,...,q — 1, are all Dirichlet characters mod g and
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From this we see that L(s, x, H) can be continued meromorphically to the whole
complex plane with at most one simple pole at s = 1. For this function, in general,
the Riemann hypothesis is not true. Let ¢ > 3 be prime and g not divide H. Then in
[1] we with Steuding showed that for any o} and o, with 1/2 < 07 < 03 < 1, there
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exists a constant ¢ = ¢(H, o1, 03) > 0 such that for sufficiently large T the function
L(s, x, H) has more than ¢T zeros in the rectangle oy <o < 03, |t] < T.
Here we prove a kind of joint universality theorem for L(s, x, H).

THEOREM 1. Let 0 <r < % and Hi€Z, j=1,...,m. Let 3 <q) < ... < qy be
primes and xj mod qj, j =1, ...,m be Dirichlet characters. Let f1(s),..., fm(s) e
any continuous functions on the disc |s| < r, analytic in the interior of this disc, and if
qj divides Hj, let f;(s) also be nonvanishing. Then, for every € > 0,

1
liminf —meas{t € [-T,T], max max
T—oo 2T 1<ji<mls|<r

L(s+%+ir, X Hj) = £56)] <e} > 0.

Here and further meas{A} denotes the Lebesgue measure of the set A. We say that
two characters are equivalent if they are generated by the same primitive character.
Note, that characters xi,..., x, from Theorem 1 are pairwise not equivalent. The
proof of Theorem 1 makes use of the following Voronin theorem on the joint uni-
versality of the Dirichlet L-functions:

LEMMA 2 (Voronin [2]). Let0 <r < -j:. Let x1, ..., Xm be pairwise non equivalent
Dirichlet characters. Let f1(s), ..., fm(s) be any nonvanishing continuous functions
on the disc |s| < r, and analytic in the interior of this disc. Then, for every € > 0,

1
liminf ﬁmeas{r e[-T,T}, max max

3.
T—>00 1< e [s|<r L(S+Z+117Xj)—fj(s)’ <6} > 0.

Also we need some information on coefficients n,, (H). In [1] the following property
was proved.

LEMMA 3. Let q > 3 be a prime and q not divide H. Then there exist at least two
different nonprincipal characters, say x; and x;j, such that the numbers n;(H) and
n;j(H) are nonzero.

Proof of Theorem 1. If x; denotes the principal character mod g;, then we have
) =(1- %)_IL(S, x1)- Thus, in view of (1), for j such that ¢ not divides H;, we
; .
have
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By Lemma 3 we can suppose that n2(x, H;) and n3(x;, H;) are nonzero. Let

M:=1+ max [fi ()]

j=l..m
Then f;(s) + M # 0. For such j we define
o fi)+M
S = G
T T GGy HY)
f1.j6) = fa,j(s)=...= fg1,j(@) =8>0

and for j such that g; divides H; (in this case f; #0),
In,j (8) = fj(s),
where the constant § > 0 will be chosen later. Note that for j such that g; divides Hj,

we have L(s, xj, H;) = L(s, x;). By Lemma 2,

L(s + % +ir, x,,(modqj))

.1
liminf —meas{t € [-T,T], max max max
T—oo 2T 1< j<m1<n<q—11s|<r

—f,w-(s)l <5} > 0.

For |s —3/4| <r < 1/4 and t € R the quantity

q;—1
qj+tr -1
is bounded. By this, choosing sufficiently small §, we obtain the theorem.
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REZIUME

R. Garunkstis. Dirichlet L-funkcijy su paslinktais charakteriais universalumas

Mes studijuojame Dirichlet L-funkcijas su paslinktais charakteriais L(s, x, H) = Y%, X&8+H) «iy g

n=1 nt

yra sveikasis skaitius. Siame darbe jrodome daugiamate universalumo teorema $ioms funkcijoms.
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