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Let s = o + it be a complex variable, and let C denote the complex plane. The
series

o0
f)=) ame™™, o3>0,
m=1

is called the general Dirichlet series. Here a,, € C and {A,} is an increasing sequence
of positive numbers, lim A, = 400. Let
m—00

1
vr(...) = Tmeas{t e[0,T]: },

where T > 0, meas{A} denotes the Lebesgue measure of the set A, and in place of dots
a condition satisfied by 7 is to be written. Note that the problem of the universality for
zeta-functions comes back to S.M. Voronin. In 1975 he proved [6] that any analytic
function can be approximated by translations ¢ (s 4 it) of the Riemann zeta-function
£(s). The Voronin theorem states [2] that if K is a compact subset of the strip {s €
C: % < o < 1} with connected complement, and g(s) is a non-vanishing continuous
function on K which is analytic in the interior of K, then, for every ¢ > 0,

liTminfvT(sup [ +it)—g(s)] < e) > 0.

00 sek

For the universality of general Dirichlet series theorem we need some conditions.

We suppose that the system of exponents {A,,} is linearly independent over the field
of rational numbers, the function f(s) is meromorphically continuable to the half-
plane o > o7 with some 01 < 0, and it is analytic in the strip

D={seC: 01 <0 <0}
We also require that, for o > o7, the estimates
flo+it)y=Bt|*, |t|>1, >0,

and

T
/ |fo+in|>dr =BT, T - oo,
-T
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should be satisfied. Here and in the sequel B denotes a quantity bounded by a constant.

Denote, for x > 0,
r)= Yy 1,
A.,,,SX

and let ¢, = aye " m% . Suppose that, for some 6 > 0,
> lemlP =0rx)(1 +0(1))
Am<x
as x — 09, |c;, | < d with some d > 0, and
r(x)=C\x*+ B, (1)

where s > 1, C; > 0 and |B| < C,. Finally, we assume that f(s) cannot be rep-
resented in the region o > o, by an Euler product over primes. Then we have the
following statement [S].

THEOREM A. Suppose that the function f(s) satisfies all the conditions stated
above. Let K be a compact subset of the strip D with connected complement, and
let g(s) be a continuous function on K which is analytic in the interior of K. Then, for
every € > 0,

liminfvr(sup|f(s+ir) —g(s)| <£) > 0.
T —00 sek

For simplicity, we will consider a collection of two functions, only. Let, for o > o,
the series

fis)=}_amje

m=1

converges absolutely, j =1, 2. As above, suppose that f;(s) is meromorphically con-
tinuable to the half-plane o > o7; with some o1 < 0y}, all poles being included in a
compact set, it is analytic in the strip {s € C: 01; < 0 < 05}, and that f;(s) cannot be
represented by an Euler product over primes in the region o > oy, j = 1, 2. Moreover,
let, for o > o j» the estimates

fjlo +it)=Blt|*, |t| > 19, a; >0, 2

and
T 2
/ |fj(o +it)|"dt =BT, T — oo, (3)
-T

be satisfied. Let ¢,,j = amje“}""""f, J =1,2. Then we suppose that there exist r > 2
sets Ni, N, (YNy, = @, for ky # ka, N=J;_; Nk, such that ¢,,j = by;j for m € Ny,
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by1 by
L=1 .. o,
by br2

and we assume that the sequence {A,,} satisfies (1), and that

k=1,...,r,j=1,2.Let

Z 1 =sgqrx)(1 +0(l)), x— oo, 4)

Am<x, meNg
with positive », k =1, ..., r. Then in [3] the following assertion was obtained.
THEOREM B. Suppose that conditions (1)~(4) are satisfied, the set {log 2} U A}
is linearly independent over the field of rational numbers, and that rank(L) = 2. Let
K be a compact subset of the strip D ; with connected complement, and let g ; j(s) be

a com‘muous function on K ; wchich is analytlc in the interior of Kj, j =1, 2. There,
Sfor every € >0,

hmmfvT< sup sup |fj(s+zf)—gj(s)|<s>>0
1<j<2s5€K;

The requirement that the set {log2}{J(J%_;{An} should be linearly independent
over the field of rational numbers is not natural. It turns out that the number log?2 can
be removed from the later set. The aim of this paper is the following statement.

THEOREM. Suppose that conditions (1)—(4) are satisfied, the system {A,,)} is lin-
early independent over the field of rational numbers, and that rank(L) = 2. Then the
assertion of Theorem B is true.

Let G be a region on the complex plane. Denote by H (G) the space of analytic on
G functions equipped with the topology of uniform convergence on compacta. Let, for
N >0,

Dj,Nz{s €C: 01 <o <0yj, |t <N}, j=1,2,
and
Hy,n = Hy(D\,N, Da,n) = H(D1,n) x H(Da N).
Denote by 8B(S) the class of Borel sets of the space S. Let
Pr(A) =vr(fi(s1 +it), fals2 +it) € A), A€ B(Hn),

and let y be the unit circle on the complex plane, and

o0
Q= l—[ Ym»
m=1
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where y,, = y for all m € N. Since Q is a compact topological Abelian group, the
probability Haar measure m g on (2, B(£2)) exists. Denote by w (m) the projection of
w € Q onto the coordinate space yp,.

On the probability space (2, B(€2), my) define an H, y-valued random element

fs1,52; 0) = (fi(s1, ), fas2, @),

where
o0
fiGsj,w)= Zamjw(m)e""""’, sjeDjn, j=1,2.
m=1

Let Py stand for the distribution of the random element f(sy, 52; w), i.e.,

Pr(A)=mpy(w € Q: f(s1,52;,w) €A), AeB(Hyn).

LEMMA 1. The probability measure Pr converges weakly to the measure Py as
T — oo.

Proofis based on a limit theorem from [1].

We consider the support S of the measure Py in Lemma 1. The support § is the
minimal closed set of H, y such that Py (Spf) =1.

LEMMA 2. The support of the random element f (s1, S2; w) is the whole of Hy y.

Proof uses lemmas from [2] and [4]. A full proof of the lemma is sufficiently long,
it will be given elsewhere.

Proof of the theorem. First we suppose that the functions g1(s), g2(s) have analyt-
ical continuation to the regions D1 y, D, y, respectively. Let G consist of (y1, y2) €
H, y satisfying the inequality

£
sup sup |yj(s) — g;(s)| < e
1<j<25€K;

Clearly, the set G is open. Therefore, properties of the weak convergence of probability
measures, Lemmas 1 and 2 yield
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liminfvr( sup sup |f,(s+zr)—gj(s)| )>Pf(G)>O.
T—oo 1< <25€K;

Now let the functions g1(s), g2(s) and the sets K1, K, satisfy the conditions of the
theorem. Then by the Mergelyan theorem, see, for exmaple, [7], there exist polynomi-
als pi(s), p2(s) such that

sup sup |pj(s) — g,(s>|<— )
1<j<2s5€Kk;

By the begining of the proof

liminfvT< sup sup |fj(s+zr)—pj(s)| ) > 0. (6)
T—o00 1<j<25¢€K;

In virtue of (5)

. €
[r: sup suplfj(s+zr)—pj(s)|<§}
1</ <2s€K;

_C_[‘L': sup sup |fj(s+ir)—gj(s)|<e].
1<j<2s5€ek;

This together with (6) shows that

liminfvr( sup sup |fj(s+it) ——gj(s)l <8> > 0.
T—o0 1</ <25€kK;

The theorem is proved.
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REZIUME

J. Genys. Apie bendryjy Dirichle eiluéiy jungtini universalumq
Patikslinta viena bendyjy Dirichle eiluiy jungtiné universalumo teorema.
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