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On the mean value of coefficients of certain cusp forms
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Let F(z) be a normalized eigenform of weight « with the Fourier series expansion

o0

F(z) = Z c(m)e®™ ™ (1) =1.

m=1

The zeta-function ¢(s, F), s = o + it, attached to F(2), foro > "2i], is defined by

o(s, F)=>_ Cr(nn_:),

m=1

and it is analytically continuable to an entire function.
In [1] the mean value
D hom)

m<x

was considered. Here h(m) = g?u(m)ml‘" , where g, (m) is defined by

o0
w _ gw(m) k+1
] (s,w)_’; — > 0> 5

Note that g,,(m) is a multiplicative function,

k
8w (P =) du(ph)e (p)du (P*1) B (p), (1)
1=0
where
b ww+1D...(w+k—-1) _
dy(p*) = - , k=1,2,...,
and

c(p) =a(p) + B(p).

The aim of this note is to give an asymptotic formula for the mean value of h(m) with
explicitly given remainder term.
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Let

m(h,x) = ]_[ (1 + Z h(ppa“)),
a=1

psx

I" (s) denote the Euler gamma-function, and let y be the Euler constant.

1—«
Letc, =c(p)p 2 . Thenby (1) gy (p) = w(a(p)+B(p)) = wc(p). Hence h(p) =
wch). In [2] it was proved that, for x — oo,

D cplogp =x(1+o0(1)).
p<x

Consequently, we have that there exists a function r{(x), ri(x) — 0 as x — 00, such
that

Z h(p)log p = w?x + wxr (x). 2)
pPSx
Let rp(x) = sup |r1(z)|. Then in view of (2)
2x
1
sup |- Z h(p)logp — w?| = wzrz(x).
[&34 <z
Define
r3(x) = max(w?rz(x), (logx)™),
and put

r(x) = max(w™2r3(x), (logx)™1h).
Then, clearly, r(x) — 0 as x — 00, and r(x) > rp(x).
Suppose that y =x:713'ér°-57. Let
S1(x,y)= Y h(m),
my<x
and €(x) =r(y).

THEOREM. Let

«/W < w| £ % and Re w? > 0. Then uniformly in w and x

2
Y h(m) = r( 2)1 m(h, x)

m<x

) 1
y ( /—log logx)O(le e(x)) (1 +O(|w|2eXp{ - —’_—‘loogglzgx ]))
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2
-}-O(lwl xm(|h], x) (m)—HO(lwlzs(x)))

logx
|w e (0)x P
+o(-—long(|h|,x)(,/1oglogx) ).
The theorem is based on the following assertion.
LEMMA 1. Let W <|w| € and Re w? > 0. Then uniformly in w and x
’ Toel 2
Siey) =1+ xpy(vloglogx) — w<y
logy logy
r(y) fw2—1m(|hl, x)
+0(Jwlx 2= (y/loglog Ly
Flogy V181B) S

xr(y)lo 2_q
+ —-——(yi gy( loglog)c)lw| 1).
Here py,(u), for u = 0, is a continuous solution of the difference — differential equation

upy, () = w?py(u — 1),
and p,(u) =0 foru <0.

Proof. Let
Z(x,y)= Z h(m1)logm;.
my<x
Then, obviously,
* du
1

Moreover, by (2) and Lemma 5 of [1]

Z(x,y)= Y h(p*)logp® > h(my)

p* Sl’p

'"l\_&'
P>y

(mp, Ii) 1

= Z h(mi) ) h(p*)log p®

PSW

P>y

Do htm) Y h(p™h(pP)log p®

ml\_f a+ﬂ<,,f_l

p>y,ptmy
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Z h(m1)< (_—1)+O(lw|2(r(y)— \/mzl»)

ml\_

4x |h(my)]
+o<1w| 5 Z - > (4)

m< -
1\;2'

This and (3) show that, for x = y’,

t ¢ h
tSl()’ta)’)—f Sl()’“J)du:O(lw[zr(y)ly Z | (m1)|)
0 ogy

mi

mp <y’

=o(|w| ry) = — y' m(|h], y))

logy m(lhl, y)
Therefore
Y mhl,y)
H(510%3) 1) )= [ 61640 = Dan=0(Jufri) = TEh ),
and
N oY mUkLY
L[ 10t = na=o(wlrmg =)o)
Since

_logx _ w’r3(y)y‘logy’ (|w|2r<y)y’)
logy  w?r3(y)y'logy logy

(3)~(5) imply

15105, y)—u "(‘m—l)—usl(y’_l,yHO(l lzr(y)y m(lh|,y )),
gy, G 1 logy m(hl,y)
and
t—1 h ¢
zy"Sl(y’,y)—wzf y'“Sl(y“,y)du=o(1w|2————r(y)m(| Ly )). ©)
0 logym(|hl, y)
Now let
y“’Sl(y’,y)=y"+§—'”—(t—) 25(:)—— F(t, y)—= r) )
ogy logy’
where

0 if 0<r<l,
5(’)=[1 if 1> 1.
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Using (6), similarly as in [1], we find that

2ym(hly") | polog?y
F(t,y) =0 |lw?ewl-12202 2 4 plwP-1228 Y
( m(|hl, y) y )

This and (7), since t = logy = J/loglog x, yield the lemma.

Proof of the Theorem. Summing by parts, from (2) we deduce

) "_<p!2 = w?log y/loglog x + O(|wl?r() log y/loglog ).

y<psx
Therefore
m(h, x) ( = h(p")) { (h(p) |w? >]
= 1-{—2 — | =exp Z — +0(—-
m(h,y) y}lx Zor JoL NP <p2)
2
=exp{ Z m1<1+0<|w_|->>
y<p<x P Y
2
( r“—*loglogx)“’”c’('w'z’(y))(1+O(|u;| )) @)
and

2
m(lhl’x) {m(h x)l _ (m)}iew +O|w|2r(y)<1 +O(|w| )) 9)

m(hl, y) ~

Let positive integers m; be free of prime divisors greater than y, and

h
=¥ A2 swn= Y homa),

ma>x ma<x

Then in [1] it was proved that

$2(x, ) = O(m(hl, y)exp( — tlog + O(wl*}). (10)

|[w>m(|h], y)

362,30 = 0( =0~

xp{ —logs +O(lwn)}). 1)

We have

NIOEDY h(mz>(sl(miz,y) - 1)+ > h(my). (12)

m<x ng;‘; my<x



On the mean value of coefficients of certain cusp forms 61

Using Lemma 1, we find that the first sum in the right-hand side of (12) is

x h(mp) , /108
Zx my p'/"( logn;z) logy Z<:A h(m2)

log x
m2<; m AT
+O<(|w|2x r(y) |w|2—.]m(|h|7x) x"(}’)IOg)’t|w|2_1) lh(mz)l)‘
logy m(|h|, y) y mox M2
=y

Thus, the equality (12) can be written in the form

xm h9 ) / wzx h m
Zh(m)= #pw(t)— Z (r12)
— logy logy o M2
< m >;
4 h
X / ( Z (mz)) " (w)d u___ Z h(my) + Z h(mj)
logy 1 s my<x
y h
2
1
O(RELEOD w1y ), x) + Mr'w'z-‘m<|hw>)~ (13)
logy Y
By (10), (11) and (8), (9)
wix h(my) lw[2xm(|h], x)
=O ; —ct
logy ZX ms < logx exp{—¢ }>’
my>73
wl?xm(|h|, x
3> homy =0 MR Degt—ci),
ogx
my<x
w? w|?xm(|h|, x)
1 y h(m2)=0<u_exp{—-czt}>.
ogy log x
mxy

The term with integral is
O(lezxm(lhl,x)t_l)’

logx

while in view of Lemma 6 from [1] and (8)

2
h, YW xmh, x), ——— O(ul? 2

logy I'(w?)logx

2
+O<le xm(lhl,x))ww—woqwi%(y»)_

logx
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All these estimates together with (13) and

X ! 7 _ lezxm(lhl’x) —1
gy )\ ( Zx )pw(u)du_0<——Tgx——>(\/loglogx)

prove the theorem.
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REZIUME

R. Ivanauskaité. Apie kai kuriy paraboliniy formy, dzeta Sfunkcijy koeficienty vidurkius
Gauta praboliniy formy dzeta funkcijy koeficienty vidurkio asimptotika.
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