Liet. matem. rink., 44, spec. nr., 2004, 95-100

The law of iterated logarithm for the Ewens sampling
formula

Jolita NORKUNIENE (VU, VIKO)

e-mail: jolita.norkuniene @mif.vu.lt

1. Introduction

Let o be a permutation in the symmetric group S,, and
O =K1K2...Ky (1)

be its unique representation via independent cycles x, where w = w(o) denotes the
number of cycles. Let kj, 1 < j < n be the number of cycles of length j in representa-

tion (1). Then w(o) = k1 + .+ k,. The vector k = (k1,...,k,) is called the structure
vector of o and it satisfies the relation

ki +2ky +---+nk, =n. (2)

We define a measure on the symmetric group S, by

for each o € §,,, where 6 > 0 and 6(,) =60(6 +1)... (6 +n — 1). Then the probability
to take o with the structure vector k equals

nl & /0\Y 1
Vn,B(kl,---,kn): l—[("") ']'C‘;"" (3)

On) jm1 N

Formula (3) is called the Ewens sampling formula. It firstly appeared in the statistical
models of population genetics investigated by Ewens (1972). More about the Ewens
sampling formula and its connection to population genetics one can find in mono-
graphs by Ewens (1979) and Kingman (1980) (see [1] for more information). It is
known, that the asymptotic distribution of k;(-) for a fixed j > 0 is Poisson with pa-
rameter 6/;. The relation (2) makes k;(-) dependent random variables, satisfying the
conditioning relation

V(kl(O'):kl,...,kn(O’)an) =P(§1'=k1,...,§n =ky,|C —_—n) (4)

for k = ky,...,k,) € ZT". Here & j» 1 < j < n are independent Poisson random vari-
ables with E§; =6/j and ¢ = 1&1 + .- - + n&,. Dependence of k;(-) is rather strong
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for en < j < n. The strong convergence and the law of iterated logarithm for random
permutations was established by E. Manstavicius [4]. Functional limit theorems for
partial sum processes were investigated by Babu and Manstavi¢ius [2], [3]. Using the
methods of probabilistic number theory and technics of E. Manstaviius we investigate
the strong convergence of random variables k(o) with distribution (3) satisfying the
conditioning relation (4).

2. Results

Let G be an additive abelian group. A map h: S, — G is called an additive function if
it satisfies the relation

h(o) =) hj(k;()) (5)

j=1

for each o € S,;, where h j(0)=0and h;(k), j =1, k> 1 is some double sequence
in G. Let

m

m . m 2
ho,m):=> hj(kj(@), A(m):=63 =L,  B(m) :=92-J-f- (6)

j=1 j=1 j=1
Here a; := h;(1). Also let &§; be independent Poisson random variables defined above,
Ep=h1(§1) + -+ hy (&), Spn=a1§1 + -+ +aué,. (7)

As in [4], we compare distributions of k(o n) with distribution of &, or S,,.

THEOREM 1. Let a(m), B(m) be real sequences, B(m) >0, B(m) 1 0o, as m —
00. Then the following relations are equivalent:

lim lim v, 9( max B(m)~ 1|h(or m) —a(m)l ) =0 (8)
X—>00 n—>00 xsm<n

for each € > 0 and

Bn) ' (Sp —a(m)) >0 P—as. | (9)

COROLLARY 1. If B(m) — o0 and the series
Z |aj|p
1 IBU)P

converges for some 1 < p < 2, then relation (8) holds with a(m) = A(m).

For the next theorem, we need more definitions. Let Z, := (S, — A(n))/B(n). We
write Z,, = [—1; 1] if the sequence Z, is relatively compact and the set of limit points
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is the interval [—1; 1] with probability one. Denote B(n) = (ZB(n)LLB(n))l/z, where
Lu :=logmax(u,e), u € R, and

h(o,m) — A(m)

Hlom = =40

We now state the law of iterated logarithm.

THEOREM 2. Suppose B(n) — o0 and there exists a sequence r = r(n) — 00 such
that B(n) = o(B(r)). Then the following assertions are equivalent:

Z,=>[-1,11 P —a.s. (10)
and
i o g £ 0om] > 1:+3) =0
but

foreach be[—1,1]and é > 0.

THEOREM 3. Let j(o0,1) < ... < j(0o,s) be all different lengths of cycles in decom-
position (1), s = s(o).
Then

— log j (o, k) —k
lim lim vn,g( max [log j (0, k) |

» > 1 3) —0
X—>00n—00 x<m<s (ZkLLk)l/z +

and

=1

NN
logj(o,k) —k l<8)

lim, Lm vn (2kLLKk)1/2

( min
X=>0pn—»00 XEMSs

foreach b € [—1, 1] and for each 5 > 0.

For the proofs of Theorems 1, 2 and 3, we need some auxiliary results.

FUNDAMENTAL LEMMA (R. Arratia, A.D. Barbour and S. Tavaré [1]). Let §;, j >
1 be the Poisson random variables defined above. Then

on((k10), .+ kp(@)) € A) = P((E1, -, &) € A) = O(n™'b)
uniformly in A C Z%?.

‘Let L(1) be the linear space of real functions g(-) with sup,; |g(#)] < 00, I cR.
Denote 6 A 1 :=min(0,1).
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LEMMA 1 (G.J. Babu, E. Manstavicius [3]). Let h(o,t), t € I CR, be a set of real
valued additive functions defined by (5), where hjtk,-) e L(I), k>0, hj(0,t) =0,
Jorj<nteland E,@t)=h(E,t)+ -+ h,(&,, ). Then

v,,,g(sup h(o, 1) — a(t)l) < C(e)(P"“ (sup 2, (1) —a(t)] > u/3) + n—Q)
tel tel “
for each function a(-) € L(I), u > 0 and a positive constant C () depending only

on 0.

3. Proofs

Proof of Theorem 1. As in [4], at first we notice, that it is suffices to consider the linear
function

m

h(o,m) =Y "ajk;(0).

J=1

Following E. Manstavicius and G.J. Babu (see the proof of Theorem 1 in [2]), we have

vno( max Bam)~|h(o,m) — hio,m)] >¢)

x<m<n
< Vn,@(Z |hj(kj (@) —ajkj(0)] > 8ﬂ(X)> =o(l),
Jjsn

From the Lemma 9.2.5 [6], one can see that relation (9) is equivalent to

P( sup B(m) ™! |S(m) — ar(m)| > g>

m2x

= lim P( sup ,B(m)"llS(m)——oz(m)l28):0(1)

n—0o0 xgmgn

for each £ > 0 and x — oo. From the conditioning relation (4) and Lemma 1 we have

vn,g(xmax Bm) " |h(o, m) — a(m)| > s)

<m<n

< P‘Aé’( sup BOm)”Y|S(m) — a(m)| > 8/3) +n-0.

xx<m<n

Thus from (9) we’ve obtained (8). Now using the fundamental lemma, we have

no(_max Bom)~! ke, m) — am)| > ¢)

x<m<r

:P( sup /B(m)*llSm—Ot(m)l>8>+0(1)-

x<msr

foreach r =r(n), r — oo, r = o(n). Taking limits with respect to n, later with respect
to x, from (8) we deduce (9). Theorem is proved.
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LEMMA 2. Letb, > 0,n —> 00,1 <s<nande > 0. Then

. ki(c)— A
"*9(5222” }:a, (0) — A(m)| > )
J\m
b2 2(]) O]
C1(8)<sz(s)+9 > - ) +Cn~?
s<j<n J

Proof. Using the conditioning relation, Lemma 1 and Theorem 3.3.13 of [6] we
have

\)n,g( Lnaé b, Z ajki(o) — A(m)l > 8)
ssm<n i<m
= P| max b, — A £
(ngén Jg’; aj§j— A(m)| =2 ¢|l¢ = m)

< CPQM( max by|Sp, — A(m)| > f-) +Cn°
s<m<n 3

= CPOM( max by|Sp— ESy| > )+cn"9
sSm<n

b2 2 Onl
C1(8)<sz(s)+9 Z (])> +Cn~Y.

s<JjKn ‘]

Lemma 2 is proved.

Proof of Theorem 2. The desired assertion one can obtain from Theorem 1, funda-
mental lemma and Lemma 2. See the proof of Theorem 2 in [4] for details.
Proof of Theorem 3. At the beginning, we apply Theorem 2 to the additive function

h(o,m) =s(o,m) := Zklo(a),

I<m

which is the count of all different cycle lengths in decomposmon (1), 1 <m < n,
0°:=0.
In this case we have

' —1
lim lim v, ol max 5(,m) —logm| /1+8 =0
X—>00n—>00 x<m<n (2logmLLLm)1/?
and
—1
lim lim v, g min s(g,m) —logm b' <d}=1
X—>00 ;5o x<mkn (2logmLLLm)1/2
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for each b € [—1,1] and 8§ > 0. If s(o,m) = k, then we have the relation k =
s(o, j(o,k)). Now we see that last two assertions are also satisfied for j(o,k). The
proof of Theorem 3 is completed.
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REZIUME

J. Norkiiniené. Kartotinio logaritmo désnis Evenso formulei

Siame straipsnyje nagrinéjamas kombinatoriniy struktiry, apraSyty Evenso formule, stiprusis konvergavi-
mas, jrodytas kartotinio logaritmo désnis.



