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On the fourth moment of the periodic zeta-function
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Let s = o + it be a complex variable, and let A = {a,,, m € Z} be a sequence of
complex numbers with period k£ > 0. The periodic zeta-function ;(s /), foro > 1,1s

defined by

o0

§(s;2A) = Z

m=

and by analytic continuation elsewhere. In [3], [4], [5] the asymptotics for the mean
square

r 2
/ Ig‘(a—l—it,ﬁl){ dt, T — oo,
0

in the region % < o < 1 was obtained. The aim of this note is to obtain the estimate for

Iz(T, %) = /OT !;(-;- +it,2l>|4dt.

Denote by B a quantity bounded by a constant. Let K (k) = Zgzl la, 1 and ¢(k), as
usual, denote the Euler function.

THEOREM. Let k be a prime number, and T — o0. Then
1
Iz(T, -2-) = BI3K2(k)T log* T.

Proof. Let x, x1, x2 denote Dirichlet characters modulo k, L(s,x), L(s,x1),
L(s,x2) be corresponding Dirichlet L-functions, and let ¢(s) be the Riemann zeta-
function. Then in [6] it was obtained that

1
£2(s, %) = k)? DD Xi@DXa@)agag L(s, x)L(s, x2)

=1 x1(modk) xz(modk)

Y X(@)a,Ls, x)+ ; 2(s).

q= 1 x (modk)
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Hence we find

265, 2| = ¢2(s, )¢ 2(5, )

k=1 k—1
(go 2 (k) Y 5—‘ T Z X1(q1)X2(q2)aq,aq,L(s, x1)L(s, x2)

q1=1g2=1 x1(modk) x,(modk)

2ak§(s) 5—\ Y )
: | X@agLGs, 0 + 7 ; 2(s)
k (p(k) g=1 x (modk) !

k—1 k—1
( 2(k) Y 7 T Z X1(611)X2(612)aq1aq2L(s x1)L(s, x2)

g1=1¢2=1 x1 (modk) x2(modk)

2 2,2
“"“”5“ 7 x(q)ayL(s, x)+ak§ —(S))

k25
g=1 x (modk)
k—1 k—1 2

Y'Y Y Y 5i@T@agag,Lis, x1)Ls, x2)

q1=1g2=1 x; (modk) x2 (modk)

4 P1E )P |«
kgo'(p2(k) T T X (gq)aq
q= 1x(modk)

k—
‘+k§(p3(k) Z Zz YooY Xi@)X(@)agag,

x1(modk) x2(modk)

4(k)

L e ()|

k4a

+

k—1
x L(s, xDL(s, x2) Y . Y x(@agL(s, x)

g=1 x (modk)

;]:g()klkl

tom 2 2 2 D@2 anl(s x)LG, xo)

CI1 1 g2=1 x; (modk) x7(modk)

2a,L(s)
k2k3(k)y S_j X(Q)aqL(S X)

g=1 x (modk)

k—1 k—1

x> 3 3 3 X1(@)x2(@2)8, 3 L6 30) Ls, 10)

q1=1g=1 x1(modk) x2(modk)
T, 2 k-1

. ZakC(S)C (s)a
T ksk2s(p(k) kT Sj X(Q)aqL(S X)
g=1 x (modk)

aké.()klk~

22 (k)k2 > 2 > Z x1(q1) x2(q2)ag ag,L(s, x1) L(s, x2)

q1=1g2=1 1 (modk) x2(modk)
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OIS OE
+ ’;(s’;czs " 5‘ > x(@a L, x).
qg=1 x(modk)

k—1 k-1

Therefore
220 D Y lagllagP

T 4 Bk2
/ lg( +in 2 )| dr = 2(0)
0 K g1=1g2=1 ; (modk) x2(modk)

Tl 2| 1 2 Bla|? &
X ,L(——l—it,xl)l 'L(——{—it,xz)' dr + la l
/0 2 2 | o(k) Y 2 g

qg=1 x (modk)
<[ GG +ir ) fars 2L [ o5 i)'
Bl (| k—1 k—1 k-1 T 1 .
Y lallaglegl Y X [ fe(5+ir)
kZ‘P (k)q 1 gr=1¢g=1 x (modk) x;(modk) x,(modk) 0
X 'L(-;— —I—it,x)l 'L(% +it,xl)l lL(-l- +it, Xz)ldt
BI 2 S SN2 BT
R 2 Z'aq*”a‘”' 2. ) /O ,5('2‘+”)|
q1=1gr=1 x1(modk) x; (modk)
X lL(-;— +it,)(1>l lL(% +it,x2>ldt
Blaklklklkl T
D2 D lagllag, llag, > > > / l§(§+”>l
kw (k) g=1g,=1g,=1 x (modk) x; (modk) x» (modk)

« |L(-1- +if, X)l lL(-l— +ir, Xl)] IL(l +ir, Xz)]dz
2 S 5 [ Rl

k7€0(k) modk)
k 1 k— 1
Blay|? N\ |2
k¢2k)}:z'“‘“”a‘”' 2. 2 /O l( ”)l
q1=1g2=1 x1(modk) x; (modk)

i) oG )

L Sal TGl o

kzp(k) g=1 x (modk)
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By the Cauchy-Schwarz inequality we have

/Z|L<§—I-w,m>|2|L<-*-+m>fdf

<(f I rmn)fa [l i) a)

[ 16+ |GG +in.x) e

<(f kGrfaf) |L(z+”’><)|4df)%’

[Tl il g i) G 1) |
<[ Grin) (s o [ o vaeon) e (vin) o)
<([ leGra)far [ e+ x>rar -
N )['a)!

[ G [le(+inn)jez+ xz>\dr 1

o GG rnafa)
Grnffa) (] eGrmn)fe [ [e(inn)fer)”
[eGrflGone
(LGl [ eGrflsGronfe)
<(/OT;(-12—+”) )(/ |; = it dt/ |L +it,x) ) 2)

Let K(k) = Z§=1 lag 2. Moreover, is well known that

I 4
f()l;(-2—+zt)|dt=BTlog T,

and

/IL ztx dt=BTklog4T.
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Hence and from (1) and (2) we find

T
1 4
/ lc (5 + it, m)l dt = BKK?(K)T log* T + Blax|*k 2K (k)T log* T
0
Blag|*
k2
+ BlayPkTK (k)T log* T + Blag kT K 3 (k)T log® T

+ Tlog*T + Blagk* K3 (k)T log* T

B 3
- 'af' K%(k)Tlog“T+B|ak|2k%K(k)Tlog4T
k4
B 3
+ la;' KI()T log*T.

k4

This proves the theorem.
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REZIUME

D. Siauc‘ilinas, A.A. Laurutis. Apie periodinés dzeta funkcijos ketvirtqji momentq

Straipsnyje gautas periodinés dzeta funkcijos ketvirtojo momento ivertis kritinéje tieséje, kai periodo ilgis
k yra pirminis skaidius.



