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The distributions of sums of the prime indicators with
respect to distinct frequencies
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Abstract. A characterization of a set of strongly additive functions fx which has the same limit law with

respect to ordinary and logarithmic frequencies is obtained. Strongly additive functions which take zero or
unit for each prime p are considered. |
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Introduction

In the present paper we consider the distribution of integer valued strongly additive
function fy, x > 2. The additive function fx is allowed to depend on x in arbitrary
way. But we investigate only those strongly additive functions for which f;(p) € {0,1}
over primes p. Here are some examples of such functions:

fim=>"1, fm= )Y L fm= ) 1L
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p<Inx Inx<p<In2 x Jx<psx

The distribution of the additive function f, we consider with respect to the frequen-
cies ' - |
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x(A) == 1. ux<A>=(Z;> D
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In Levin-Timofeev paper [1] it was shown that the conditions

fn) —a(x) | f(n) —a(x) |
Vx( B(x) <”)x..:.?ooF(”)’ “x( B(x) <”>xfoo¢(”)"

where f(n) is an additive function, «(x) is a real function, B(x) is the positive un-
bounded increasing function and & (u) is proper distribution function, imply
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for some distribution function L(u). From the main result of this paper we can see that
the weak convergence conditions

ve(fe(n) <u) = F) pe(f(n) <u) = F()

yield similar relation:

1 In
lim — S £ o
x—>00 Inx < p

f(p)=1

The aim of this work is to prove the following assertion.

THEOREM. Let {fx,x > 2}, be a set of strongly additive functions and f.(p) €
{0, 1} for each prime number p. The next three assertions are equivalent:
(A) The distributions v, (fx(n) < u) and pu,(fy(n) < u) converge weakly to the

same limit law.
(B) The limits

| 1
xlggoz’k Z* Z* piprp ()

P1SX PSx PISx
P2#p] PIFP1+P2s+P|—]
P1P--D| <X

exist for each fixed positive integer | and

lim - — =0, | (2)
xX—>00 Inx x P

- where the superscript * over the sign of the sum means that the summation is expanded

over primes for which f,(p) = 1.
(C) The condition (2) is satisfied and

P(Z&xl, < u)
pP<x

converges weakly. Here &, , p < x, are independent random variables for fixed x,

and for prime number p < x:

_nolz ¥ =1 _ __{1——1 if fo(p) =1,
P(Sxp“l)“[(l)) if fi(p)=0, P(Exp—O)- 1 g if  fx(p)=0.

Preliminary results

The main result follows from next three lemmas.

LEMMA 1. Let fy,x = 2, be a set of strongly additive functions from the theorem.
The distribution functions vy (fy(n) < u) converge weakly as x — o< if and only if the



The distributions of sums of the prime indicators 117

condition (1) is satisfied. Moreover, the limit law has the characteristic function

Proof of this lemma is given in [2].

LEMMA 2. Let f;,x = 2, be a set of strongly additive functions from the theorem.
The distribution functions . (fr(n) < u) converge weakly as x — o0 if and only if
the limits

. * * * 1 Inpipy...p
1 1 — =h 3
lim >, 2, 2. — (1- "2 LG

P2#P| PI#P1:P2s-Pl—1
Pl p2...p]<x

exist for any positive integer |. Moreover, in this case the limit distribution has the
characteristic function

The proof of this lemma can be found in [3].

LEMMA 3. Let fy,x = 2, be a set of real-valued strongly additive arithmetic func-
tions. Let 1y, be independent random variables, defined for each prime p in the range
2 < p < x, and distributed according to

fx(p) with probability '-11;,
P =10 with probability 1 — %

Then there is a positive absolute constant such that the inequality

p(vx(fxm) <u), P(Z Nep < u))

pPsx
1 1 1
< ( Z -—+E +exp{ —————ln——] —I—x_1/15>
Wl p € 8e ¢
|fx(P)|\>U

holds uniformly for all v > 0,0 <e < 1,x > 2. Here p(F (1), G(u)) denotes the Levy
distance between distribution functions F (u) and G (u).

This last lemma is proved in [4].
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The sketch of the proof
I. (A)=(B). Let F (1) be the distribution function such that

ve(fem) <u) = F), m(f(m) <u) = F).

It follows from Lemmas 1 and 2 it follows that the conditions (1) and (3) are sat-
isfied for every fixed positive integer [. Since F(u) is the common limit distribution
function for v, (fy (n) < u) and wu, (fx(n) < u), we have that g; = h; for every positive
integer [. In particular g; = h1. Hence

1 1 1 1 1
— — 00
X—=>0 Inx e p X ex p p<x p nx

Thus, the condition (2) is satisfied.
I1. (B)=>(C). The condition (1) implies that

Ve (fx(n) <u) x-—:+>oo F(u)

for some distribution function F(u). From Lemma 3 and condition (2) it follows that

> & <u>> =0. (4)

xl_if;op(vx(fx(n) <u), P(

psx
Therefore
P(Z Exp < u) x__—_;>OOF(u).
p<x
III. (C)=(A). Let F(u) is the limit distribution function for the sum

Y &

pPsx

Using the condition (2) and Lemma 3 we obtain the relation (4). Hence
Ve(fx(n) <u) = F(u).
X000

Lemma 1 implies (1). Having in mind that

. * 1
llngO — =g
X —>

psx P

and

e s pd P1P2--- P lnx.

PR#P1 PIFDP1+P2r- Pl —1
p1pPy--pP| <X
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Jj=1 PISxpr<x  p<x Pip2.--Ppi p<x p p<x p
we obtain
: * * * 1 Inpipz... p
IO I SLTCTOTE S
X —>00 X
P1<x P2<X p <X P1p2 Pl
PR#EDPY PIFDP1+P2s Pl —1
P1P2--PISX

for every fixed positive integer /. The desired relation
Mx(fx(n) <u) = F(u).
X—>00

follows now from Lemma 2. This completes the proof of our theorem.
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REZIUME

J. Siaulys. Pirminiy skaiéiy indikatoriy sumuy skirstiniai skirtingy daZniy atvilgiu
Darbe charakterizuotos stipriai adityviyjy funkcijy sekos, kuriy ribiniai skirstiniai jprasto ir logaritminio

daZnio atZvilgiu sutampa. Nagrinéjamos stipriai adityviosios funkcijos su reik§mémis pirminiuose skai-
¢iuose lygiomis nuliui arba vienetui.



