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The estimate of fractional moments for Dirichlet
L-functions

Saulius ZAMARYS (VU)

Let s = o + it be a complex variable. Our aim is to find the estimate for fractional
moments

T
. 2k
1k<a,x>=1k<a,T,x>=fO L@ +it, )|

of Dirichlet L-functions. Here x is a primitive character mod ¢, and k = % n=
1,2,3,.... We prove the following theorem.

THEOREM 1. Let T — o0. Then the estimate

1 2
Ik(-z-, T, x) & T(log T)*
holds.

From the Euler product it follows that, foro > 1,

LA(s, x) = exp(klog(L(s, ) = [ [ (1 -

p

x(p)\—k
p* '
Hence we find that

LE(s. y) = n}: di(p))x’ (p) Z dk(n)x(n)
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where
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LEMMA 1. For a ﬁxed real number k > 0 there exists a constant ¢, > 0 such that
umformly in o, 2 + et (N) < 0 < 1, the estimates

di(n)?|x (n)|? 1\ -4 di(n)?|x (n)|? '- 2
Z < (a — 5) and ; , < (log(N))¥

20
n
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are valid.



126 S. Zamarys

Proof. Takingo = —}—1 g(N), we obtain that n 72 «< n~! when 1 < n < N. There-

fore the second mequallty of the lemma follows from the first inequality. At first we
notice that the inequality

Ck+r)\2 TE*+r)
<
( I (k)r! ) [ (k2)r!

can be proved by mathematical induction. Therefore dr(n)? < d,2(n), and hence it
follows that
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Z alk(n)zl)((n)l2 Z dk(n)2 < Z dkz(n) _ §k2(20) & (G _ _1_>~k2_

n2o 2

n=1

LEMMA 2. Let f(2) be a regular function in the strip o < Re(z) < B and con-
tinuous for a < Re (z) < B. Suppose that f(z) — 0 when |3(z)| — o0 uniformly for
a<Re@ <B.Thenfora <y <Pandallm >0

B—v Y=o

/ |f<y+it)l’"dr<([ |f<a+it>|’"dr)ﬁ'a(/ lf<ﬂ+n)|'"dt)ﬁ"“.

Proof of the lemma can be found in [2].
Let

2T o0 ,
w(t) :/ exp( — 2k(t — 1')2) dr, J (o, x) =/ |L(a + it, X)‘ka(t) de. (1)

T

LEMMA 3. Let % <o < % and T = 2. Then
1 k(o—=) kT
J 2 LT 7](0 x)+e 3 .

Proof We take in the Lemma 2 f(2) = f(z, x) = L(z, x)exp((z —it)?), y = 2,

a=1—o0, B =0 where % <o < -3;, m = 2k > 0. Then by the functional equation for
L-functions [3] we obtain that
1

L +it, x) < |L(B+it, )| (1 +1e1) 2.

From this it follows
—KT w
f | f (o +zt)| dt < r2ke T +fk(20_1)/ |L(o +it, X)lzke"zk(t_r)2 dr.
—00 —00
Then from Lemma 2 we have
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Now the integration over [T, 2T ] completes the proof of the lemma.

and T > 2. Then

EN[W

LEMMA 4. Let 3 <0 <

—kT2

1
J (o, x) <K T“”%J(—z-, X) +e 4.

Proof. We take in Lemma 2 f(z) = f(z, x) = L(z, x)exp((z — i1)?), Yy =0, o =
-21—, B = %, m = 2k > 0, where % <o <K %—. Then we obtain

3t

o0 1 2k 7
/ If(——{—it)’ dt<<t2k/
00 2 :

Similarly we find that
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Lemma 2 implies

o0 | 00 1 2k
f |f(a+it)l2kdt<<r2"(/ lL(~2—+it,X)| e"’zk(’”’)zdt>
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therefore the estimate
o0 | 0 2kr2
/ IL(U+it,X)|2ke—-2k(t—r)2dt & T—2k/ If(0+it)|2kdt+e—_5——
| 00 |

....m —

follows. Finally, the integrating over [T, 2T | and combining with estimate (2) give the
estimate of the lemma.

Now let N = T%, and define

N
d
(s, x) = Y HOXE),
n=1

g(s, %) = L(s, x) — Sk (s, x), (3)
K(0, x) —_-f lg(o +it, )| w()dr.

LEMMA 5. ;‘Sup.pose that % L0 < %, e>0and T > 2. Then
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Proof InLemma 2 we take f(2) = f(z, x) = g, x)exp((z —it)?), y =0, a =
%, B = %— and m = 2k = %— Then we obtain

"l +in|t AP SN b i B D AN S0 b
f_oolf(U-Ht) ndté{/;oolf<—2-—l—tt)l dt} {/_oolf(-g—+zt>| dt} . (4)

Now we observe that, for = > S Re(s) <2, we have §(s, x) K N KT and

g(s, x) < (T + |t])",

where |s — 1| > '16 Then

> 7 z 3 7 ; | 2%kz?
f f(§+it)l dt<<ft |f<§ +it)| df + (T + 12+2%e 5. (5
2

—00

The integral in the right-hand side of (5) can be estlmated by using Gabriel ‘s theorem
[1, Theorem 1]. From (4) and (5) we obtain
S—4o 4a—2

/__oo|f(o+' 2dt<(/-oo|f<%+it)|%dt)—3—</-oo‘f(-j:—l—it)%dt)T
([LlGrfo) ey

; dt)T(T2+2k - )T

Now we integrate over T < 7 < 27, and by using (1) and (3) we deduce

1 NS/ % 5 2k \73 1\ 52 _ar2eo-y)
K(a,x)<<K(-2-,x) leg(ZJrn,x)‘ dr +K(§,x> e= 5 .(6)

Next we have that g(s, x) = ZZ.;N gil’i_f—f-)-, where o > 1 and 0 < a,, < di(n). Thus,
by the Montgomery—Vaughan mean value theorem [3] we find

3Ty /5 Ianlzlx(n)l lanlzlx(n)l2 3
8_
[T_ 'g(z + it, X)I dt «T E + E 3 LK TN 2,
2

i’l2 n=N n

From this and (6) the lemma follows.

Proof of the Theorem 1. Let, for-;— o< 4, Y (o, x) -—foo 1S(o +it, x)|Pw(t)dt.

We have w(t) < exp( (T*HDk) for t <0, t > 3T and S(o + it, x) < T. Further-

more, for -‘131 <t <2E w() is bounded. By the Montgomery—Vaughan theorem [3]
we find

3T 2 N 2
/ 1S(o +it, X)l dr <<T2dk(n) |x ()] <<TZa'k(n) |
0 —
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Therefore from Lemma 1 it follows

1\ —k?
Y(o, 0 < T (o - —2—) ,

1 3
and, for > <o <7,
1 2
Y(5x) < Tog 1) (7)

We trivially have |S(o + it, x)|? < |L(o + it, x)|* + |g(c + it, x)|*, therefore
Y(o,x) < J(o,x)+ K(o, x). Similarly we deduce

J(o,x) LY(o, x)+ K(o, x) (8)

(o) <1 (3x) +9(5)

From estimates (7) and (8) we find that

and

1(3.x) < TaogT)" ©)

For K -1-,)( > T, we can obtain that J -1-,)( LY(o,x)+Y L x) < T(log T)kz.
2 2 2

Since w(t) < 1 for all ¢ and the estimate w(?) < exp( — K(_tﬁl:%l'_zl) is valid when ¢t <0
and t > 3T, we deduce that

1 k(2 +T2) 1 _ kT?
J(E,X) <<1k( 3T, x (/ / )e 5 dr <<Ik(2,3T,x)+e St
3T

Moreover, w(t) > 1 if %—T— <t < %—T—, therefore from (9) we find that

Ik(';‘ zg-,x) I (% g,x) < J(%—{-it,x) K T(logT)kz.

Replacing T by (_‘51)"T and summing over n, we deduce the estimate of the theorem.
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