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1. Introduction

This note is a story about "an’tiquities” but I hope that it contains an interesting result
(so far not published). It all began (and unfortunately, finished soon) in 1963 when
prof. Kleopas Grincevicius proposed to first-year students of Vilnius University the
following task from plane geometry:

It is well known that if on each side of any (scalene) triangle equilateral triangles
are constructed (outwards, inwards, respectively), then the join of their centers forms
an equilaterial triangle. Moreover, if in the same way on each side of any quadrangle
squares are constructed, then the join of their centers forms a quadrangle with equal
and perpendicular diagonals. The question arising in this context was the following:

QUESTION 1.1 (prof. K. GrinceviCius). Ifon each side of any pentagon equilaterial
regular pentagons are constructed, then what properties has the join of their centers?

In the same year I obtained an answer to this question for arbitrary n-angles. To for-
mulate this more general result properly, some discussion is needed. Let Ay, ..., A,
be an arbitrary scalene n-angle (with n > 3), i.e., a finite ordered sequence of points
in a plain. First, it is vague meaning of the construction on each side of the n-angle
Aj..., A, regular n-angles outwards or inwards (if the base n-angle Ay, ..., A, has
intersections of sides). Fortunately, this is not mater, as one can build regular n-angles
on the left side (on the right side, respectively) with respect to the circuit direction
Ay,Ay, ..., A, A1, Ay, ... Second, we have not only convex regular n-angle (with
the central angle 360°/n), but also the star-like regular n-angles with the following
central angles: (2/n)360°, (3/n)360°,...,([n — 1/2]/n)360° £ m180° (degenerate
case), where m is some integer, and [n — 1/2] denotes the integer part of n — 1/2.
Fortunately, one can build regular n-angles of the same type, i.e., with the same fixed
central angle.

2. An answer to the question of prof. K. Grincevicius

THEOREM 2.1. Let Ay...A,(n = 3) be an arbitrary scalene n-angle in the Eu-
clidean plane. Let O ... O,, be the centers of equilateral regular n-angles of the same
type constructed on each side of Ay ... A, and equally oriented with respect to circuit
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direction Ay ...Ap,A1 ... (i.e, O the center of the figure builded on the side A A»,

Oy —on AzAs, ...). Define n — 1 points Xy, ..., X,_1 as the following linear combi-
nations:
(23]
Xp= Y sinia(Ogyi — Ogyn—i), k=1,....,n—1, (1)

i=1
where o is a certain (selective) central angle of the equilateral regular n-angles, i.e.,
-~ one of
—1
2 [%5=]

1
-360°, —360°,...,
n n

360° £ 180°m,

n

L= k+1, ifk+1<n,
L= k+i—n, ifk+i>n,

and [m] denotes the integer part of a number m. Then the following points

X1, Xi1+X2,...,X1+---X,—1 and 0

k

are vertices of equilateral regular n-angle with the central angle c.

Proof. Define
n—1 ‘
Xe=) ai(Okri = Ok), k=1,....n, )
=1
for some scalars ay,...,a,_1. It is clear that X; + --- + X,, = 0, i.e., these vectors
form a closed figure. We will intend to find scalars such that this figure would become
regular. Let m be the basis vector perpendicular to the plane (of A;...A,). Let B be

the midpoint of the side AjA;. Then the vectors [(B — A;) x m] and O; — B are
collinear. We have that

Ay — A
01—B=ctg%[(B—A1)xm]:ctg%[ 22 1><mil.

Let the direction of m be such that ctg 5 > 0 (note that ctg § # 0 since B never coin-
cide with Oj). Hence, we have that

Ay + Ay a| Ay — Ay
= > + ctg — > Xm|.

2
Anologously, it can be shown that

Az + Ay Ol[Ag,—Az :]
— 2 + ,
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Let X1 ... X, be points such that the points X1, X1+ X2, ... , X1+ Xo +---+ X,,
and 0 are vertices of a regular n-angle. We have that
=e1[ X1 xm] + e X;

for some scalars e; and e;. Since we have supposed that vectors X1, X, ..., X,, form
a regular figure, it follows that

X1 =—sina[X, xm]+cosaX,,
X7, = —sina[X1 x m] + cosa X,
X, =—sina[X,—-; xm]+cosaX,_j,

where « 1s a central angle of the regular n-angle. Then, in view of (2),

Y a ( i+3+ Aiya — Az — Az +ctg — [(Az+3 Ajyy — A3+ Az) X m])

n—1

_ o
= —sina Zai (Ctg -2-(-AL+_2_+A1'+1 +Ay—AN+[(Aip+Ain — A1 — Ap) Xﬂl])
i=1

+Cosa2ai(A,-i;+A,-+1 Ay — A +cg > [(A,+2 A,-+1——A2+A1)xm]>.

It follows that

Ay(ap—2 +an— 1)_A2Zal A3Zaz ZA(az 3+ai-2)

=2 =4

n—1

etg {[Alxmkan 2~ 1)+ [Az xm] (a1 + ) ai)
=1

n—1 n
— [A3 x m] (al + Zai) + Y [A; x m](@i_3 — ai—2)}

=1 =4
n—1 n—2

= A (sinactg%(Zai —I—an_l) — COS & Za,-)
i=1 7

=1
n—1
-+ Az(—— sino Cctg — (al —I—Z ) — COoS Za,-)
=2

— sina ctg — ZA( a;—2+a;_ 1)+cosaZA(al 2+ a;_1)
=3 =3
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n—2 n—1
' o
+ [A] X m](sma Za,- + cos x ctg —2—<Zai +an—1))

i=1 i=1

n—1 n—1
. | o
+ [Ay X m](sma Eza; — COS a Ctg —2-<a1 + E 1 a,-))
1= 1=

n
— Z[A,,- X m]j (sina(a,-_z +a;_1) — cosw ctg -Oé-(a,-_z — a,-__l)) :
=3 ‘

Now we equate coefficients at respective vectors and obtain the following 2n equa-
tions:

SinaCtg%(al t+ay+---+ap-3+2a,-1)—cosa(a; +---+a,_2) =an_3+a,_1,
sinactg%(Zal +ay+---+a,—1)+cosa(ay+---+a,_1)=a;+---+a,_o,
sinactgg—(——al +az) —cosa(a; +ax)=ay +a3+---+a,_1,

sinactg%(az —az) +cosa(az +az) =aj + ay,

sin« ctg %—(a3 —ay) + cosa(asz + ag) = a + as,

, o
sina ctg 5‘(5171—2 —ap—1) +cosa(ay—3 +ap_1) =a,—3 +a,_2,
o
sina(a; +az + -+ +a,—_3) + cosw ctg —2-(a1 +---4a,_ 2+ 2a,_1)
o
= Ctg 'z—(an—2 —dap—1),
. o
sina(ap +---+a,—1) —cosactg 5—(2611 +ay+---+a,_1)
o
= ctg E(al +---+ap_2+2a,-1),

sina(a; + az) — cosw ctg %(al —ap) =ctg %(201 +ay+---+a,—1),

sina(az + az) — cos ctg %(az —az) =cCtg g-(az —ay),

sina(as + a4) — cos« ctg g-(a3 —ay) =ctg g—(a3 —ay),

ooooooooo

. 04 (04
sina (a2 +ap_1) — cosa ctg 'z_(an—-Z —ap-1) =ctg 'Z_(an—-2 —au_3).
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Next, the sum a; + a3 + - - - + a,—1 setting equal to zero, in view of the identities
. o , o
smactgé-zl—l-cosoz and smoztan—z—zl——coscx,

the enlarged system of equations reduces to
air+ay+...+a,-1=0,
a,_)=2cosaa,_i,
a) = —dap-1,
a, =2cosaay,
a3 =2cosxay —ay,
as = 2cosaas — as,
a,_1=2cosaa,_y —a,_3,
a,_» =2cosaa,_1,
ap—1 = —ai,
a, =2cosaay,
a3 =2cosxay —ay,
as =2cosxas — a,
a,_1=2cosaa,_y — a,_3.

The routine check shows that this system of equations has the following solution:

ar =sinko, k=1,2,...,n—1.
Note that
sina = —sin(n — 1)a,
sin2a = —sin(n — 2)«,

ooooooooo

Moreover, in the case when n is even, sin 5a = 0. This completes the proof.

REZIUME
R.P. Gylys. Konstruojant taisyklingus n-kampius is bet kokiy nelygiakra$ciy n-kampiy

ApraSomas jdomus uZdavinélis i§ planimetrijos, kuri 1963 metais i§sprendZiau vadovaujant profesoriui
Kleopui Grinceviciui.



