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We will consider the sequents Fi, ..., F, -, in which F; i = 1, ..., n are the formulas
of quantified modal logic having the following form:

V*O'V*I*(A] V... VA, VOB V... VOB, VOC V ... v OCy), (1

where A1, B, Cq, Ay, By, Co, ... are literals of classical logic. i =0,1. O'F = OF.
0YF = F. In addition, the formulas (1) can contain the constants. G.Mints described
in [1] a reduction of an arbitrary formula F of quantified modal logic to a finite set of
such formulas Gy, ..., G,,, that - F is derivable in S4 if and only if Gq,...,G,, - is
derivable in S4. The formulas under consideration (1) have more general form.

We skolemize the formulas (1) using the method described in [2]. We delete every
existential quantifier x and replace every occurrence of x by its functional term, which
has the form f7(y1, ..., ym), where n is modal degree of the variable x in the formula
and y1, ..., y,, are all the universal variables such that 3x is in the scope of Vy;. Using
the obtained terms we introduce a set of grOund terms. We denote by H J’ 1 =0,1;

J 2 0 (see [2], [3]) a set of ground terms in which the modal degree of terms does not
exceed i and the height of terms does not exceed j. In addition we assume that a set H,
contains a new constant a of modal degree 0 not occuring in an initial formula.
The resolution system consists of the substitution, simplification, duplication, fac-
torization rules and of the rules for logical connectives and modal operators.
Substitution rules:

1o VX OVX 1 VX F (X1 oy Xy Xt 15 oeey X))
DF(t19 seey tm, tm+1, ceey tn)

1],y eyt € HJ‘.); bit1s ooy Iy € Hj.l,

(52) Vx1..Vx, F(xy, ..., x,) |
F(ty,....tn)

(S1) Vx

b

,....t, € H]O

A formula F in the rules (S1), (S2) is a quantifier-free formula.
The rules for logical connectives and modal operators, the simplification, duplica-
tion and factorization rules are the same as in [4]. They are applicable only to the



522 S. Norgéla

formulas not containing conjunction. For example, the rules for modal operators in the
case under consideration have the following form:

res(OF,0G) res(OF,$G) 3 res(OF, G)

(ml) Ores(F,G) ’ (m2) Ores(F,G) '’ i res(F,G)

THEOREM 1. A set S of formulas of the form (1) is refutable if and only if the empty
clause is derivable from S.

Proof. According to Theorem 1 of [3] a set of formulas of the form (1) S =
{G1,...,G,} is refutable if and only if exists such j, that the set of propositional
Herbrand j-expansions is S4-contradictory. This means that a sequent Gy, ..., G, +
is derivable in S4. Thus, we reduce an establishment of inconsistency of the set S to
an establishment of inconsistency of a set S " of propositional formulas. We can obtain

all propositional formulas from j-th expansmns using only two substitution rules (see
[3]). The obtained set S’ of propositional formulas is S4-contradictory if and only if

the empty clause is derivable from § ; Theorem is proved.

We shall study of form of formulas obtained from S by using the resolution rules.
The set S " contains the propositional formulas having the following form

O'(A] V... VA VOB V...VOB, VOC V... v OCy), (2)

Where 1 =0,1; Ay, By, C; are literals of propositional classical logic. We use «, «;,

a;, ... for arbltrary formulas of the form

A1V..VA;vOBv..vOB, VOC V... vOC,,

that is, for the formulas of the fofm (2) with i =0.

THEOREM 2. It suffies to consider for establishment of inconsistency of a set S'
only the formulas derivable from S ' and having the shape of

aVOoy V.. Vda, voOD) v...v<oOD,, (3)

where D; are literals of classical logic.

Proof. Note that the formulas (3) do not contain res. The initial formulas are ob-
tained by using only the substitution rules and they are of required form.

We will now show that all formulas not containing res derivable from S’ have the
same as (3) form. It is easy to see that after having applied the factorlzatlon or sim-
plification rules we obtain the formulas of the form (3) also. We shall now consider
in more detail the formulas obtained by applying the modal and classical (for logical
connectives) rules.



Resolution method for some class of formulas of modal logic S4 t 523

Assume we have the formulas F, G of the form (3) for which the factorization or
simplification rules are not applicable. In the case under consideration only the rule of
introduction of res is applicable.

F, G
res(F,G)
We obtain a generalized formula (see [4]) res(F, G). We can derive a formula from

res(F, G), not containing res, in the case where the formulas £, G contain a comple-
mentary pair. In that follows, we assume that -—H = H.

Case 1. A complementary pair has the form [/, =/, where [ is a classical literal.
Moreover, the occurrences under consideration [, =/ do not occur in a modal literal.
Let

F=da' vOaj;Vv..vOa, Ve,
G=cd"VvDOujV..vOa, v

We use g’, B” for arbitrary formulas of the form <{>0OD;. Three subcases are possi-
ble.

a) One of complementary literal (suppose that this is I) occurs in «’ (that is, o’ =
[ Va ) and another in o” (that is, o” = =l v «y),

b) I € a” and —I occurs in any formula Do (let Da” be D)),

c) le Dozl,-ﬂl € Da

Now we can deduce the formulas not containing res and the occurrences of con-
sidered complementary literals.

a) We derive oy V ag VO V...V Oa,, VOe] V... vOa, v ' v B” fromres(l v
oy vV Oay V... VO, \/ﬁ IVaOVDai’v VDOt vﬁ”)

b) We derive oy Vv oy Vv Dal V...V0Oq, VOx; V...V Da” v B'v B” fromres(l v
oy V0Ox] V... VO, VA, a”VD( IVa)VDa V. VDa”\/,B”)

c) Wedenvea \/a”VD(aOVa )VDoezv .V Oa, VDcxé’v VDO VB vE’
and o’ Vv o’ VaOVa(’)’VDaz .V Oa, VEJa VDa”vﬂ \/,B”from
res(a’vO(IVay) VOxy V.. VDa vﬂ a”VD( IVa )VDoz V...VOa, Vv B").
One can see that the obtained clauses are exactly of the form (3)

Case 2. One member of a complementary pair has the form <>l or & Boxl. Now we
have the followmg subcases: a) ¢l € o', 0-l €a”, b) Ol ea’,0-l € Oaf, c) Ol €
af,—l € Oaf, d) Ol € Oy, 0 € o”, e) Ol € Oay, —116[301” f)<>l€Da O-l €
Dal, g) <>Dlef3 D—-lea” h) &0l € g/, -ﬂleDa , 1) <>Dle,8 DﬂlEDa i)
SO e B/, Ol e Oy

We shall consider only the subcase e.

e) We derive o’ v a” va0v<>a0 VOay V...V Oqa, VO, V... VO, v v B
from res(a VORI Vay) vOa, V... VD, V ﬂ a’ v D(-al V a”) v Ooty V...V Oy, V
B"). If ay is a modal clause, then we have a required form. If o is a d1s1unct10n of
modal clauses, then we bring < in the brackets using statement that IVOFvG) s
derivable in S4 if and only if ', G F v &G |- is derivable in S4. In addition, we change
the formulas of the form OGO F by O F . Aftewards we obtain a formula of the form (3).
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Case 3. A complementary pair has the form O/, —l.

Case 4. A complementary pair has the form O/, O-/.

We consider last both the cases in a way similar to case 1. We obtain a formula
of the form (3). We apply the rule of factorization to the obtained formula as long
as it possible. That is, we obtain a formula, for which the rules of factorization and
duplication are not more applicable. Theorem is proved.

EXAMPLE. Let us consider the formula —(OVxA(x) — VxOA(x)). We inves-
tigate the correponding set S = {OVxA(x),3dxO—A(x)}. The formulas are of the

Jorm (1). We shall now show that S is a contradictory set in S4. We skolemize the
formulas. §" = {OVxA(x), O—A(b)}. Hy = {a,b}. H; = HJ for i =0,1; j > 0.
S;- = {0A(a),0A(b), O—A(b)} for j = 0. We have the following derivation

OA(b), O—ADb)
res(QA(b), O—A(b))
Ores(Ab), —A(b))
O 1
N
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REZIUME

S. Norgéla. Rezoliucijy metodas vienai modalumo logikos S4 klasei
Nagrinéjamos kvantorinés modalumo logikos formulés pavidalo

VO'V*I* (A1 V...VA; VOB V... VOB, VOC V ... v OC).

Cia A;, B;, C; yra Klasikinés logikos literos. Tokio pavidalo formuléms apraSytas rezoliucijy metodas
modalumo logikoje S4. Be to, aprasytas iSvedamy disjunkty pavidalas.



