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Abstract. Let (X;),>1 be alinear process defined by X; = Z?_i.o Vvi€,—; where (¥, i > 0) is a sequence of
real numbers and (¢;, i € Z) is a sequence of i.i.d. random variables with null expectation and variance 1.
This paper provides Holderian FCLT for (X;),>1 with wide class of filters. Filters with ¢ (i) = (i) /i for
a slowly varying function /(i) are allowed. The weak convergence of polygonal line process build from
sums of (X;);>1 to the standard Brownian motion W in the Holder space (Hy), O<a < 1/2—1/7holds
provided the proper noise behavior is satisfied: Ele |* < 00, T > 2.
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1. Introduction
Let

0,0
Xi=) viei, 1€Z, (1.1)
=0

be a one-sided linear process, where (¢;,i € Z) are i.i.d. innovations. For the sake
of simplicity lets assume throughout the paper that Ee; = 0 and Eei2 = 1. By Kol-
mogorov’s Three Series Theorem X, exists almost surely if and only if the sequence
(¥;, i =0,1,...) satisfies Z?io W,-z < 00. The process (X;);cz under these assump-

tions is well defined in the sense that stationarity holds.
Set So =0 and

Se=X1+--+Xy, k=1,2...,

and consider partial sum process

£,() = Spur) + (nt — [nt]) X(ng4+1, t €[0, 1]

The asymptotic behavior of this partial sum process (sometimes called Donsker
line) have been extensively studied in the literature. Some representatives of linear pro-
cess invariance principle in usual continuous functions space C[0,1] would be Davydov

(1970), Phillips and Solo (1992) and more recently Wu, Min (2003). Let us recall Wu,
Min’s result: suppose that the filter of (1.1) satisfies the following condition:

0.8
Y (Wnyi — V) =0(BR), Bp— 0o, (1.2)
i=0
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where W, = >* v, and B? = Zl'.:(} W2, If also 0, := (E|S,|*)!/? and E|¢;|*10 <
oo, for some § > 0, then the classical Donsker—Prohorov invariance principle holds:

o g, 5P w

in C[0, 1], where W = (W,: t € [0, 1]) is a standard Wiener process and — D denotes
convergence in distribution.

This paper exploits linear processes and invariance principle in the spaces with
stronger topology.

Let us recall the general definition of Holder spaces. For 0 < o < 1, let HQ[O, 1] be
the set of real valued continuous functions x: [0, 1] — R such that lims_, ¢ w,, (x,0) =
0, where

|x(2) — x(s)]
wy(x,8) = sup :
rsel0,1] | —s[®
O<|t—s|<é

The set HS [0, 1] is a separable Banach space when endowed with the norm
X [le = [x(0)| + we(x, 1).

The first Holderian Functional Central Limit Theorem is due to Lamperti ([6]) and it
deals with i.i.d. random variables with finite moment of order > 2. Sometimes Holde-
rian FCLT is called Lamperti’s invariance principle. An important advantage of Lam-
perti’s invariance principle is that it provides more continuous functionals of the &,
paths (see Hamadouche [3]).

Now suppose that linear process filter satisfies

o0

Y il < 0.

i=0

Under this condition Lamperti’s invariance principle follows from Theorem 6 given in

Rackauskas, Suquet [7] and the fact that this case allows Beveridge~Nelson decompo-
sition ([4]).
Indeed let us consider Orlitcz spaces:

®,= <<I>: Rt — RT, ®(0)=0, ®+£0, convex, x"Pd(x) T)

for p > 1. And Luxembourg norms defined for ® € ® p by

X
1X|lo := inf (t > 0: Ed)(l—t—-l-> < 1).

Since

00 n n
D Vi) €jk Vi) €k
k=1

Jj=0 k=1

o0 o0
<Y <) vl
¢ =0 ¢ =0 ¢

n
D €k
k=1
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—Zw,

It follows that
P(IISulle >m'?u) < P(ller + ... + enllo > C™'m!/2u) (1.3)

with C =3 %24 ;1.

Now from (1.3) it follows that (X;);cz and (€;);cz satisfies the same conditions
required in [7] Theorem 6.

The essence of this paper that it mainly deals with the Linear processes with diverg-
ing filter:

Y il =00
=0

Of course the rate of divergence is not higher then slowly varying function since we
must get Wiener process as a limit of Holderian FCLT.

2. Results

Throughout this section ‘it will be assumed that the filter of (1.1) satisfies condition
(1.2). For the sake of simplicity lets assume that Donsker line admits the following
form:

1
Xn(t) = —(ZX + (nt — J)X,+1>

=1

<t < , J=0,1,...,n—1.

S |~

Next suppose that the following restriction of linear process filter is satisfied:

k=1, 1 i
limsup max 2izo Vil — 1) <00 (2.1)
n—oo 1sksn Z WI(I '_ ")

The main result of this paper is the following

THEOREM 2.1. Let (X;);>1 be a strictly stationary sequence from (1.1). Assume
that 6, > /n for each n > 1 and

Elel|® <00 (2.2)

for some T > 2.
If moreover (1.2) and (2.1) holds, then

xn =2 W (2.3)

in the space HO(}[O, 1L, with0 <a < %— — %—
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Proof. The convergence of the finite dimensional distributions follows by [8] (The-
orem 1), since condition (1.2) is satisfied and t > 2.
To prove tightness it is enough to show:

E|xn(t) = xa(®)|" < Clt — 5", 85>0.

Indeed using this condition and Markov inequality it follows that (Kerkyachrian,
Roynette [5]) sufficient condition for the tightness in H O[O 1] 1s satisfied forall o < §-

1
First, if £ <1 <s <2 then |3, (1) = xu(s)| = ()1t — 51X j+1]- Since (Xl)z>1
is strictly stationary, o, 2 J/n and n|t — s| < 1 it follows that

n\-t T
E|xa®) = xa @ <1t =" (=) EIXQI" <t = s PEIX ",

n
Now if for some j and k, =1 <s <K L < Ltk <t < ﬁk—“,then we have
‘] n n n n

T

31T E | xu (1) — xa ()" < E

Xn(S) — Xn (i—)

J+k J\IF
Xn( ) — Xn (")
n n
Since two components of this sum could be treated as in preceding display, thus it left
to estimate the middle term:

J+k J
Xn ( ) — Xn (—)
n n
To this end we use Wu, Min’s [8] Lemma 6, which states that under condition (1.2)
there exists constant C, independent of n, such that forall n € N,

+ E

j+k)f

n

Xn® =

T

E

1
T

E|S,|")® < Coy.
(E1Sa1)

n—1 y,.
Also note that 0, = \/nl*(n) and I*(n) ~ IZ’:O il i slowly varying function.
By (2.1) it follows that

n\ 172 Jkl* (k)

1/2 o
limsup max (—) = = limsup max (—)
n—soo 1<k<n On  n—oo 1<k<n \k Jnl*(n)

k—1
nl2i
= limsup max — —
n—oo 1<k<n k| 317 Iy,

Thus
Sk |t 1 T k\t/2
E|2X| < —E(S)T < CT(f'i) < c*(—) < CHt — 5|72
Op i O n
since |t —s| > -ﬁ-
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COROLLARY 2.1. Let (€;);cz be Gaussian white noise (¢;: i.i.d. ~ N(0,1)). X; :=
S0 tei, t = 1. Then
Xn—>P W
in the space HY[0, 1], with 0 < a < 1/2.

Proof. For Gaussian case EX.2 = Z?i] —12- = %2 thus X; ~ N(O, 7r2/6) and mo-

ment condition (2.2) is satisfied for all T > 2 [*(n) = Z?_l (1 — —’-) ~ Inn.
Thus

o, ~/nlnn > /n.

and

I* (k)
limsup max
n—oo 1<k<n I*(n)

So that all conditions required in Theorem 2.1 are satisfied.

Remark 2.1. 1t is interesting to note that a process considered in Corollary is associ-
ated and its covariance structure is Cov (X, X;) ~ 1—“—-‘— with Z 1 Cov(Xy, X;) =

But even so if normalization rate is o, = \/nlnn we still get invariance prmmple in
HY[0,1], with 0 <@ < 1/2.
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REZIUME

M. Juodis. Hiolderiné FCRT tiesiniams procesams

Nagrinéjami tiesiniai procesai su plafia klase filtry. Irodoma FCRT Hiolderio erdvéje su standartiniais
momentiniais reikalavimais. | |



