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The definition of one complex-valued random variable
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Let F(z) be a holomorphic cusp form of weight « for the full modular group
SL(2,7Z). This means that F(z) is holomorphic function in the upper half-plane

Xz > 0, for all <“ b

c d) € SL(2, Z) satisfies the functional equation

az+b g
F(cz+d>:(cz+d) F(2),

and glim F () = 0. Moreover, we assume that F'(z) has the following Fourier series
Z—> 00

expansion

o0

F(2) = Z c(m)e?™m: (1) =1.

m=1
Let s =0 + it be a complex variable. The function

o0

o(s; Py =3 <

mS

m=1

is called the zeta-function attached to the cusp form F(z). In view of the multiplicativ-
ity of the Fourier coefficients c(m), ¢(s; F) also has an Euler product expansion over

primes
o =T10-52)"(-52)"

where c(p) = a(p) +iB(p). By Deligne’s estimate [1]

k—1 k—1
la(p)I<pZ, BPI<SPp?T

it follows that the Euler product and the Dirichlet series for ¢(s, F) both converge

absolutely for o > -"—ﬂz—'—l- Hence ¢(s, F) is a non-vanishing holomorphic function in
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the half-plane o > 1‘—%’—1 Moreover, ¢(s, F') is analytically continuable to an entire
function.

For the investigation of value-distribution of the function (s, F'), as for other zeta-
functions, probabilistic methods are applied. We recall limit theorems on the complex
plane C for the function ¢(s, F). Denote by 3(S) the class of Borel sets of the space S.

Let y = {s € C: |s| = 1} denote the unit circle on the complex plane, and let

Q:I_Iypa
pP

where y, = y for all primes p. With product topology and pointwise multiplication
the infinite-dimensional torus €2 is a compact topological Abelian group. Therefore on
(€2, B(£2)) the probability Haar measure m g exists, and we obtain a probability space
(2, B(§2),mpy). Let w(p) stand for the projection of w € 2 to the coordinate space
¥p- For positive integer m we put

om)= |1 %),
p*llm

where p®|im means that p%|m but p**! {m. For o > 7, on the probability space

(£2, B(£2), my ) define the complex-valued random variable ¢(s, w; F) by

@(s,w; F) = i C(m;‘(‘j(m) =17 (1 _ “(P;f(ﬁ))—l(l B ﬂ(p[))i)(p)yl.
m=1 p

Denote by P, the distribution of ¢(o, w; F), i.e.,
Py(A) =mpy(w € Q: ¢(0,0; F) € A), A eB().

Let meas{A} denote the Lebesque measure of a measurable set A € IR. Then we have
the following statement.

THEOREM 1. For o > 7, the probability measure

—;:meas{t € [0; T]: oo +it; F)e A}, AeB(C),

converges weakly to P, as T — oc.

Proof. The theorem is a consequence of a limit theorem in the space of analytic
functions for ¢(s; F) obtained in [2].

Now we will state a discrete limit theorem for ¢(s; F). Let h > 0 be a fixed number.

THEOREM 2. Suppose that exp{ZZ—k} is irrational for all integers k £ 0. Then, for
o > k/2, the probability measure
1

1_\I_+T#(O <m<N: ¢(o+imh; F)e A), AeB(C),
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converges weakly to P, as T — 00.

Proof. In [3] a discrete limit theorem on the complex plane for the Matsumoto zeta-
function was proved. Since the function ¢(s; F) is a particular case of the Matsumoto
zeta-function, hence the theorem follows.

Now suppose that there exist integer numbers k # 0 such that exp{=—= 27k s rational.
Clearly, it suffices to consider only positive integers k. Denote by kg the smallest of
such k. Then it is not difficult to see that each k with above property is a multiple of
ko. Really, we can write k = akg + b with 0 < b < kg. Then

2k 2makyg 2rth
exp| == | = exp| == Jexp| 5= .

where exp{z” £} and exp{%”—alfQ} are rational numbers. Thus exp{z-’,fé}

rational, and by the deﬁmtlon of kg we obtain that b = 0.
Let exp{z—”-lfQ} = —Q with mq, ng € N, (mg, ng) =1, and let ), = {w € Q: w(mg) =

w(ng)}. Then 2, is a closed subgroup of €2, and therefore it is a compact topological
Abelian group. Therefore, as in the case of €2, on (2, B(§2;,)) the probability Haar
measure my g exists, and this leads to a probability space (25, B(2),), mug).

must be also

The aim of this note is to define a complex-valued random variable on the probabi-
lity space (25, B(21,), mpy). Let, foro > £,

plo,w; F) = Z cim)n (m), wy € §2.

mo
m=1

THEOREM 3. ¢(0, wy; F) is a complex-valued random variable defined on the pro-
bability space (21, B(2,), muy).
Proof. If suffices to prove that, for o > 5, the series

oo

5 c(m)wp(m) 0

o
m=1 m
converges almost surely with respect to the measure myy .
Without loss of generality we may suppose that the prime numbers py, pa, .., pi
occur in the factorization of the numbers mg and ng, and denote by «; the exponent of
p;i in —Q, 1 =1, ...,1. Then we have that

0t (p1)w*(p2)... 0% (p)) = 1.

Hence, say w(p1), can be expressed by w(p2), ..., w(p;). Denote this expression by
w(p1), where some fixed value is taken, for examp]e with the smallest argument.
Define a function y: Q — 2, by the formula

g(w) = wy,
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where

w=(w(p1),w(p2),...),
and

wp = (B(p1), 0 (p2), ...).
It is not difficult to see that

/ wp(m)wp(n)dmpy =1,
Qp

if m=n orm=kmg, n =kng, k € Z. The function g is measurable, it is even con-
tinuous. By the formula of change of variable we find

1
/ n(mYan (7 dmpg = —— / ¢ (@)(M)g @) dmpy.
Q, | 1l Ja

[o%

Since {w(m)} is a sequence of pairwise orthogonal random variable, hence we obtain
that

/ wn(m)an ) dmpy =0,
Qp

if m #nand m # kmg, n # kng, k € Z. Therefore we have that {wj, (m)} is a sequence

of pairwise orthogonal random variables on the probability space (2, B(Q), mux).
Let

c(k)wp (k)

ko
Denote by E£ the expectation of the random variable &£. Then we deduce from above
that

i (wp) = k=1,2....

Ll if j =1,

120 ’

E((pj , 1) = clkmg)c(kng)
(kmg)? (kng)?

ifj = km(), [ = kno,

L 0, othervise.
Since by the Deligne estimate [1]
c()| < m*T d(m),

where d(m) is the divisor function, and d(m) << m?, ¢ > 0, hence we obtain that

o0
Y " Elgk*log?k < oo
k=1

for o > 5. This and the Rademacher theorem on series of orthogonal random variables
give the almost sure convergence of the series (1). The theorem is proved.
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Note that the random variable ¢(o, wy; F) can be written in the form

p(0,wp; F) =

(1 3 a(p)wh(p)>—1(1 B ﬁ(p)wh(p)>—1
1 log o )
p P P :
Theorem 3 can be applied in the investigation of weak convergence of the probabi-
lity measure
1

m#(0<m<N: p(oc +imh,F) e A), AeB(C),

in the case if exp{z’g—k} 1s rational for some k # 0.
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REZIUME
A. Laurincikas. Vieno kompleksinio atsitiktinio dyd%io apibréZimas

Nagrin¢jamos ribinés teoremos kompleksinéje plok3tumoje paraboliniy formy dzeta funkci joms. Apibréz-
tas atsitiktinis dydis, kuris atsiranda tiriant tokiy teoremy diskretyji atveji.



