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1. Introduction and summary

Let Xo, X1, X3, ... be a sequence of independent random variables (r.v.) with the com-
mon distribution function F (x)‘. Let v be a discount factor (0 < v < 1). Then we define

00
SU=ZUka, (L.1)
k=0

which may be interpreted as the present value of the sum of certain periodic and iden-
tically distributed payments X;. We assume that the first three moments of X are
finite:

u:/ooxdF(x)<oo, 02=/oo(x——,u)2dF(x)<oo,

—0Q0
(1.2)
o0
0 =/ Ix —uPdF (x) < oo.
—00
Then it is easy to see that the mean and variance of the r.v. S, are
ES, =u(1—v)"!, and DS, =co2(1 — v?)~!, (1.3)
respectively. It has been shown that the normalized random variable
Zy =07 (1= v)2(S, — (1 —v)™) (1.4)

with the mean EZ, = 0 and variance DZ, = (1 + v)~! is asymptotically normal for
v — 1. We denote the distribution function of the r.v. Z, as F,(x) and that of the
normal distribution with zero mean and variance (1 4+ v)~! by

Ny(x) = (1;;”)% /_;exp{ - 1"2“’ yz}dy. (1.5)

Hans U. Gerber in [2] has proved the discounted version of the Berry—Esseen theorem:
if (1.2) holds, then for all x,

|Fyx) = Ny@)| <5.4(p/0%)(1 = v)%. (1.6)
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We consider a nonuniform estimate for the difference F,(x) — N,(x) employing the
cumulant method when centered moments E(Xy — w)® of the r.v. X satisfy the condi-
tion: there exist quantities ¥ > 0 and K > 0 such that

IE(Xo— w)*| < W'Y K20%, s=3,4,...1 (B*)
To this end we will use S.A. Achmedov’s lemma (see [1], p. 624 or [4], p. 194).

2. Nonuniform estimate

Denote

A 2.1

o
Y 200 VKV =02
where a V b = max{a, b}.

THEOREM 1. Let identically distributed r.v. X} with EX; = u and o2 =EX; —

w)? k=0,1,2,... satisfy condition (B*). Then for the distribution function F,(x) of
the rv. Z, defined by (1.4) the following inequality holds:

1
ek, y)(InBI7)?

1
(1+xv/1+ vl")’A\FT”_

| Fy(x) — Ny(x)| < (2.2)

forall x and k < | and
c(k, y) =max {252(6/+/2) /1T (k) ; 12 2% (V2/6)2 /1 +2Vk} (2.3)
where

c(k) <25 (5+28Je/rT (s + 1)/2)), k> 1. (2.4)

Proof. Denote the characteristic function (ch.f.) of the r.v. Xy, Kk =0,1,2,..., by
f (@) = Eexp{itX}. Then, recalling that the r.v. §, was defined by equality (1.1) and
taking into consideration that the r.v. Xz, k =0, 1,2, ..., are independent, we obtain
the expression of the ch.f. fz (¢) of ther.v. Z,,

0. 0)

fz,(O=EexplitZ,}=exp { —ituo " (1—-v) 2} [ e 1—v)20Fr).  (2.5)
k=0
Consequently,
In fz,(t) = —itpo™ (1= v)"7 + Y In f (67 (1 —v)3v¥1). (2.6)

k=0
The s-th order cumulant of the r.v. X is defined by

A

I“S(X) = 5

Infx(@®)|,_, $=12,....
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Next, employing (2.6), we obtain I (Z,) =EZ, =0,

o \1/2 1 '
V) )sl Co(Xo), s=2.3..... 2.7)
—_ vs

rzy = (&

o

In particular, I'y (Zv) =DZ,=(1-v)7 ],

_(1=0'7T3(Xg)  1—v)/2 E(Xg—p)’
(20) = 1+v+vHo3 14 v+v2 o3

§ ¢ 0 s 0

Our next step is to obtain the majorating upper estimates for the s-th order cumulant
I's(Zy),s =3,4,...,1 of ther.v. Z,,.

PROPOSITION. If for the rv. X, k =0,1,2,... with u = EX} and 02 = E(Xk —
,LL)2 the condition (B *) is fulfilled, then

1 (sHl+y
IFS(Z”)'<1+U+U2 =R s=3,4,...,1, (2.8)
where
A, = 7 | (2.9)
2(0 VK1 —v

Note that A, - oo if v — 1.
Noting that I'y (Xo — EX) = T (Xo0), s =2,3,..., and making use of Lemma 1.8
(see [4], p. 195) from condition (B*) we obtain |

T (Xo)| < 6D (200 v K)) 202, s=3,4,...1 (2.10)
Now, applying expression (2.7) of the cumulants I';(Z,), s =2, 3, ..., we obtain
s—2
HITY (20 v K))' "0 /(1 — v)/2\s
ITs(2)] < (1 o) ( )
— v o
- (sHHFY (1 —v)/2 (2(0 Vv K))s—2
= 1 —v3 o
1 (sHl+y
s=3,4,...,1, (2.11)

T ldv+2 A2

where A, is defined by (2.9).

Next, in order to apply S.A. Achmedovs lemma [1] to the random 1 variable Z, de-
fined by equality (1.4), let ZU = 4/1+4 vZ,. The mean of this r.v. EZ = (), variance
DZ =1, and s-th order cumulant I'; ( ) = (1 +v)*/?I',(Z, ), s =3,4,.... On the
basis of estimate (2.8) we find

~ 14+v  (sHItY
T5(Z,)] < R s=3,4,...,1, (2.12)
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where A, is defined by (2.1). Applying the above lemma to the r. variable § = Z,, We
get now

1
ek, y)(InAF¥)?
1 ?

(14 |x[F) A, ™

|P(Z, < x) ——P(n < x)l <

(2.13)

for all x and k < I, where ther.v. n ~ N (0, 1) and quantities c(k, y), KU are defined by
(2.3) and (2.1), respectively. It is from thi$§ inequality that we obtain the proposition
of the theorem.
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REZIUME

L. Saulis, D. Deltuviené. Netolygiis iverciai diskontavimo ribinése teoremose

Tegul S, = Z/?io vXi kurO<v<lir Xe, k=0,1,2,..., - nepriklausomi vienodai pasiskirst¢ atsi-
tiktiniai dydZziai su vidurkiu EXo = u < oo ir dispersija o2 =E(Xo— pn)?* < 0o. Darbe nagrinéjama nor-
muoto at. dydzio Z, = o~ 1(1 — v) 3 (S, — (1 — v)~ 1) pasiskirstymo funkcijos F, (x) aproksimacija nor-
maliuoju désniu. Gautas netolygus jvertis, kai at.d. Xx, k =0, 1,2, ... momentai tenkina S.N. Bern3teino
salyga: egzistuoja dydziai y 2 0 ir K > 0 tokie, kad |[E(Xp — p)’] < (sHIHYKs—262 s =3.4,...,1.
Rezultatas gautas kumulianty metodu.



